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FOREWORD 

Prof. G. W. Series through his work has influenced greatly, the growth of spec¬ 
troscopy over the last two to three decades. A pioneer in the field of quantum beat 
spectroscopy, his optical measurement of the Lamb Shift and the hyperfine struc¬ 
ture in atomic hydrogen and his precise determination of one of the most basic 
constants ofphysics— the Rydberg Constant — have made him a recognized author¬ 
ity in this field. Anyone who reads his delightful monograph on “The Spectrum of 
Atomic Hydrogen” will realise what a remarkable teacher he is, and how elegantly 
he relates the successive formulations of the quantum theory with experimental 
studies on the simplest of atoms. 

Prof. Series visited India as the Raman Professor of the Indian Academy of 
Sciences (along with his wife Annette) during the winter of 1982. He travelled 
around India visiting laboratories and lecturing and luring many young scientists 
into the delights of spectroscopy. This visit deepened and widened the close con¬ 
nections which he already had with many Indian scientists. It is with great 
pleasure that we bring out this volume of the selected papers of Prof. Series (toge¬ 
ther with some of the lectures he delivered in India). These illustrate most clearly 
the major theme of his classic research work, the interaction of radiation with 
atoms. 

We thank the original publishers of these papers and articles for permitting us to 
reproduce them. 

S. Ramaseshan 
President 

Indian Academy of Sciences 
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BIOGRAPHICAL SKETCH 

Prof. G. W. Series, whose selected papers have been reprinted in this volume, 
was born on 22 February 1920 and received his B.A., M.A. and D. Phil degrees from 
Oxford U niversity where he worked from 1938 to 1968, with a break of six years dur¬ 
ing the second world war. His thesis on a classic problem of atomic physics — the 
spectrum of the hydrogen atom — gave an optical determination of the newly disco¬ 
vered Lamb shift. This work led to a continuing interest in the fundamental atomic 
constants and in high resolution techniques. In this connection, he was attracted by 
the Brossel-Bitter experiment in which radio frequency resonance in an excited 
state was monitored via changes in fluorescent optical radiation, thereby measuring 
structure far finer than the Doppler width which would have limited a purely optical 
method. After applying this technique to an excited state of potassium, Prof Series 
pioneered the study of light beats in which the coherence between the amplitudes 
of different Zeeman components (for example) shows itself in modulation of the 
emitted intensity. In a three-level system, such coherence is naturally expressed in 
terms of the alignment tensor of which he and his collaborators made a thorough 
study. Studies of fluorescence with intensity and polarisation-modulated light fol¬ 
lowed. An important extension of these ideas was the inclusion of propagation 
effects, i.e. the space varying phase of the optical field. This was achieved by genera¬ 
lising the classical theory of dispersion to include the time-varying alignment of the 
atoms undergoing resonance. 

Prof. Series has proposed and tested the concept of reducing the width of a spec¬ 
tral line by selecting those atoms which ‘live’ longer than the average. After moving 
to the University of Reading in 1968 he has been interested in the phenomenon of 
spontaneous emission, and in particular whether the. Feynman-Wheeler absorber 
picture could be applied to provide an alternative to the conventional theory based 
on vacuum fluctuations. More recent work includes optogalvanic effects and nonli¬ 
near spectroscopy with lasers. 

The many honours which Prof. Series has received include the Fellowship of the 
Royal Society (1971) and the Meggers Award and Medal of the Optical Society of 
America (1982). He visited India in 1982-83 as the Raman Professor of the Indian 
Academy of Sciences. Audiences all over the country had the benefit of his deep in¬ 
sight into atoms, radiation, and what happens when they meet. His lectures were 
animated by a strong personal touch. Difficulties, subtleties, and even false trails 
were clearly brought out and his debt to peers and colleagues generously acknow¬ 
ledged. 

The papers assembled in this volume speak for themselves but a few general re¬ 
marks on their overall significance may not be out of place. According to conventi¬ 
onal views at least, atoms and their interaction with radiation are described by 
quantum mechanics and quantum electrodynamics. However, this bald statement 
does not by itself bring out the varied phenomena and novel experimental possibili¬ 
ties latent in the subject. The strength and value of this collection lies in the unique 
record it gives of the growth of this rich field, as seen by one of its founders. The seri¬ 
ous student of these papers will see the interplay of theory and experiment, each 
reinforcing the other. He will realise the value of physical pictures and intermedi¬ 
ate, approximate levels of description such as semiclassical radiation theory and 
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classical dispersion theory, which have played such a crucial role in our understand¬ 
ing of the interaction between matter and light. 

Rajaram Nityananda 
Raman Research Institute 

Bangalore 
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Proc. R. Soc. (London) (1950) A202, 127-142 

The fine structure of the hydrogen a line 

By H. Kuhn and G. W. Series, Clarendon Laboratory, University of Oxford 

(Communicated by Lord Cherwell, F.R.S.—Received 23 January 1950) 

[Plate 12] 

A new attempt has been made to resolve spectroscopically the fine structure of the a line, 

6563 A, of the Balmer series of heavy hydrogen. A deuterium discharge tube, whose walls 

were partly of copper, was immersed in liquid hydrogen and run at very low current densities. 

By this means the Doppler width of the individual lines was sufficiently reduced to enable the 

satellite between the main components of the ‘doublet’ to be resolved much more com¬ 

pletely and to be measured more accurately than was possible before. The spectroscopic 

resolution was achieved With a Fabry-Perot interferometer of large diameter, mounted 
internally in a prism spectrograph. 

The measurements support the assumption that the 2S$ term is higher than is predicted 

by the Dirac theory, and lead to the value 0-0369 + 0-0016 cm.-1 for the amount of the shift, 

in good agreement with the latest value found by Lamb & Retherford from microwave 

measurements. The relative widths of the main components and the interval between them 

also provide qualitative evidence for the shift of the 2S$ term. The intensities of the lines 

were found to agree approximately with the prediction of the Dirac theory. 

The weak line 2Pj-3Sj was partly resolved from the neighbouring strong line 2Pg-3Dj. 
The provisional value for the distance between them would indicate that the 3Sj term is 

shifted very little, if at all. Further attempts are being made to obtain a more reliable value 

for this term. 

1. Introduction 

The structure of the first line of the Balmer series, 6563 A, has been the object of 
a large number of investigations and controversies. Most workers confined their 
attention to the measurement of the wave-number difference of the two main 
peaks, generally called (1) and (2), comparing it with the prediction of current 
theories. Though the existence of a third component, (3), between the main peaks, 
was deduced as early as 1925 by Hansen from an analysis of his photometer tracings, 
the large Doppler width, due to the small mass of the hydrogen atom, prevented the 
resolution and measurement of this third component. 

The existence of this component was subsequently explained by the introduction 
of the electron spin into the theory. The combined effect of the spin and relativity 
corrections in the wave-mechanical theory of the hydrogen atom (Goudsmit & 
Uhlenbeck 1925; Heisenberg & Jordan 1926; Pauli 1927) fed to the same values of 
the terms as Sommerfeld’s theory (1916), but altered their interpretation and the 
selection rules. Dirac (1928) derived the same results in a more consistent way, and 
the term ‘ Dirac theory ’ will be used in this paper when these results are referred to. 

In heavy hydrogen, 2H, the fine structure is expected, on theoretical grounds, to 
be essentially the same as in light hydrogen, but the Doppler width is 1-4 times 
smaller, and the use of this isotope for investigations of the fine structure made con¬ 
siderable advances possible. The best resolution was obtained by R. C. Williams 
(1938a), whose photometer tracings show a very slight dip between the components 
(3) and (2). This partial resolution enabled him to make an approximate measure¬ 

ment of the position of the component (3) which, he concluded, was not in the 



128 H. Kuhn and G. W. Series 

position predicted by the Dirac theory. The spacing between the main peaks (1) 
and (2) also disagreed with the prediction of this theory. Pasternack (1938) 

suggested that these discrepancies could be explained by assuming an upward dis¬ 
placement of the 2Sj level of about 0-03 cm.-1 from its theoretical position. The work 
of other observers (Drinkwater, Richardson & Williams 1940), however, contra¬ 
dicted these results, which were therefore not generally accepted until the shift of 
the 2S* level was confirmed by Lamb & Retherford (1947) using a microwave 
method based on the metastability of the 2S* state. These experiments were carried 
out with light hydrogen, but deuterium was later found to give the same results. 

In most of the previous spectroscopic work, discharge tubes immersed in liquid 
air had been used. Only one attempt to use liquid hydrogen for cooling a discharge 
tube appears to have been reported (Heyden 1937), but the resolution was not 
improved. The application of the atomic beam technique to atomic hydrogen has 
been discussed and tried (Mack & Barkowsky 1942; Williams 1942), but apparently 
without success. 

In the present investigation of the fine structure of the a line of deuterium, 
a specially designed discharge tube with walls partly of copper was immersed in a 
bath of liquid hydrogen. With the extremely small current densities used, it was 
found that temperatures of the emitting atoms below 55° K were reached, resulting 
in a considerable improvement in resolution. It was thus possible to measure the 
position of the third component directly, and it was also found that the component 
(2) was wider than (1), owing to unresolved structure. Our results prove the reality 
of the shift of the 2Sj level and give the amount of this shift to an accuracy of 
about 5 %. 

Previous workers had often found large discrepancies between the observed 
intensity ratios of the components and the predictions of the theory. In the con¬ 
ditions of the experiments described below, the intensities differ only little from the 
theoretical values. This fact removes some objections which could be raised against 
previous work, and indicates that the spectrum observed can be ascribed to un¬ 
perturbed hydrogen atoms. 

The faint component 2Pf-3Sj was resolved and its position measured, though not 
with the same accuracy as for the other components. 

2. The light source 

The design of the discharge tube which was used in the final experiments is shown 

in figure I. It consists partly of copper and partly of Pyrex glass, using commercial 

copper-glass seals. A mixture of helium and heavy hydrogen passed vertically 

downward through the copper tube A, where it was precooled before entering the 

zone C of the cathode glow. It then passed through the short glass tube G to the 

copper section B, at the entrance to which a positive column P was formed. The 

light from the latter emerged through the lens L and the window W. The positive 

column was only 2 to 3 cm. long. Complications through self-absorption, which 

often arise in end-on observations, were thus avoided. 
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The design and operation of the discharge tube were based on the following con¬ 

siderations : 

(1) It is clear that the use of copper walls instead of glass walls ensures a con¬ 

siderably greater rate of heat flow into the cooling bath and thus helps to reduce the 

temperature of the gas. The tendency of metal walls to favour recombination of 

atoms can be overcome by covering the walls with a thin layer of heavy ice 

(Wood 1921). 

(2) The hydrogen atoms are formed from molecules by excitation and simul¬ 

taneous dissociation, and have initially a large amount of kinetic energy. If the 

density of helium is high enough, collisions with helium atoms will rapidly reduce 

the temperature of the hydrogen atoms (the mean free path was about mm. 

under the normal conditions of the discharge). Most of the hydrogen atoms which- 

are available for excitation will therefore have low temperature. The process of 

excitation of the atom by electron impact will also impart some kinetic energy to 

the atom; but an estimate shows that the effect is small and would only become 

important at temperatures below those reached in the present experiments. 

3 
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(3) The formation of atoms will be strong in the cathode glow. The gas, when 

reaching the anode, can thus be expected to contain a certain amount of deuterium 

in the atomic state. It is difficult to say how far this process of preformation of 

atoms was actually taking place under the conditions of our experiments. 

(4) Wide aperture of the emergent beam of light was essential, in view of the 

wide aperture of the spectrograph used (see § 3). In order to reconcile this require¬ 

ment with the necessarily large distance from the positive column to the window, 

the lens L was inserted inside the discharge tube. 

Before the tube was filled, heavy-water vapour was admitted. When the cooling 

bath was then applied, a film of heavy ice formed on the walls. 

The most favourable values of the pressures of helium and deuterium were found 

by trial. Too high pressure of deuterium made the molecular spectrum of deuterium 

appear too strongly, and too high pressure of helium produced He2 bands. In most 

experiments, the pressure of helium was about 1*7, that of deuterium 0-2 mm. Hg, 

though other pressures were also used. The pressure was measured by means of 

a sensitive glass gauge of the Bourdon type (‘spoon gauge’). A mercury diffusion 

pump maintained the circulation of the gas mixture, which, before entering the 

discharge tube, passed through a trap with charcoal, cooled with liquid air. 

Figure 1 shows how the discharge tube was fitted into a brass cap which formed 

the lid of the Dewar vessel containing the liquid hydrogen. The anode limb con¬ 

sisted of a 2-5 cm. wide glass tube, the upper end of which protruded through the 

metal cap and was closed by a plane window. The clearance between the lens L and 

the walls of the glass tube was enough to allow the flow of gas towards the pump. 

A connexion from the brass cap to a rotary oil pump allowed the hydrogen bath 

to be used at low pressure. The temperature of the bath was reduced to 14° K in 

some experiments. 

The voltage applied to the discharge tube in normal running conditions was 

always below 300 V; the current was varied from 2 to 20 mA, but the ‘standard’ 

current used in the exposures on which the final results were based was 5 mA. The 

current density was then about 7 mA/cm.2. 

In the earlier stages of the work, a discharge tube of different design was used ; 

the cathode was situated above the anode in the wide, vertical glass tube. It con¬ 

sisted of an aluminium ring almost touching the wall of the tube. The light from the 

positive column passed through the cathode ring; since an image of the positive 

column was formed on the slit, no light from the negative glow surrounding the ring 

was expected to reach the slit. But this method was open to objections and was 

abandoned in favour of the design described above. 

3. The optical system 

Liquid hydrogen is a more effective cooling agent than liquid air only if the power 

input into the discharge tube is exceedingly small. The optical system therefore had 

to be designed so as to produce the greatest possible intensity of the image for the 

given, very small, brightness of the source. At the same time, the resolving power 

had to be great enough to avoid any appreciable loss of the resolution which the 
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reduced Doppler width allowed. But the resolving power could not be increased by 

increasing the spacing of the etalon plates, since this would have entailed the over¬ 

lapping of adjacent orders. A Fabry-Perot interferometer of very large diameter was 

therefore used, and the silver films were made just thick enough to produce the 

required, previously calculated, reflectivity. It was combined with a prism spectro¬ 

graph constructed in the laboratory workshop and designed specially for this 

purpose. 

The focal length of the camera lens of the spectrograph was chosen just large 

enough to separate, with the available prism, the Ha line from certain adjacent 

deuterium bands and from the helium red line 6678 A, with a width of the slit image 

of 1 mm. A telescope lens of focal length 65 cm. satisfied this condition, in con¬ 

junction with a 60° prism, a combination which produced a dispersion of 100 A/mm. 
in the red. The height of the prism was 9 cm. 

A focal length of 65 cm. is sufficient to produce, with an etalon of spacing 

7-67 mm., fringes of a large enough scale for photometric work with plates of 

medium grain size. Since, further, the size of the available etalon was similar to 

that of the prism, internal mounting was chosen. The etalon was placed between 

prism and camera lens. The collimator was a telescope lens of focal length 44 cm. 

The-image of the source formed on the photographic plate had to be large enough 

to avoid serious variation of intensity within the fringe pattern. This required a 

linear magnification of about 3:2. The effective aperture of the beam leaving the 

source had therefore to be at least f times larger than the effective aperture of the 

camera lens which was about 1:10. By the device of placing a lens inside the dis¬ 

charge tube, an aperture of 1:6-5 was obtained. 

The Fabry-Perot etalon consisted of two plates of fused silica, of diameter 

11-5 cm., made by Messrs Adam Hilger Ltd. The spacers were also made of fused 

silica. An area of diameter 7 cm. was generally used, with the exception of a small 

portion which had to be masked off. It was found, however, that further reduction 

of the exposed area improved the resolution slightly. 

The plates were silvered by evaporation in a vacuum and had a reflectivity of 

91 % and a transmission factor of 5% for red light. This reflectivity gives a theo¬ 

retical half-value width of ^ of an order. With the spacer of 7-67 mm. which was 

used in most experiments, this corresponds to 0-02 cm.-1. Test exposures with 

cadmium red light showed that the actual resolution was not much below this value. 

The spectrograph and interferometer were placed in a room, the temperature of 

which was thermostatically controlled to within J to TV C. The discharge tube was 

set up in the adjacent room; the light entered through a slot in the wall containing 

a small glass window. Under favourable conditions, this arrangement permitted 

exposures of several hours, though generally the time of exposure was only 15 to 

30 min. 

Ilford H.P. 3 plates were mostly used. They proved to be faster, for light of 

wave-length 6563 A, than other types of plates tried (Astra VIII, Kodak IHA, 

Astra VII). Of these, only Astra VII had considerably finer grain, but it was found 

to require too long exposures. 

5 
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4. The measurement of the wave-number differences 

Figure 2, plate 12, gives a typical spectrogram taken with the 7-67 mm. spacer. 

It shows the components (1), (2) and (3) in three different orders. 

The main object of this work was the accurate measurement of the spacing 

between the components (1) and (3), of which one is six times stronger than the 

other. When the exposure was long enough to make the fainter line clearly visible, 

the stronger one was over-exposed, even on the comparatively soft plates used 

(Ilford H.P. 3). Only in a correctly exposed fringe can the setting of the cross-wire 

in the comparator be expected to give the position of the maximum; in an over¬ 

exposed fringe, any slight asymmetry, due to the genuine shape of the line or to 

instrumental effects, will give rise to systematic differences between the setting and 

the true maximum. Direct measurement of the distance between the two lines 

photographed in one single exposure would thus have been liable to serious errors. 

The following technique was therefore developed: three successive exposures were 

made on one plate, with times of exposure in the ratio 1:10:1. The distances of the 

strong fringes (1) and (2) from a reference mark were measured in the first and last 

exposure, and the distances of the faint fringes, due to component (3), from the 

same reference mark in the middle exposure. The plate was rejected if the distances 

measured in the first and third exposure did not agree well enough. 

After some preliminary experiments with a glass fibre across the slit, suitable 

reference marks were ultimately found in the outer fringes which are narrower 

than those used for the measurement of the fine structure and could therefore be 

measured very accurately. In the second, longer exposure, the end of the slit 

which framed the reference fringes was covered during most of the time, and was 

only uncovered for 1 or 2 min. at the beginning and at the end of the exposure. 

The centre of the fringe system can be found directly if fringes on both sides of 

the centre are visible. Such a setting would, however, have resulted in a con¬ 

siderable sacrifice in the number of orders in which the fine structure could be 

measured, and fringes on one side only of the centre were usually used. The centre 

was calculated, in the customary way, from the measured position of the fringes 

in three orders. This method relies, to some extent, on the validity of the square-root 

formula for the radii of the fringes, and thus on the absence of distortion in the 

camera lens. A series of measurements of interference fringes produced with cad¬ 

mium red light showed that the formula held, in fact, accurately. 

Of the two main peaks of the fine structure, that of shorter wave-length, (2), is 

a blend of two lines of similar intensities (see § 6), and thus not so suitable for 

measurement and for an analysis of the structure. The wave-number difference of 

components (3) and (1) was therefore chosen as the principal aim of the measure¬ 

ments. The wave-number difference (2) —(1) was also measured, partly for com¬ 

parison with results of other workers. 

In an attempt to study the possible influence of variations of discharge condi¬ 

tions, especially of the current density and deuterium pressure, a large number of 

exposures were taken in which these conditions were varied over a wide range. 

With increase in the current, the resolution of component (3) decreased, and the 

6 
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(1) (3) (2) (1) (3) (2) (1) (3) (2) 

Figure 2. Fine structure in three orders, with 7-67 mm. spacer; current 5 mA. 

(5) (5) 

Figure 3. Photometer tracings, 7 67 mm. spacer; current 5 mA. 

o, short exposure; b, standard exposure; c, long exposure. 

«** 

-*v 

Figure 4. Photometer tracings, 10 mm. spacer, cooling bath at 14^ K. 

a, current 2 mA; b, current 5 mA. 

(Facing p. 132) 
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133 The fine structure of the hydrogen oc line 

measurements became less accurate, but no change in the distances could be ob¬ 

served, as shown in table 1. The number of fringes from which each value has been 

derived is given in brackets. 

In order to test the influence of the variation of the pressure of deuterium, three 

sets of exposures were taken. In the first, the deuterium pressure was so low that 

the deuterium oc line appeared weaker than the helium red line, in the second set the 

deuterium pressure had the standard value of 0-2 mm., whereas in the third it was 

so high that the helium red line had completely disappeared. The three average 

values, each taken over six fringes, of the wave-number difference (3) —(1) were 

0T88, 0-186 and 0-188 cm.-1, and for the difference (2) —(1), 0-325, 0*324 and 

0-323 cm.-1. From these and a number of similar comparisons, it was concluded that 

a variation of the concentration of deuterium, sufficient to alter considerably the 

conditions of the discharge, did not affect the position of the components. 

Table 1. Spacings of components at different currents 

current (mA) 2-2^ 5 10 20 

(3) — (1) 0-188 (5) 0-189 (16) 0-189 (6) 0-188 (15) cm."1 

(2) — (1) 0-323 (5) 0-322 (16) 0-323 (12) 0-322 (17) cm.-1 

Comparisons between exposures in which the temperature of the cooling bath 

was 20 and 14° K respectively, i.e. made with liquid hydrogen at atmospheric and 

at reduced pressure, also failed to show any significant differences in the measured 

spacings. At the lower temperature, the lines were noticeably narrower when the 

current was below 5 mA. 

Great attention was paid to the possible influence of traces of light hydrogen 

which are impossible to exclude in an apparatus containing greased taps. Occa¬ 

sional tests with an etalon of suitably chosen spacing showed that the proportion of 

light to heavy hydrogen was less than 1:50. With the spacing of 7-67 mm., the 

component (1) of 1H falls well outside the pattern of 2H, and component (2) of 1H 

midway between (1) and (3) of 2H, well resolved from either. Even a considerably 

greater amount of light hydrogen than that actually present would therefore not 

have affected the measurements. The mentioned relative positions of the lines were 

calculated from the known isotope shift (Williams 19386; Drinkwater et al. 1940) 

and verified in an exposure taken after a splinter of sealing wax had fallen into the 
% 

discharge tube, as the result of an accident; the fines of 1H appeared then in the 

calculated positions. 

Though variations in discharge conditions had no measurable effect on the posi¬ 

tions of the fines, the most reliable results were clearly those taken at very low 

current density, since they give the best resolution and consequently the greatest 

accuracy of measurement, and are also least likely to be affected by electric fields 

and other possible causes of error (see § 10). The final values for the positions of the 

lines were therefore based on a number of exposures taken under 4 standard condi¬ 

tions with a current of 5 mA and with the cooling bath at atmospheric pressure. 

They are summarized in table 2, where each fine represents one plate. 
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134 H. Kuhn and G. W. Series 

The three orders measured on each plate were produced by light coming from 

different parts of the cross-section of the discharge tube. No significant difference 

was found between the averages of the interval (3) — (1) measured in the different 
orders. 

In order to determine accurately the spacing between the etalon plates, the inter¬ 

ference fringes produced by the two mercury yellow lines were measured. A mercury 

lamp containing the pure isotope 198, kindly supplied by the General Electric 

Company, was used for this purpose. The spacing (multiplied by the refractive 

index of air) was found as 0-7675 cm. 

Table 2. Wave-number differences of components in cm.-1 

order counted 

from centre 

(3) — (1) 
A 

(2)-(l) 
A ( 

2 3 
>> 

4 
r 

2 3 4 

current 5 0-1864 0-1868 — 0-3210 0-3199 — 

mA. 5 0-1879 0-1875 0-1898 — 0-3204 0-3211 
5 0-1876 0-1862 — 0-3215 0-3215 — 

2-5 0-1882 0-1844 — 0-3196 0-3205 — 

5 0-1865 0-1880 0-1867 0-3202 0-3206 0-3221 
5 0-1889 0-1923 0-1859 0-3214 0-3226 0-3218 
5 0-1881 0-1895 0-1882 0-3217 0-3207 0-3223 
5 0-1904 0-1897 0-1888 0-3206 0-3224 0-3206 
5 0-1861 0-1878 0-1858 * 0-3213 0-3228 0-3213 
5 0-1879 0-1889 0-1875 0-3195 0-3232 0-3229 
5 — 0-1868 — 0-3183 0-3232 0-3196 
5 0-1875 0-1874 0-1874 0-3203 0-3221 0-3219 
5 0-1857 0-1871 0-1866 0-3195 0-3222 0-3215 

5 0-1895 0-1898 — 0-3209 0-3220 0-3236 
5 0-1892 0-1881 0-1923 0-3210 0-3218 0-3210 

mean 0-1879 0-1880 0-1879 0-3205 0-3217 0-3216 

mean of all orders 0-1879 0-3213 

standard deviation 0-0003 0-0002 

Exposures were also taken with a 10 mm. spacer and gave good agreement with 

the values of table 2; but the component (2) of light hydrogen fell near the com¬ 

ponent (3) of deuterium, and very slight errors arising from this overlapping could 

not be excluded. The measurements were therefore not included in the final 

average. 

In preliminary work, the wave-number difference (2) —(1) was also measured 

with a 5 mm. spacer, with results in close agreement with those in table 2. 

The highest resolution was obtained with a current of 2 mA and a temperature of 

the bath of 14° K. It was especially in these exposures that the line (2) appeared 

noticeably wider than (1). From a tracing such as that shown in figure 4 a, plate 12, the 

ratio of the widths was found to be about 1-3. The time of exposure was, however, 

very long with this low current, and component (3) was therefore not measured 

under these conditions. 

Figure 3, plate 12, shows photometer tracings of spectrograms taken with the 

7-67 mm. spacer, at a discharge current of 5 mA. The short exposure (a) shows 

qualitatively the relative intensities of components (1), (2) and (3). In the medium 
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135 The fine structure of the hydrogen oc line 

exposure (b) the component (3) is seen more clearly. It represents the ‘standard’ 

conditions of current and exposure as used in most measurements. In the long 

exposure (c) the components (1), (2) and (3) are over-exposed, and component (5) 

appears as a hump on the wing of component (1). 

Exposures with the 10 mm. spacer, and with the cooling bath at a temperature of 

14° K, i.e. with the liquid hydrogen under reduced pressure, are shown in figure 4. 

The discharge currents were 2 and 5 mA in (a) and (6) respectively. 

5. Measurement of the intensities 

The spectral sensitivity curve of the Ilford H.P. 3 plate drops very rapidly at the 

wave-length of Ha, so that the usual method of calibration by means of white light 

in conjunction with a spectroscope was not accurate enough. The intensity marks 

were therefore made with light from a hydrogen discharge tube, from which the 

red line was selected by a colour filter. Neutral filters, previously calibrated, were 

used for producing known ratios of intensity. In this way, intensity marks were 

made on several of the plates on which the fine structure was photographed. The 

densities were measured both on the recording micro-photometer of the Oxford 

Observatory and on a non-recording Zeiss micro-photometer. 

Line 3 of table 3 gives the measured ratios of the peak intensities of the com¬ 

ponents (1), (2) and (3). The intensity (1) was chosen as unit. 

Table 3. Relative intensities of the components 

(1) (2) (3) 
theoretical, uncorrected 1*0 0*71 0*11 

theoretical, corrected 1*0 0-65 0*12 

experimental 1-0 0*70 0*18 

6. The position of the 2S* term 

Relativistic quantum mechanics, either in the form of Schrodinger’s theory 

with the inclusion of relativistic and spin corrections, or in the form of Dirac’s 

theory, leads to the following expression for the term values of hydrogen: 

R Rot2 / 1 3i 
n2 n* \ 

1 +
 4:71) 

Figure 5a shows the terms with n — 2 and n — 3 plotted according to this formula, 

with the use of the latest numerical values of the constants RD — 109707 cm.-1 and 

a2 = 5*3258 x 10~5 (Du Mond & Cohen 1949). The intensities of the lines as calcu¬ 

lated by Sommerfeld & Unsold (1926) and Kupper (1928) are given as numbers next 

to the lines and are roughly indicated by the length of the lines. 

Neglecting at first the small effect of the unresolved, weak component (4) and 

any instrumental corrections, it is clear that the measured distance (3) —(1) is 

about 0*03 to 0*04 cm.-1 smaller, and the distance (2) —(1) is about 0*007 cm.-1 

smaller than the respective theoretical values. The only simple way of explaining 

these facts is the assumption that the 2Sj level is about 0*03 to 0*04 cm.-1 above the 
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136 H. Kuhn and G. W. Series 

2P$ level, as shown in figure 56 Pasternack (1938) had, in fact, made this assump¬ 

tion on the basis of the results of R. C. Williams (1938a). The new fact that com¬ 

ponent (2) appears wider than (1) on our spectrograms proves independently the 
qualitative correctness of this assumption. Accepting the fact that 2P* - 2S*. = x is 
of the assumed order of magnitude, we can now derive an accurate value of x from 
an analysis of our measurements. 

.0-2 M 
(5) (4)( 

(«) 

90 

11-14 

7-08 

) (3) (2) 

*-0-2209-►**-0-1082"*' 

£2 M 

~ —i 
-pcm. 

(5) (4) ( 

(b) 

9-0 

) 

I1040 ±i :<K 

5-00 

(3A)(3B) (2B)(2A) 
■0-184q-—0145,—► 

.1 
^cm. 

Figure 5. Term diagram, a, Dirae theory; b, showing shifts of S terms. 

The intensities of the components in figure 56 are derived from the same theory 
as those in figure 5a. There is little doubt that these theoretical results for the in¬ 
tensities apply, even though the term values differ slightly from those give by the 
theory, if the cause of the difference can be ascribed to an internal effect in the 
atom, acting as a perturbation having central symmetry. The components (2) and 
(3) are now split into two subcomponents A and B. Though these splittings are not 
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137 The fine structure of the hydrogen oc line 

resolved, the ratio of the intensities of the blends (2), (3) and (1 + 4) can be com¬ 

pared with the theoretical values. The first line in table 3 gives the theoretical 

intensities calculated by adding the subcomponents A and B. The figures in the 

second line are based on the same values for the individual components, but the 

peak intensity of unresolved components has been calculated by superposition of 

Doppler distribution curves. Some allowance has also been made for instrumental 

background, with the use of Airy’s formula. But this estimate neglects the Doppler 

width of the strong lines and is therefore certainly too small. On account of this, 

and other possible sources of error, the values for (2) and especially for (3) in the 

second line of table 3 are probably rather too low. Comparison with the experi¬ 

mental values in line 3 does not indicate, therefore, any discrepancy outside the 

possible, rather wide, limits of error. In view of this, it can be assumed that the 

ratios of the intensities of the unresolved components also agree, at least roughly, 

with the theoretical values. In the experiments of R. C. Williams (1938a), the in¬ 

tensities differed very considerably from the theoretical values. 

In figure 56, the position of the term 3S* has been assumed somewhat arbitrarily. 

This term leads to the faint component (3) B and therefore only affects a small 

correction applied to the position of component (3) (see below). The term difference 

3P^~3S^ has been assumed to be about one-third of the difference 2P^-2S^. This may 

be justified either by reference to the new theories of radiation shifts of terms or by 

the general argument that the whole structure of the level n = 3 is about one-third 

as wide as that of the level n = 2. 

In comparing the measured wave-number difference of the fringes (3) and (1) 

with the wave-number difference of the two single lines (3) A and (1), two effects 

have to be considered, (a) The peak of (1) will be slightly shifted by the presence of 

the unresolved, weak satellite (4) and the peak (3) A by the unresolved, weak 

satellite (3) B. (6) The lines (1) and (2), though well resolved from (3), are con¬ 

siderably stronger than the latter and therefore have a slight influence on its 

position. Both effects are small, particularly (6), and can therefore be estimated by 

comparatively crude methods. 

The only important causes of the finite widths of the fringes are Doppler effect 

and instrumental broadening. The half-value width of the latter is considerably 

smaller than the half-value width of the Doppler effect, and the intensity distribu¬ 

tion near the maximum will thus differ very little from pure Doppler distribution. 

The instrumental broadening, however, obeys an entirely different law which 

causes it to be the predominant effect at great distances from the .maximum. The 

correction (6) can therefore be calculated as practically due only to instrumental 

width. This was done by means of Airy.’s formula, with the experimentally deter¬ 

mined reflectivity of the etalon plates. The result of this calculation was a shift of 

component (3) by 0*0005 cm.-1 towards (2). 

For the calculation of effect (a), the shape of the line was assumed to be that given 

by pure Doppler effect, but with the use of the experimentally determined half¬ 

value width. The influence of instrumental broadening was thus treated as an 

empirically determined increase of the Doppler width, corresponding to a higher 

‘effective’ temperature. Its value was found from the measured half-value width 
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Av = 0*078 cm.-1 of component (1). Allowance for the influence of (4) on the width 
of (1) gave the effective half-value width of a single line as 0*072 cm.-1. With the 
use of this value, it was found that (4) shifts the maximum of (1) by 0*0020 cm.-1, 
and that (3) B causes a shift of 0*0014 cm.-1 of the peak of (3) A. When this correc¬ 
tion was calculated, a provisional, uncorrected value of the term shift x had to be 
used at first, and the resulting, corrected value of x was used in a second calculation 
(with very nearly the same result), in a process of successive approximation. Also 
the assumption of the shift of the term 3Sj by x/3 enters into this correction. 
If the latter shift were assumed to be zero, the result would only be changed by 
0*0004 cm.-1. 

From the wave-number difference (3) — (1) = 0*2209 cm.-1 in the Dirac term 
diagram [2P^ — 2P| — (3P| — 3D$)] and the observed value, 0*1879 cm.-1 of the 
distance of the peaks (3) and (1), the shift of the 2Sj term is found as 

x = 2Pj - 2S* = 0*2209 - 0* 1879 + 0*0020 + 0*0014 + 0*0005 

= 0*0369 cm.-1. 

7. The spacing of the main peaks (1) and (2) 

If the assumption of the shift of the 2S^ level is accepted, the component (2) 
must be regarded as a blend of two lines which are just not resolved and whose 
intensities are in the ratio 5:2. In a blend of this kind, the position of the maximum 
will depend quite critically on the individual line shape, and the correction of the 
type (a) considered in the preceding section will be large. Also in the measurement 
of a strongly unsymmetrical blend it is doubtful whether the crosswire of the 
travelling microscope is set on the maximum or the centre of gravity. Since further 
the position of only one component of the blend, namely, (2) B, depends on the 
position of the level 2S$, it is evident that the measurement of the spacing of the 
peaks (2) and (1) is not an accurate way of determining the position of this level. 

In order to test if the measured spacing (2) —(1) is at least compatible with the 
value 0*037 cm.-1 of the term shift, the peak-to-peak distance was calculated from 
this value with the use of the methods discussed. The result was 0*323 cm.-1. The 
measured value 0*321 is very little, but probably significantly, lower. The assump¬ 
tion that the cross-wire was set somewhere between the maximum and the centre of 
gravity of the blend would account for the difference. 

8. The faint component (5) and the position of the term 3S* 

In very long exposures, a further line appeared next to component (1), towards 
increasing wave-length. It is due to the transition 2P|-3Si. Indications of it have 
been observed by Heyden (1937) who was, however, not able to resolve it from the 
45 times stronger line (1). 

On our plates, this line can be distinctly seen and measured with the travelling 
microscope, but the resolution is not complete, and the photometer tracings (see 
figure 3c, plate 12) show it only as a hump in the wing of the overexposed line (1), 
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not as a maximum of intensity. Our measurements of this component (5) which 

have been briefly reported before (Kuhn & Series 1948), were carried out in the 

earlier stages of this work, when the technique of measurement was not as good as in 

the later experiments. Partly for this reason and partly because of incomplete 

resolution, the results show a large scatter and are to be considered as provisional. 

As an average of 17 fringes measured in 8 exposures, the distance of component (5) 

from (1) was found to be 0-138 ± 0-006 cm.-1. 

The Dirac term diagram (figure 5a) gives the value 0-144 cm.-1 for the wave- 

number difference of these two components. Allowance for the shift of the peak of 

(1) due to component (4) reduces this value by 0-002 cm.-1, and allowance for 

instrumental intensity distribution of (1) may reduce it further by an amount y. 

Any upward displacement z of the term 3S^ is then found as 

z = 0-144 — 0-138 — 0-002 —y = 0-004-y ± 0-006 cm.-1. 

Even if y is assumed to be negligible, our measurements make an upward shift 

of more than 0-01 cm.-1 unlikely. It is hoped that further measurements under 

improved conditions will give a more definite result. 

9. The temperature of the emitting atoms 

An estimate of the temperature of the radiating atoms was made from the half¬ 

value width of the line (1), measured on photometer tracings. The width was 

corrected in two respects, first for the influence of the minor component (4), 

secondly for the instrumental contribution to the width of the line. The remaining 

width was treated as a pure Doppler effect, and leads to an upper limit for the 

temperature, since it includes all the minor causes of broadening, such as hyperfine 

structure, radiation width, Stark effect and imperfections of the etalon. 

The first correction is small and was made by numerical calculation. The second 

correction was made by means of a formula given by Minkowsky & Bruck (1935). 

The calculation leads to the value 55° K for the temperature under standard 

discharge conditions. Under the most favourable conditions (lowest current, and 

the cooling bath at reduced pressure) the value 40° K was obtained. Though no 

great accuracy is claimed for these figures, they show that other causes of broad¬ 

ening, such as Stark effect, must have been comparatively small. 

10. Discussion of the results 

Before the results of this work can be compared with other experiments or with 

theory, it is necessary to discuss various possible systematic errors, as far as they 

have not been treated in earlier sections. 

(a) Non-uniform illumination. A decrease of the illumination of the slit image 

towards the ends could not be avoided. If the slope of the intensity ‘ envelope5 of 

the fringes had been too great, it could have displaced the maxima. The good 

agreement of the values of the interval (3) — (1) derived from different orders proved 

that this effect was negligible. For the interval (2) — (1), the average for tke second 

14 



140 H. Kuhn and G. W. Series 

order is slightly different from that for the third and fourth orders. This might 

well be due to the complex structure of the line (2) which could cause measuring 

errors depending on the dispersion (see § 7). 

(6) Overlapping effects. The influence of overlapping lines of light hydrogen was 

specially investigated and excluded by suitable choice of the spacer, as explained in 

§ 4. The possibility that a faint, unknown line of the molecular deuterium spectrum 

might cause errors by overlapping has been mentioned by other authors. But the 

intensities of the molecular and atomic spectra of hydrogen depend on the current 

density in an entirely different way, and since the measured spacings show no 

dependence on the current density, this source of error can be excluded. Also the 

variation of deuterium concentration would have revealed any effect of this kind, 

for similar reasons. The same argument applies to helium bands which have a much 

higher excitation potential than hydrogen atomic lines and whose intensity de¬ 

pended on the conditions of the discharge in a different way. Another line which 

might possibly have overlapped was the helium spark line 6560 A. Subsidiary experi¬ 

ments, however, showed that even much stronger lines of the helium spark spectrum 

were very weak under the conditions of our discharge. 

Very few actual impurities could persist in a discharge at the temperature of 

liquid hydrogen, in a gas which was circulated through charcoal cooled with liquid 

air, and they would have revealed their influence by erratic results. 

The use of different spacings of the etalon plates, with perfectly concordant 

results, was a further safeguard against errors caused by the overlapping of unknown 

lines. 

(c) Self-absorption. The term 2S* is known to be metastable, and self-absorption 

might occur in lines connected with this level, namely, (2)B and (3) A. This would 

alter the relative intensities and cause a shift in the blend (2). But any shift in the 

line (3) would be only of the order of magnitude of the correction applied to this line 

on account of the influence of (3)B. No evidence for self-absorption was, in fact, 

found. The concentration of metastable atoms must certainly increase with current 

density, but this was found to affect neither the positions nor, as far as could be 

judged, the intensity ratio of the lines. 

Owing to the small energy difference between the metastable state and the state 

2Pi} metastable hydrogen atoms are probably extremely sensitive to impacts. This 

would account for failure of attempts to prove their existence by self-absorption in 

discharge tubes (Ornstein, Zernicke & Snoek 1928). In our experiments, with low 

current densities and the presence of helium, self-absorption would not have been 

expected. 

(d) Stark effect. Stark effect in discharges, caused either by the local fields of the 

ions or by the potential drop in the discharge tube, can have noticeable effects on the 

spectra of light atoms, especially hydrogen. It would cause broadening, shifts and 

changes of relative intensities of the lines. Theoretical estimates such as those 

carried out by Heyden (1937) show that these effects are negligible under the con¬ 

ditions of our discharge. Independently, our experimental results provide direct 

evidence against any appreciable influence of electric fields; the intensity ratio of 

the components, which should respond strongly to Stark effects, were found to agree 
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essentially with theory. Change of current density and of deuterium content 

strongly affect ion density and potential drop, and neither of these changes was 

found to affect the position of the lines. Also effects of electric fields would be 

different in the different parts of the discharge tube, but in fact light coming from 

different parts of the cross section of the discharge tube gave the same positions of 

the components. In one experiment, the polarities of the electrodes were ex¬ 

changed, so that the light was taken from the inside of a hollow cathode; but again, 

the measurements gave the same results. 

(e) Accuracy of the result. The shifts of the lines (1) and (3) resulting from the 

influence of the faint, unresolved components (4) and (3)B respectively were 

estimated on the basis of a half-value width of 0-072 cm.-1. If, instead, the half¬ 

value width had been assumed as 0-065 or 0-078 cm.-1, the distance (3) — (2) would 

have been changed by 0-0005 cm.-1 in either direction. (These assumptions repre¬ 

sent the extreme limits of error in the estimate of the half-value width.) To allow 

for inaccuracies caused by the simplified method of calculating the corrections, 

this estimate of error may be doubled. Compared with the resulting value of 

± 0-001 cm.-1, representing the uncertainties in the corrections, the statistical 

error of the measurements is small. By adding twice the value of the standard 

deviation (2 x 0-0003 cm.rl), we arrive at the estimated limits of error of ± 0-0016, 

and the shift of the term 2S* is found as 

0-0369 ±0-0016 cm.-1. 

In a preliminary publication (Kuhn & Series 1948), the value of this shift derived 

from earlier experiments was reported as 0-043 ± 0-006 cm.-1; this was In disagree¬ 

ment with the preliminary result of Lamb & Retherford (1947) which was given as 

0-033 cm.-1. Since then these authors have improved their methods and have given 

as their final results, for both fight and heavy hydrogen, 0-0354 ± 0-0002 cm.-1. 

Our new lower value agrees with this new raised value of Lamb & Retherford (1949) 

within the accuracy of our experiments. The difference between our new and our 

preliminary value, which is just inside the stated limits of error of the latter, is 

partly due to imperfections in our early technique which led to a much greater 

statistical error, and partly to the corrections which had not then been investi¬ 

gated. 

(/) Comparison with theory. At the time when Lamb & Retherford’s first results 

were published, a paper by Bethe (1947) appeared, in which he calculated that the 

interaction between the atom and the radiation field should result in a term shift of 

the order of magnitude of that which had been observed. Since then, a number of 

authors, treating this interaction in different ways, have arrived at a more accurate 

theoretical value for the shift of the 2Sj term in hydrogen. Kroll & Lamb (1949) 

quote the value 1052 Me./sec., while French & Weisskopf (1949) give 1051 Me./sec., 

and indicate that Schwinger’s new formulation of quantum electrodynamics gives 

the same results. This theoretical value (0-0351 cm.-1) agrees fairly closely with 

Lamb & Retherford’s later value, and with our spectroscopic value, though it is 

slightly below both. In this comparison, we have neglected the extremely small 

shifts of the P and D terms to which the theory leads. 
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The theories predict a shift of the term 3Sj of (|)3 times that of the term 2Sj, i.e. 

of 0 0104 cm. l. Our present, provisional, measurement of the term 3S* would in¬ 

dicate that the shift is less than this. 
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A liquid-hydrogen-cooled discharge tube similar to that formerly used in the investigation 

of the fine structure of the a-line of heavy hydrogen has now been used to reduce the 

Doppler width of the components of the line n — 4-> n = 3 in the spectrum of He+. The 

resolving power necessary to separate some components was obtained without sacrificing 

spectral range by using two Fabry-Perot etalons in series mounted externally to a prism 

spectrograph. For other components a single etalon was used. Eight components were 

resolved and their separations measured, and a ninth partially resolved. The positions of 

certain band lines of hydrogen and helium which lie close to the He+ complex and overlap 

it in different orders of interference were also measured. 

The relative intensities of the components were broadly in agreement with the relative 

transition probabilities calculated from the Dirac theory, but some anomalies were observed. 

From the measurements it is deduced that some of the energy levels are displaced from the 

positions predicted by the Dirac theory: the 3S$ level upwards by 0-140±0-005 cm-1, the 

4level upwards by 0-056 + 0-003 cm-1 and the 4Pj level downwards by 0-011 + 0-003cm-1. 

These displacements of the Sj levels are in good agreement with the predictions of the new 

theory of quantum electrodynamics, but the theory does not predict a displacement of the 

4Pj level by this amount. The Stark effect could account for part of the discrepancy, but there 

remains a disagreement with the theory which exceeds the estimated experimental error. 

1. Introduction 

The main features of the fine structure of the line 4686 A of He+, first resolved by 

Paschen (1916, 1927), were at that time interpreted with reference to Sommerfeld’s 

theory of the structure of hydrogen-like ions. Dirac’s theory (1928), leading to the 

formula 
Tn,j ~ ~ 

RZ2 

n' 

1 + 
a2Z2 

n 
/_L_n 
U + J 4n/ 

(1) 
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378 G. W. Series 

gave the same energy levels but a different ascription of quantum numbers, and 

allowed one to calculate the relative transition probabilities of the components. 

Those details of the structure which were resolved by Paschen were well accounted 

for also by Dirac’s theory, but in recent years the microwave observations of Lamb 

and others (see Triebwasser, Dayhoff & Lamb 1953, and references there given) on 

the fine structure of hydrogen, and the optical investigations of Kuhn & Series 

(1950; see also Series 1951; these papers will be called I and II) have shown beyond 

doubt that Dirac’s theory alone cannot account for the positions of the 2S, 2P and 

3S levels in hydrogen and the 2S level in He+. The experiments are in excellent 

agreement with the new theory of quantum electrodynamics (Salpeter 1953). 
It is therefore a matter of interest to attempt to resolve more components in 

Paschen’s line (n = 4->71 = 3). Improved resolution has beeri achieved by Kopfer- 

mann, Kruger & Ohlmann (1949), by Hirschberg & Mack (1950) and by Murakawa 

& Suwa (1952). These workers used liquid-air cooling of the discharge to reduce the 

Doppler width of the lines and Fabry-Perot etalons to obtain the necessary instru¬ 

mental resolution. The positions of the 3S and 4S levels derived from their measure¬ 

ments agree with the new theory to within the limits of accuracy of the experiments. 

An attempt will be described here in which we have improved the resolution further 

by using liquid hydrogen to cool a discharge run at very low current, and two 

Fabry-Perot etalons in series, where necessary, to take advantage of the reduced 

Doppler width and yet avoid overlapping of orders (see § 2). Eight components have 

been resolved and measured and a ninth partly resolved. 

2. The experimental arrangement 

The apparatus used was a development of that described in I and II for the 

investigation of the hydrogen a-line. The fight source was a d.c. discharge in a U-tube 

cooled by liquid hydrogen and run at very low current, usually 15 mA at 300V, in 

order to reduce the Doppler width of the fines. It was necessary, however, to take 

fight from within the hollow cathode in order to obtain sufficient intensity in the 

spark fines. The cathode was a copper tube 5 cm long and 9 mm in diameter which 

formed part of the wall of the U-tube (see figure 1 in I). Helium at a pressure of 

£ to £ mm of mercury continually circulated over cooled charcoal. 

The fight was analyzed as in the earlier work by Fabry-Perot etalons of 11-5 cm 

diameter stopped down to 5 cm. Sometimes one was used, sometimes two in series 

were used, and a large variety of spacers. In preliminary experiments the etalons 

were mounted internally in a prism spectrograph, and sometimes a third was placed 

immediately in front of the spectrograph slit. The function of this etalon, which was 

provided with very small spacers in the form of slips of mica, was to act as a high- 

order interference filter in suppressing fight scattered from very strong arc fines. 

Light silvering of the etalon plates (transmission about 25 %) enabled the intensity 

of this scattered light to be reduced by a factor of 20, while fight of wave-length 

4686 A was weakened only by a factor of 2. All the components recorded in this 

work with the exception of (7) could be photographed on Ilford Zenith plates in 

lOh using discharge currents of 15mA and this arrangement of three etalons in 

series. 
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379 The fine structure of the line 4686 A 

The difficulty of scattered light was overcome more successfully by mounting 

the main etalons externally; the measurements quoted here were all obtained with 

this arrangement. Some components could be resolved satisfactorily by the use of 

one etalon, but for others the greatest allowable plate separation which avoided 

overlapping of orders provided insufficient resolving power. In these cases two 

etalons were used in series, their spacers being in the ratio 3:1 or sometimes 2 :1 

(see II, p. 279). The spacers must be so chosen that fringes of the stronger com¬ 

ponents in suppressed orders, which may appear as weak ghosts, do not fall too close 

to the components which are being investigated. This condition fixes the choice of 

spacer within fairly narrow limits for each component, and it is rarely possible in 

a complicated, wide pattern to measure more than two or three intervals with any 

given arrangement. Thus, for example, spacers of jq and yq in. allow the intervals 

between components (4), (5a), (56) and (6) to be measured, but incompletely 

suppressed fringes of the strong component (1) fall near (3) (see figures 2 and 3). 

A further difficulty which appeared in the course of the work was the suspected 

presence of weak, foreign lines due to molecular hydrogen. In order to investigate 

this point it was necessary to use a number of spacers whose lengths were fixed to 

within very small tolerances. 

These unusual demands on the sizes of the spacers were largely met by the use of 

steel roller bearings. The English and metric sizes up to J in. diameter provide a wide 

range for selection. It is usually not difficult to select three from a batch of a dozen 

which are equal in diameter to about 1000 A; the spring pressure provided by the 

etalon mount allows the necessary adjustment to be made. These spacers were 

found to be sufficiently stable for exposures of 10 h or more in a room controlled in 

temperature to C. When spacers were needed which could not be found among 

the standard sizes of roller bearings, it was necessary to make them in the laboratory. 

The technique of making Invar spacers to close tolerances is described in II (p. 278). 

The method of adjustment of two etalons mounted inside a prism spectrograph 

is also described in II (p. 279). When they are mounted externally it is necessary to 

use a primary slit which can be imaged in the plane of the spectrograph slit. Slight 

rotation of the suppressor etalon about a vertical axis allows secondary images of 

the slit, due to secondary reflexions between the etalons, to be displaced from the 

primary image. The spectrograph slit passes fight from the primary image only 

(figure 1). Phase adjustment of the etalons is made in the usual way by enclosing 

one of them in a sealed box and varying the pressure of the air in it. In the present 

work it was necessary to make this adjustment photographically before every run. 

The plates of the resolving etalon were silvered to a reflectivity of 85 to 90 % at 

A 4700 A; for the suppressing etalon the figure was about 70 %. These plates-allowed 

the weakest components in the complex to be photographed in 12 to 14 h on special 

photographic plates (M1246) having fine grain and high sensitivity, prepared and 

supplied through the courtesy of Mr Waller of Ilford Ltd. When the resolving etalon 

alone was used the exposure for the same components was 3 to 3|h with the same 

discharge current, 15 mA. 

When the interval between a strong and a weak component was to be measured, 

e.g. (2)-(3), the technique of using a reference mark described in I (p. 132) was used 
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again. This technique also permitted a check on the stability of the etalons during 

the long exposures. The use of the double etalon allowed these intervals to be 

measured in a different way, for it was sometimes possible to measure from a weak 

component in an unsuppressed order to a strong component in a partly suppressed 

order on one and the same exposure. This method is open to objection, for the line 

primary slit 

discharge suppressing resolving displaced spectrograph 

tube etalon etalon secondary collimator 

vertically in image 
beneath air-tight 

reflecting box 
prism 

Figure 1. External mounting of the double etalon. Horizontal section. 

->v 

Figure 2. Spectrogram showing the fine structure in one order of a double 
etalon with spacers in the ratio 1:3. 
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Figure 3. Photometer tracing of a spectrogram similar to that of figure 2. Components 
which appear as fringes of incompletely suppressed orders are marked with the sub¬ 
script s, e.g. (1),. The helium band line identified by Leo is marked (L). 
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The fine structure of the line 4686 A 381 

contour of an unsuppressed fringe may differ from that of a suppressed fringe, but 

it was used occasionally as a check. 

Microphotometer tracings were made from some of the plates, but all the measure¬ 

ments were made on the plates themselves. 

3. Measurements 

The spectroscopists mentioned in § 1 had already achieved partial resolution of 

the components (3P4-4P|), (3$4-4Pj) which, according to the Dirac theory, should 

coincide. Almost complete resolution was achieved here by using the double etalon 

with spacers ^ and ^ in.; they are labelled (5a) and (5b) in figures 2 and 3. Spectro¬ 

grams such as figure 2 furnish direct proof of the inadequacy of the Dirac theory. 

They allow the interval between the components, 0*139 cm-1, to be measured to 

a precision of about 3 % of its value. 

-—-—V 

Figure 4. Term diagram. Intervals in cm"1. The intervals which are not underlined are 

calculated from the Dirac formula (1), §1 using the latest numerical values of the con¬ 

stants PH9 and a (Dumond & Cohen 1953). The levels drawn with broken lines are the 

positions of the >S4, P4 levels according to the formula. The intervals which are under¬ 

lined are displacements deduced from the measurements. The transitions are labelled 

with relative transition probabilities calculated from the Dirac theory. 
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Table 1. Intervals between components in cm-1 

Table 1a 

no. of no. of 
etalon interval mean fringes plates 

double, 1:3 (5a)-(56) 0-125*, 0-146, 0-143, 0-144, 0-141, 0-136, 
0-141, 0-138 

0-139 8 5 

wave-number (5a)-(4) 0-680*, 0-671, 0-670 0-674 3 2 

range in one 
order. 

(5a)-(6) 2-411, 2-411, 2-415, 2-406, 2-412, 2-400, 
2-412, 2-405 

2-409 8 4 

3 x 1-0505cm-1 (5a)—(7) 
(5 6)—(4) 
(4)—(6) 

(5b)-(l)t 
(5o)-(2)J 

1-729*, 
0-546* 
1-730* 
1-798* 
1-488 

1-742, 1-724, 1-723 

- used for checks 

1-729 4 3 

The discharge current was usually 10 mA. For values marked * it was 15 mA. 
| Weakly illuminated fringe. 
J Incompletely suppressed fringe. 

Table 1b 

no. of no. of 
etalon 

single 
2-004 cm-1 

near(3) 

(circulation 
through CuO) 

single 2* 103 cm' 
hydrogen bands 
near(3) 

single 2-040 cm' 

hydrogen bands 
clear of (3) 
and (4) 

double, 1:2 
2 x 1-670 cm 

interval mean fringes plates 

\ (3)-(4) 0-222, 0-204, 0-212, 0-195, 0-212, 0-216, 
0-215, 0-205, 0-214, 0-212, 0-212, 0-208, 
0-196*, 0-187*, 0-180*, 0-199*, 0-199* 

0-205 17 6 

| (2H3) 0-596, 0-601, 0-602, 0-602, 0-615*, 0-603* 0-603 6 3 
i (2)—(4) 0-805, 0-803, 0-814, 0-813, 0-818*, 0-817* 0-812 6 3 

(4)-(6) 1-718, 1-748, 1-748, 1-732, 1-733, 1-743, 
1-712, 1-732, 1-754, 1-736 

1-736 10 5 

l(2)-(3) 0-608, 0-600, 0-603, 0-616 0-607 4 2 

J (2)—(4) 0-810, 0-818, 0-821, 0-824, 0-807, 0-803 0-814 6 3 

' (2)-(3) 0-604, 0-611, 0-609, 0-601 0-606 4 2 

-(2)-(4) 

- 

0-821, 0-830, 0-825, 0-831, 0-818, 0-815, 
0-824 

0-823 7 3 

(2)—(3) 0-600, 0-602 0-601 2 2 

(2)—(4) 0-803, 0-806 0-805 2 2 

(3)—(4) 0-228, 0-226, 0-212, 0-209, 0-191 0-213 5 3 

> 

\ (2)—(3) 0-599, 0-606, 0-616 0-607 3 2 

/ (2)—(4) 

Mean of 

0-782, 0-799, 0-819 

al1p1ates:(2):(3):0;605|differenoe0,209 

0-800 3 2 

(3)-(4): 0-207 
The discharge current was usually 15 mA. For values marked * it was 10 mA. 

Notes, (a) The notes in column 1 refer to the investigations described in §5. 
(b) Values for the interval (3)-(4) are independent of the values for (2)-(3) and (2)-(4). 

The mean values therefore afford a check on the measurements. The self-con¬ 
sistent intervals (2)-(3), 0-606 cm-1; (2)-(4), 0-813 cm-1; (3)-(4), 0-207 cm-1, are 
used in the text. 

(c) Values for the interval (4j-(6) show an unusually large scatter, but the mean value 
1-736 cm-1 agrees well with the value 1-735 cm-1 deduced from table 1a. 
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Table lc 

cooling current no. of no. of 
etalon interval bath (mA) mean fringes plates 

single, (l)-(2) liquid air 100 0-452, 0-462, 0-458, 0-456 0-457 4 1 
2-504 cm-1 50 0-455, 0-453, 0-450, 0-455 0-453 4 1 

40 0-449, 0-463, 0-458 0-457 3 1 

30 0-459, 0-447 0-453 2 1 

20 0-462, 0-448, 0-462 0-457 3 1 

15 0-456, 0-455, 0-456 0-456 3 1 

10 0-443, 0-447, 0-455, 0-449 7 2 

0-438, 0-449, 0-456, 
0-457 

single, (l)-(2) liquid 15 0-447, 0-453, 0-450, 0-450 8 2 
2-504 cm-1 hydrogen 0-442, 0-451, 0-452, 

0-453, 0-451 

double, 1:2, (l)-(2) liquid air 20 0-451, 0-443, 0-455, 0-449 0-450 4 2 
2 x 1-670 cm-1 

Mean of all fringes: (l)-(2):0-453. 

Table Id 

no. of no. of 
etalon interval mean fringes plates calculated* 

double, 1:3, 
3x0-851 cm-1 

(5a)—(7) 1-737, 1-739, 1-728, 1-712, 
1-728, 1-720, 1-717, 1-710 

1-724 8 3 1-729 

(5a)-(3) 0-889, 0-877, 0-882, 0-884, 
0-882, 0-874, 0-873 

0-880 7 3 0-881 

* 

(5a)-(l) 1-944, 1-944, 1-931, 1-939 l-940f 4 

Calculated from the mean values of tables 1a to c. 

2 1-940 

f These distances are measured to a suppressed fringe of (1). 

Table 1a records measurements on components (5a) and (56) and on three other 

components, (4), (6) and (7), which were resolved in these spectrograms free from 

incompletely suppressed fringes. The over-exposed components (1) and (2) and the 

overlapped component (3) were not measured on these plates. They were measured 

relative to the others and to one another on spectrograms taken with different 

spacers as indicated in tables 1 b to Id. 

The components are interpreted as follows (referring to figure 4): 

Component (1) The blend of (3D|-4i^) with (3P|-4P|). These were partly resolved 

under certain conditions, but the measurements refer to the maximum of the 

unresolved blend (see §6). 

Component (2) The coincident pair (3Z>|-4i^), (3P|-4fD). No sign of structure 

was ever observed in (2). 

Component (3) (3$j-4Pj). 

Component (4) (3Pj-4$£). 

Component (5a) (SP^-^D^). 

Component (56) (3^-4P|). 

Component (6) The blend of (3Z)f-4Pf) and (3Pf-4P^) with (3Pf-4^). 

Component (7) The coincident pair (3P|-4P|), (3Pf-4Pf). No sign of structure 

was ever observed in (7). 

9 
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The measurements provide a number of cross-checks on the positions of the 

components. Some of these are shown at the foot of table 1B and in the fourth and 

seventh columns of table Id. These cross-checks support the estimates of error 

made in §§7 and 8. 

It will be observed that the measurements taken with a single etalon (table 1b, 

for example) show a greater scatter than those recorded for double etalons. This 

reflects the smaller resolving power of the single etalon compared with the double. 

Nevertheless, the line width of the single etalon was sufficiently small to allow the 

complete resolution of components (3) and (4). 

0-469 0-213 0-240 0-606 0-207 0-535 0-139 
(-0-001) (+0-001) 
-^(cm'1) 

Figure 5. Mean values of the intervals between components as deduced from the measure¬ 
ments (see §3). The observed relative intensities are qualitatively indicated by the 
heights of the lines. The correction (0-001) is shown for component {5b). 

For convenience of reference the results are shown diagrammatically in figure 5 

in which the intervals were obtained from the mean values of the measurements in 

the way shown below. It is to be understood that the intervals measured directly 

are more reliable than those obtained by differences. Thus, for example, the interval 

(l)-(6) is less reliable than the directly measured interval (4)-(6). The latter is used 

in §7 when the position of (6) is under discussion. 

(5a)-(56) Table 1a. ^ 

(56)—(4) (5a)-(4)minus (5a)-(5c) in table 1a. ^Compare (5a)-(3) in table Id. 

(4)-(3) Table 1b. J 
(3)-(2) Table 1b. 

(2)—(7) Mean of (5a)-(7) in tables 1a and Id minus (5a)-(2) above. 

(7)—(1) (2)-(l) in table lc minus (2)—(7) above. 

(!)—(6) (5a)-(6) in table 1 a (compare (4)-(6) in table 1 b) minus (5a)-(l) above. 
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385 The fine structure of the line 4686 A 

In the course of the investigation a number of lines due to molecular hydrogen 

were measured relative to the He+ component (1). A line of the band spectrum of 

helium which falls just outside the He+ complex, formerly observed by Paschen 

(1916) and identified as a band line by Leo (1926) was also observed and measured. 

This appears to be the line at 4685-318 A recorded by Curtis & Long (1925). The 

positions of these lines are given in table 2. 

Table 2. Distances from (1) in cm-1 of foreign lines 

Helium band line: +2-27 (one measurement). 
Hydrogen band lines definitely identified: —4*42, 4-9-03, 4-24-52. 
Hydrogen band lines observed, but not properly resolved from components of He+: 
+ 15-76, -19-93. 

4. The intensities of the components 

The relative intensities were not measured, but the following conclusions could 

be drawn from the spectrograms: 

(а) Components (1) and (2) were far stronger than any other components. (2) was 

always slightly stronger than (1). 

(б) The intensities of components (5a), (56), (3) and (7) relative to (1) and to one 

another were, as far as could be judged, in agreement with the ratios of transition 

probabilities calculated from the Dirac theory (Kupper 1928; Slack 1928). 

(c) Component (4) always appeared as strong as (3), and sometimes a little 

stronger. It was not possible to relate the variations to any particular feature of the 

discharge. The intensity of (4) was thus at least five times as great as one would 

expect from the transition probability. 

(d) Component (6) always appeared nearly as strong as (56). Its intensity was 

thus approximately five times as great as expected. 

It is tempting to associate the anomalous intensities of (4) and (6) with their 

common upper level, 4$t. If, for some reason, this level were overpopulated in the 

discharge by a factor of 5, then the intensities observed would all be consistent with 

the transition probabilities calculated from the Dirac theory. 

A component which is evidently that which we call (6) appears resolved in the 

photometer tracing reproduced by Paschen (1927). It appears stronger than the 

unresolved blend of (3) + (4) and is therefore anomalously strong, as we observed it. 

On the other hand, Leo also observed this component (1926) and found it to be 

definitely weaker than (3) + (4). The intensities of the other components observed 

by these authors in their d.c. discharges are qualitatively in agreement with our 

observations. In a spectrogram published by Murakawa & Suwa (1952), component 

(4) appears to be weaker than (3) It appears, therefore, as though the intensities 

of (4) and (6) may be rather sensitive to the discharge conditions. No information 

about the intensity of (6) can be obtained from the publications of Kopfermann 

et at. (1949), Hirschberg & Mack (1950) or Murakawa and Suwa (1952). 

In this connexion we recall a slight anomaly in the intensity of component (3) 

(i.e. the blend of 2Pi-3Si with the major constituent 2$*-3Pi) in the hydrogen 

a-line, reported in I, p. 135. The rather wide limits of error in the measurement of 
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the relative intensities did not certainly indicate a discrepancy with the calculated 

ratios of transition probabilities, but the measured value was rather high. If the 

3level in the hydrogen discharge had been overpopulated by a factor of about 

five, the calculated intensity would approach much more closely to the measured 

value. At the same time, however, the peak of the blend would have been slightly 

displaced and one would deduce a rather greater value for the shift of the 2S± level 

in hydrogen. 

5. Validity of the measurements 

Before we attempt to interpret the measurements in terms of relative positions 

of energy levels, the results will now be presented of various subsidiary experiments 

designed to investigate whether the components of the He+ complex were being 

displaced either by foreign lines or by the Stark effect. 

(a) Foreign lines 

The possibility of overlapping foreign lines was investigated very fully after an 

accidental leak of liquid hydrogen from the cooling bath into the discharge in the 

course of one experiment. When the plate had been developed it was noticed that 

foreign lines overlapped the line 4686 A, and these were soon identified as hydrogen 

band lines. This aroused the suspicion that foreign lines due to molecular hydrogen 

might be present even under normal conditions, and affecting the measured positions 

of the helium fines. Hydrogen from tap grease could gain access to the circulating 

helium; indeed, when the plates were scrutinized it was noticed that appeared 

faintly on some of them. 

A laborious investigation was therefore undertaken to check this point. Hydrogen 

was deliberately mixed with helium and the positions of the band fines measured 

relative to the main components of the helium fine. Most of the band fines fisted by 

Gale, Monk & Lee (1928) in the neighbourhood were observed and identified by the 

method of exact fractions. Spacers were then made which would throw the hydrogen 

band fines clear of the He+ components—this was possible since the observed 

hydrogen fines were not within the helium pattern but several orders away—and 

these were used to obtain new measurements of the intervals in the helium complex. 

The positions of components (3) and (4), the weakest resolved components, were 

particularly investigated. 

The interval (2)—(3) proved to be statistically quite insensitive to the choice of 

spacer although hydrogen band fines, had they been present, would have fallen 

close to (3) with the spacers indicated in table 1b. The interval (2)-(4) seemed to 

vary slightly with the spacer, but there was no correlation with the possible presence 

of a band fine near (4). Nor can this fluctuation be correlated with any of the fines 

recorded in the M.I.T. Wavelength tables (1939) of other elements which might have 

been excited in the discharge (Hg, Cu, Pb), nor with helium bard fines. There is no 

good reason to suppose that it is not a statistical fluctuation. 

Finally, some experiments were made in which the circulating gas passed over 

heated copper oxide before the cooled charcoal. It was hoped by this means to 

eliminate hydrogen completely from the gas. Traces of H^ still appeared, however, 
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and it was concluded that tap grease between the charcoal and the discharge was 

providing hydrogen. The matter was not pursued. The measured intervals remained 

substantially unaltered in these experiments, and it was concluded, primarily on 

the basis of the measurements with different spacers, that the suspicions regarding 

the influence of hydrogen bands had been unjustified. 

(6) The Stark effect 

It is well known that the helium lines are particularly subject to the influence of 

electric fields. In the present experiments it is necessary to distinguish between the 

macroscopic fields which sustain the discharge and the microscopic, inter-ionic 

fields. The former can be estimated but are difficult to change; the latter can be 

easily changed but are difficult to estimate. 

Table 3. The Stark effect. Displacements of levels 

IN CM-1 FOR A FIELD OF 150 V/cm 

TYLj 

4 Fi ±1 0 1 upwards 

±1 + 0-003 centre of gravity shift with reference 

+ | + 0-004 
r 

to the transition to 3D$ 

±* + 0-005 > (component (1)), 0-003 

4 D, P, ±1 ± 0-007 - 

±* ± 0-004 - symmetrically up and down 

±i ±0-001 1 

4 P, Dl ±1 
±i 

±0-013 

±0-004 
1 
/ 

symmetrically up and down 

4 Si ± i + 0-009 upwards 

4 Pi ± i -0-009 downwards 

3 Dl 
+ s 
x 2 0 

±1 + 0-000 

± \ + 0-000 

3 P, D% 
+ 3 
X 2 

± i 

± 0-006 

± 0-002 
1 symmetrically up and down 

3 ± i + 0-001 upwards 

3 Pi ± 2 -0-001 downwards 

The theory of the Stark effect enables us to decide which components in the 

complex are the most sensitive. Various authors have given calculations based on 

the Dirac term scheme, but we know of no published work which bases the calcula¬ 

tions on the modified term scheme. We have therefore performed these calculations 

and report them in the following paper (Series & Stevens 1954). The numerical 

results are given in table 3. It turns out that (3) and (4) are the most sensitive 

components in the complex for displacements which are small compared with the 

interval (4P^-4/Sy, and that (1) is about one-third as sensitive. (2) is relatively 

insensitive. (5a) and (56) are about one-ninth as sensitive as (3) and (4). A field of 

about 150V/cm would shift (3) and (4) each by 0-010 cm-1. 

The influence of the microfields may be investigated by changing the current. 

The size of the cathode in these experiments was such that with the current densities 
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used it was not completely covered by the discharge. Thus the current, and with it 

the microfields, could be varied over a considerable range without greatly affecting 

the voltage, that is, the macrofields. 

The consequences of these current variations could most easily be observed on 

the interval between the strong components (1) and (2), for their resolution is not 

impaired under the more violent discharge conditions, and liquid-air cooling may 

be used. A Stark effect would cause the interval to be reduced. Over a range of 

currents from 10 to 100 m A there was no significant change in this interval (table 1 c). 

It was concluded that there was no significant Stark effect due to microfields. 

On the other hand, it was known that the dark space was about 1 mm and that 

the discharge was sustained by about 300 V. Using the well-known relation (see, 

for example, Little & von Engel 1954) that the macroscopic field in the dark space 

falls linearly, we deduce that the field changes from practically zero at the edge of 

the glow to 6000 V/cm at the wall. It was therefore quite conceivable that the 

macroscopic fields would produce a shift in the components, particularly (3) and (4). 

Some evidence on this point was provided by experiments in which different parts 

of the discharge were imaged on the spectrograph slit. This was accomplished in 

two ways: the first by using lenses of different powers internally in the discharge 

tube (see figure 1 in I), the second by using a cathode of 23 mm internal diameter 

instead of the 9 mm normally used. The values 0-670, 0-676 cm-1 for the interval 

(5a)-(4) were obtained in experiments of the former type. Experiments of the latter 

type were difficult because much larger currents were needed to provide the same 

current density, and the efficiency of cooling of the gas was impaired, with consequent 

loss of resolution. For this reason the values 0-115 and 0-122 cm-1 obtained in these 

experiments for the interval (5a)-(56) are not reliable, but more confidence can be 

placed in the values 0-672, 0-660, 0-670 cm-1 for the interval (5a)-(4). These figures 

may be compared with the mean value of this interval under standard conditions, 

0-674 cm-1. Now with the wide tube the fringes were formed by fight which had 

come from regions of the discharge far from the walls, that is, away from the region 

of strong macrofields. Hence one would expect the Stark effect to be reduced. But 

component (4) moves towards (5 a) under a Stark effect, and is one of the most 

sensitive components. We would expect, therefore, that if (4) were shifted by the 

Stark effect in the normal discharge, the distance (5a)-(4) would have been increased 

when the wide tube was used. The observed effect, if real at all, is in the opposite 

direction. The evidence provided by these experiments, therefore, is that they 

disclose no trace of Stark effect due to macrofields. 

Further remarks on the Stark effect are made in § 8. 

6. Corrections and line widths 

With the exception of (5a) and (56) the resolution of the components was 

sufficiently complete to avoid the necessity for corrections due to overlapping, but 

components (1) and (6) are themselves blends and we have to apply small corrections 

in order to find the positions of their major constituents. 

In the case of (56) the small correction 0-001 cm-1 to allow for the overlapping 

of (5 a) has been estimated on the basis of a comparison between photometer 
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tracings and composite Doppler intensity distributions. The comparison enables 

us to deduce a line width of about 0-11 cm-1 which, when allowance is made for the 

instrumental contribution (Minkowski & Bruck 1935), leads to the figure 110°K 

for the temperature of the radiating He+ ions in the liquid- hydrogen-cooled discharge 

at 10mA. No correction is necessary for (5a) itself. 

The minor constituent of (1) was partly resolved under the best conditions of 

resolution, but the measurements in table 1 c represent less favourable conditions. 

A line width of 0*16 cm-1, used in conjunction with the theoretical separation and 

intensity ratio of the constituents, leads to a correction less than 0-002 cm-1 for the 

major constituent. 

It is difficult to estimate a reliable correction for component (6) because of the 

intensity anomaly which, though most probably associated with the level 4$^, is 

not certainly so. If we assume that the constituent (3P|-4^) is five times too strong 

and that the other constituents are situated as shown in the term diagram (figure 4), 

then the line width 0-16 cm-1 leads to the value 0-001 cm-1 for the displacement of 

the maximum of the blend from the position of the major constituent towards 

shorter wave-lengths. 

Component (7) lies almost symmetrically between the much stronger components 

(1) and (2). It is impossible to estimate a reliable correction, but there is no doubt 

that it will not be large compared with the statistical errors of measurement. 

7. Interpretation of the measurements 

We assume that the term diagram given by the Dirac theory is substantially 

correct. We then infer from the measurements that some of the energy levels are 

slightly displaced from the positions predicted by that theory. 

On the provisional assumption that the (5a)-(56) interval is entirely due to the 

displacement of the 3Si or the 3P^ levels, or both, we arrive at the figure 

(0-139 + 0-001) = 0-140 cm-1 for their separation. But the position of the level 3P* 

relative to 3Pf may be found from the intervals (5a)-(7) or (4)-(6). These distances, 

1*727 and 1*735 cm-1, when one remembers the small uncertainties associated with 

components (6) and (7), are very close to the Dirac value 1*731 cm-1. We infer that 

neither 3P* nor 3Pf is appreciably shifted, for it is unlikely that they would both 

shift by the same amount. Thus the separation between 3and 3P* is interpreted 

as due to an upward shift of the 3*S^ level. 

Again, if we assume that the (5a)-(4) interval, 0*674 cm-1, differs from the Dirac 

value 0-730 cm-1 solely on account of an upward shift of the 4=Si level, this must be 

0-056 cm-1. 
The interval (3)-(4) yields information about the relative positions of the Si and 

Pi levels. If neither the 3P* nor the 4P* level were displaced, the interval (3)-(4) 

would be the sum of the Si shifts, 0-140 + 0-056 = 0-196 cm"1. The measured value 

is 0-207 cm-1. Even an unfavourable combination of errors of measurement would 

hardly account for the discrepancy. We conclude that either the 3P* or the 4P^ level 

or both are displaced. The postulate that the 3P* level is appreciably displaced is 

contrary to the reasoning of the last paragraph but one, and would also destroy 

the agreement between the deduced shift of 3&* and the prediction of the theory of 
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quantum electrodynamics (see §8). On experimental grounds alone it is preferable 

to postulate that the discrepancy in the (3)-(4) interval is accounted for solely by 

a downwards displacement of the 4P^ level. The amount of this displacement is then 

0*207-(0*140 +0-056) = 0*011 cm-1. 

There remains component (1) whose distance from (2), 0*453 cm-1, compares 

satisfactorily with the Dirac value (0*455 + 0*002) cm-1, though the measurement 

is discussed again in §8. 

The observations, then, are in good agreement with the Dirac term scheme 

modified as follows: 

(а) an upward shift of 3/S^ by 0* 140 + 0*005 cm-1, 

(б) an upward shift of 4Si by 0*056 + 0*003 cm-1, 

(c) a downward shift of 4P^ by 0*011 + 0*003 cm-1. 

The figure 0*005 cm-1 for the error in the 3$^ level is about 4 times the probable 

error of the mean of the eight fringes which locate it. Smaller errors are quoted for 

the other levels since they are determined by measurements on thirty or more 

fringes. 

8. Comparison with the theory of quantum electrodynamics 

The state of the theory at the time of writing is given by Salpeter (1953) and by 

Baranger, Bethe & Feynman (1953). The calculations to lowest order are based on 

the formula 3 _4 

An(Pi-Si)=^R^(B-21nZ), 

where B is a constant which is independent of Z and is thought to be very insensitive 

to n. A number of correction terms increase the value of A2 for hydrogen by about 

\ % and lead to excellent agreement with the experimental value. (The latest value 

is given by Triebwasser et al. 1953.) For singly ionized helium the formula (without 

the correction terms) leads to A3 = 0*137 cm-1 and A4 = 0*058 cm-1. If one bases 

the calculation on the value 14020Mc/s obtained experimentally by Lamb & 

Skinner (1950) for the interval A2 in He+, and makes use of the relation A oc 1 /n3, one 

finds A3 = 0*139 cm-1 and A4 = 0*058 cm-1. The predicted shifts for the P^ levels 

alone are very small; we calculate 0*002 cm-1 for 3P^ and 0*001 cm-1 for 4P^. 

The present measurements are in excellent agreement with the theory for the 

3Si and 4levels. 

In the case of the 4P^ level, the disagreement exceeds the estimated experimental 

error and demands further discussion. We shall consider first the accuracy of the 

measurements from which we deduce its position, and secondly the possibility of 

displacement of levels by the Stark effect. 

The most direct route to the establishment of its position is from the interval 

4Pj-(4P|, 4Z>|) which is equal to the difference {(5a)-(3)} — {(5a)-(56) + correction}. 

The two distances here measured (see tables 1 d and 1 a) rely on seven and eight 

individual values respectively, and in each case the probable error of the mean is 

less than 0-002 cm-1. The Dirac value for this interval, 0*730 cm-1, differs from the 

mean measured value 0*880 — (0*139 + 0*001) = 0*740 cm-1 by 0*010 cm-1, which is 
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rather large to be attributed to a statistical deviation. We suggest that this difference 

implies a downward displacement of 4P±. 

An independent but less direct determination of the position of 4P± is from the 

measurement of the distance (2)—(3) for which the mean value 0-605 cm-1 (table 1b) 

depends on nineteen individual measurements with a probable error 0-0009 cm-1. 

If we use the experimental value for the displacement of the 3level, and assume 

that the levels associated with component (2) are undisplaced, then we arrive 

at the value (1-731 — 0-140 — 0-730 — y — 0-243) = 0-618 — ycm~l for the distance 

(2)-(3), where y is the downward displacement of the 4P^ level. Comparison 

with the measurement yields y — 0-013 cm-1. The use of the theoretical value 

(0-138 —0-002) cm-1 for the displacement of the 3level yields y = 0-009 cm-1, 

a figure which is ten times the probable error of the measurements from which it is 

obtained. 

These two determinations of the position of the level 4P^ depend essentially on 

the location of component (3). The statistical error in the measurements which 

locate (3) is reduced by taking the two determinations together, and by considering 

also the other checks on the position of (3), e.g. (5a)-(3) = {(5a)-(4)} + {(4)-(3)}. 

The estimated error 0-003 cm-1 is about 4 times the probable error of 30 distance 

measurements. 

It is therefore very improbable that the discrepancy with theory in the position 

of the level 4P^ is to be explained by statistical deviations in the measurements. 

There are, however, some indications that part of the discrepancy might be 

explained by a Stark effect in spite of the evidence discussed in § 5. We recall that the 

levels 4$£ and 4P* are the most sensitive levels (table 3) and that (3) and (4) are the 

most sensitive components. In table 1 b the distance (3)-(4) measured with the use 

of the spacer 2-004 cm-1 shows signs of a systematic dependence on the current, the 

values at 10 mA being somewhat lower than those at 15 mA (though this is not 

supported by the plate on which the distances (2)-(3) and (2)-(4) were measured 

at 10 mA). Again, though the interval (1)—(2) (table lc) shows no systematic 

dependence on current up to 100 mA, it may be significant that the mean value of 

this interval, 0-453 cm-1, is slightly lower than the theoretical value 0-457 cm-1, as 

it would be if there were a small Stark effect. One might also suggest that the 

intensity anomaly observed in components (4) and (6) might be due to a Stark 

effect, but since the observed intensities of (3) and (4) are nearly equal, any Stark 

effect which accounts for the anomaly must at the same time introduce a displace¬ 

ment of 4Si and 4P* which is at least of the order of magnitude of the unperturbed 

distance between them. This is quite out of the question. 

If there were a Stark effect which increased the separation between (3) and (4) 

by 0-010 cm-1, then this would be made up by the levels 4and 4P^ in equal 

amounts, i.e. by 0-005 cm-1 each, since the 3Si and 3P* levels are very insensitive. 

There would remain a discrepancy with theory of 0-006 cm-1 for the 4P^ level, and 

a discrepancy of 0-007 cm”1 instead of 0-002 cm-1 would be introduced for the 4 

level. A greater Stark effect might improve the agreement for the 4P^ level, but would 

impair it still more for the 4$^. The discrepancy remains rather large even when 

distributed between the two levels in the most favourable way. 
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We conclude that there is a real discrepancy between the theory and the measure¬ 
ment, and that although the presence of a small Stark effect would improve the 
agreement, a discrepancy of about six times the probable error of the measurements 
still remains. 

I gratefully express my appreciation of the interest of Dr H. G. Kuhn, F.R.S., in 
this work at all its stages, and of his constant encouragement. I am indebted to 
Professor F. E. Simon, F.R.S., for making available the liquid hydrogen, and to 
Lord Cherwell, F.R.S., for the facilities of the laboratory. Part of the work was done 
during the tenure of a Nuffield Fellowship. 
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The Spectrum of Atomic Hydrogen 

For almost a century light emitted by the simplest of atoms has been 

the chief experimental basis for theories of the structure of matter. 

Exploration of the hydrogen spectrum continues, now aided by lasers 

by Theodor W. Hansch, Arthur L. Schawlow and George W. Series 

The spectrum of the hydrogen atom 
has proved to be the Rosetta stone 
of modern physics, once this pat¬ 

tern of lines had been deciphered much 
else could also be understood. Most no¬ 
tably, it was largely the effort to explain 
the spectrum of light emitted by the hy¬ 
drogen atom that inspired the laws of 
quantum mechanics. Those laws have 
since been found to apply not only to 
the hydrogen atom but also to other 
atoms, to molecules and to matter in 
bulk. They are the ultimate foundation 
of modern chemistry, of solid-state 
physics and even of applied sciences 
such as electronics. 

The central position of the hydrogen 
atom in the history of 20th-century 
physics might seem to suggest that the 
spectrum has long been known in all its 
details. That is not so. Only in the past 
few years have some of the subtler fea¬ 
tures of the spectrum been resolved, and 
many others have not yet been observed 
directly. Measuring the positions of the 
spectral lines remains today a significant 
test of the predictions of the quantum 
theory. 

The most recent advances in the anal¬ 
ysis of the spectrum can be attributed to 
a new tool of spectroscopy: the laser. 
Because the finest details of the spec¬ 
trum are closely spaced they can be dis¬ 
tinguished only by light that is highly 
monochromatic, or confined to a nar¬ 
row range of wavelengths. The laser is a 
source of such light. As a result of some 
ingenious laboratory technology it has 
become a spectroscopic instrument of 
unprecedented resolution. 

The Line Spectrum 

When light from a hot filament is dis¬ 
persed according to wavelength by a 
prism or a diffraction grating, the result 
is a continuous fan of colors, but the 
spectrum from a pure, rarefied gas of 
atoms or molecules consists of discrete 
lines. If the spectrum is recorded from 
light emitted by the gas, it appears as a 
sequence of bright lines against a dark 
background. If light is passed through 
the gas, discrete wavelengths are ab¬ 

2 

sorbed, giving rise to dark lines on a 
bright background. 

Hydrogen is the simplest of atoms, be¬ 
ing made up of a single electron and a 
nucleus that consists of a single proton, 
and so it can be expected to have the 
simplest spectrum. The spectrum is not, 
however, an easy one to record. The 
most prominent line was detected in 
1853 by Anders Jonas Angstrom. (The 
common unit for measuring wave¬ 
lengths of light is named for Angstrom; 
one angstrom unit is equal to 10-8 centi¬ 
meter.) In the next two decades three 
more lines were observed, but the first 
extended series of atomic-hydrogen 
lines was found not in the laboratory but 
in the spectra of stars. In 1881. working 
with the first photographs of stellar 
spectra, Sir William Huggins identified 
10 lines as being emissions of atomic 
hydrogen. 

It may seem surprising that lines of 
the hydrogen spectrum were seen in 
astronomical observations before they 
were seen in terrestrial experiments. The 
difficulty in measuring the spectrum in 
the laboratory is not in detecting the 
lines but in preparing pure atomic hy¬ 
drogen. Ordinary hydrogen gas consists 
of diatomic molecules (H2). which have 
a spectrum that is much more compli¬ 
cated than the spectrum of the isolated 
hydrogen atom. Splitting the molecules 
requires more energy than can be sup¬ 
plied by most thermal excitations, such 
as a flame. One device that furnishes 
the energy very effectively is the gas- 
discharge tube, where electrons accel¬ 
erated by an applied voltage dissociate 
the molecules. Over the years means 
have been discovered for enhancing 
the atomic spectrum and suppressing 
the molecular one. 

The spectral lines detected by Hug¬ 
gins range in wavelength from the red 
portion of the visible spectrum to the 
near ultraviolet. The first two lines are 
quite far apart, but the subsequent ones 
come at smoothly decreasing intervals, 
and those at the shortest wavelengths 
are bunched closely together. In 1885, 
working from the astronomical mea¬ 
surements, Johann Jakob Balmer found 

that he could account for the positions 
of all the known lines by applying a sim¬ 
ple empirical formula. The entire set of 
lines has since come to be known as the 
Balmer series. Another group of lines, 
the Lyman series, lies in the far ultravio¬ 
let. and there are other series at longer 
wavelengths. Within each series the in¬ 
dividual lines are designated by Greek 
letters, starting with the line of longest 
wavelength. Thus the bright red line first 
seen by Angstrom is the Balmer-alpha 
line, the. next is the Balmer-beta line and 
so on. Because of the prominence of the 
Balmer-alpha line it is sometimes called 

BALMER-ALPHA 
6,563 

PATTERN OF DISTINCT LINES is formed 
when the light emitted by hydrogen atoms is 
dispersed according to wavelength. The lines 
are those of the Balmer series, and their ap¬ 
proximate wavelengths are given in angstrom 
units (one angstrom is equal to 10-* centime¬ 
ter). The color photograph was made by Jon 
Brenneis and one of the authors (Schawlow) 
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simply the hydrogen-alpha, or H-alpha, 
line. 

In 1889 Johannes Rydberg discovered 
that the line spectra of many elements, 
most notably those of the alkali metals, 
could be fitted by a single empirical for¬ 
mula. A later version of the formula, 
which is equivalent to Rydberg's equa¬ 
tion but more explicit, has the form 

L = r\__a_i_; 
^ L(m + 6)2 (n + c)2. 

Here X (the Greek letter lambda) is the 
wavelength of a particular line in an 
atomic spectrum, m and n are numbers 
that take on successive integer values (1. 
2, 3 and so on) and R, b and c are con¬ 
stants. The values of b and c depend on 
what series of lines is being measured, 
but R is the same for all lines of all the 
elements. R is now called the Rydberg 
constant; if the wavelength is expressed 
in meters. R has the value 1.097 X 107 
and the dimensions of reciprocal me¬ 
ters. After Rydberg had checked his for¬ 
mula against a number of spectra he 
wrote: “I had just finished testing vari¬ 
ous forms of the function when I heard 
of Mr. Balmers communication on the 
spectral lines of atomic hydrogen. I was 
delighted to find that his formula is a 
special case of mine, with the same val¬ 
ue of R, and with c = 0.” Hence for the 

hydrogen ,atom the equation has a sim¬ 
pler form. 

When the appropriate values of m and n 
are substituted in this formula, it yields 
the wavelengths of all the lines in the 
hydrogen spectrum. 

Atomic Structure 

In 1912 Niels Bohr spent most of the 
year at the University of Manchester 
working in the laboratory of Ernest 
Rutherford, who had just made a vi¬ 
tal contribution to the understanding of 
atomic structure. By then the Balmer 
and the Rydberg formulas were well 
known to spectroscopists, and they had 
been thoroughly tested, but Bohr had 
never heard of either of them. When he 
was told of Balmer's equation, he was 
able to derive it almost immediately 
from the properties of the hydrogen 
atom. Abraham Pais and T. D. Lee have 
reported that Bohr was asked late in his 
life how he could have escaped knowing 
of the Balmer formula. He explained 
that in those days most physicists re¬ 
garded atomic spectra as being so com¬ 
plicated they were hardly a part of fun¬ 
damental physics. They were thought 

of, he said, as being like the notes of a 
piano, whose tones depend in a compli¬ 
cated way on the structure of the instru¬ 
ment as a whole. 

The reference to musical notes was 
not an idle one. In the 19th century 
many investigators had speculated that 
the light emitted by atoms might be un¬ 
derstood by some analogy to the modes 
of vibration of a solid body. The pres¬ 
ence of multiple lines in each series 
could then be explained by assuming 
that the first line was the fundamental 
mode and the rest were overtones, or 
harmonics. No optical spectrum could 
be resolved into a fundamental frequen¬ 
cy and its overtones, however, and so 
more direct examination of the atom it¬ 
self was undertaken. 

Rutherford's contribution was the 
demonstration that the atom is not a 
solid body but rather consists of a 
small, dense, positively charged nucleus 
and the requisite number of negatively 
charged electrons to form a stable and 
electrically neutral system. Bohr under¬ 
took to explain the spectra of atoms in 
the context of this model. In doing so he 
risked the ridicule of his contemporaries 
by hypothesizing that within the atom 
the established laws of physics do not 
apply. Those laws predicted that any 
bound electron would radiate away all 
its enerev and fall into the nucleus. Bohr 

WAVELENGTH (ANGSTROM UNITS) 

BALMER-BETA BALMER-GAMMA BALMER-DELTA 
4,861 4,340 4,102 

in the latter’s laboratory at Stanford University. The black-and- 

white spectrum was recorded in 1927 by Gerhard Herzberg, who was 

then at the Darmstadt Technical University in Germany. The inter¬ 

vals between the lines are different in the two photographs because 

Brenneis and Schawlow dispersed the light with a diffraction grating, 

whereas Herzberg employed a prism; the prism introduces a distor¬ 

tion because the refractive index of glass is a nonlinear function of 

wavelength. In both cases the source of the spectrum was a gas-dis¬ 

charge tube in which hydrogen molecules (H^) are dissociated into 

atoms by an electric potential. In the color photograph the yellow and 

green bands and the continuous blue background at the right are not 

part of the atomic-hydrogen spectrum but result from molecular con¬ 

taminants in the discharge tube. Herzberg eliminated such contami¬ 

nation by cooling the tube in liquid nitrogen. Lines to the right of Bal- 

mer-delta, which appear white or light blue in the color photograph, 

are actually in the ultraviolet region of the electromagnetic spectrum. 
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is exceptionally troublesome for hydro¬ 
gen, whose atoms are lighter than any 
others and therefore move faster. At 
room temperature the fractional line 
width is about 12 parts per million. The 
speed of the atoms, and hence the line 
width, is proportional to the square root 
of the absolute temperature. The line 
width can be reduced by a factor of 
three or four by cooling the hydrogen 
discharge lamp from room temperature 
(300 degrees Kelvin) to the temperature 
of liquid hydrogen (20 degrees K ). 

The Lamb Shift 

In the 1930's several investigators 
tried to resolve the fine structure of hy¬ 
drogen more completely in order to test 
the predictions of the Dirac theory. By 
then it was possible to examine the spec 
trum of deuterium, the hydrogen iso¬ 
tope with a mass twice that of ordinary 
hydrogen. The width of a spectral line 
varies inversely as the square root of the 
atomic mass, and so the width is reduced 
in a deuterium spectrum by a factor of 
about 1.4. Even so. no additional com¬ 
ponents of the Balmer-alpha line were 
resolved, and the third component was 
still not completely separated from its 
stronger neighbor. 

In the course of these investigations, 
however, some observers reported small 
discrepancies between the measured 
spectra and the predictions of the Dirac 
theory. Of particular interest was the 
pair of fine-structure levels 25'1/2 and 
2Pw2- These levels differ in orbital angu¬ 
lar momentum and therefore in the av¬ 
erage geometrical distribution of the 
electron, but they have the same total 
angular momentum and the Dirac theo¬ 
ry predicts they should lie at the same 
energy. Thus although they are distinct 

states, they should not give rise to any 
splitting in the spectrum. Simon Paster¬ 
nack interpreted experiments carried 
out by Robley C. Williams and by Wil¬ 
liam V. Houston and his colleagues as 
showing that the 25'i/2 and 2/>i/2 levels 
do not exactly coincide. Others, how¬ 
ever. disagreed. 

The question was settled in 1947 in a 
brilliant experiment conducted by Wil¬ 
lis E. Lamb. Jr. and Robert C. Rether- 
ford. They found that the 2Si/2 level was 
shifted upward with respect to the 2Pl/2 
level by about 1,060 megahertz, or mil¬ 
lions of cycles per second. Compared 
with the frequency of the Balmer-alpha 
line, which is about 450,000 gigahertz 
(billions of cycles per second), that is a 
shift in the position of the 2Sy2 compo¬ 
nent by a factor of little more than two 
parts per million. 

Lamb and RetheFford did not attempt 
to resolve the two components in the 
optical spectrum. Instead they em¬ 
ployed radio-frequency energy to stimu¬ 
late a direct transition between the 2Pl/2 
and the 2S'1/2 levels. The frequency of 
the radio waves is 500.000 times lower 
than the frequency of the Balmer-alpha 
line; since the Doppler broadening of 
the line is reduced by the same factor, it 
could be neglected entirely. This small 
splitting of the energy levels is now 
called the Lamb shift. 

The need to supply an explanation for 
the Lamb shift inspired another funda¬ 
mental revision of physical theory, in¬ 
troduced by Richard P. Feynman, Jul¬ 
ian Schwinger and Sin-itiro Tomonaga. 
Their point of departure was the novel 
idea that the electrons observed in ex¬ 
periments may differ in certain prop¬ 
erties. such as mass and charge, from 
the hypothetical "bare'- electron that is 
imagined to exist in an empty universe. 

This difference, which had previously 
been ignored, can alter the properties of 
an electron in a bound system. The the¬ 
ory that results from these ideas is called 
quantum electrodynamics. 

In quantum electrodynamics the 
Lamb shift arises from an interaction 
between the electron and "zero-point 
fluctuations” of the electromagnetic 
field. Such fluctuations, which are al¬ 
ways present, cause the electron to jitter 
about, so that it perceives the nucleus as 
being somewhat smeared out in space. 
The result is a seeming alteration of the 
force between the two particles when 
they are close together. Because the 
electron spends more time near the nu¬ 
cleus in the S state than it does in the P 
state, the energy of the Estate is slightly 
increased. 

This model of the hydrogen atom has 
a further complication. If the electron is 
regarded as a pointlike particle, it can 
respond to fluctuations of infinitely high 
frequency, which have infinite energy. 
The infinities are avoided, and so is the 
need to answer questions about the size 
and structure of the electron, by com¬ 
paring an electron bound in an atom 
with a hypothetical bare electron. The 
small measured energy is found by sub¬ 
traction. Such calculations are complex, 
but the predictions of the theory are 
exceedingly accurate. Indeed, quantum 
electrodynamics is the most precise the¬ 
ory ever devised, and no discrepancies 
with experiment have been found. 

The fine-structure splitting of vari¬ 
ous energy levels of the hydrogen atom 
has been revealed in considerable detail 
through measurements at radio frequen¬ 
cies. At the same time improved spec¬ 
troscopic methods have led to precise 
determinations of the Rydberg constant 
from measurements of the wavelength 
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DYE LASER emits light that can be confined to a narrow range of 
wavelengths but can also be tuned over a broad range. The laser me¬ 
dium is a fluorescent dye that emits light with a wide and essential¬ 
ly continuous spectrum when the dye is “pumped” by another laser. 
From this broad emission band a much narrower interval of wave¬ 
lengths is selected for amplification by an optical cavity that is tuned 
to resonate at a particular frequency. Coarse tuning is provided by 
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a diffraction grating, which disperses the light so that only selected 
wavelengths are reflected back into the dye cell. An etalon further 
narrows the bandwidth by passing only those wavelengths that inter¬ 
fere constructively during many internal reflections. A telescope in 
the cavity spreads the beam so that many grooves of the grating are il¬ 
luminated. The monochromatic but tunable light has been employed 
in spectroscopic measurements that eliminate Doppler broadening. 
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of one component of the Balmer-alpha 
line. Bryan P. Kibble. William R. C. 
Rowley. Raymond E. Shawyer and one 
of us (Series) employed a light source 
cooled in liquid helium to determine the 
Rydberg constant to a precision of bet¬ 
ter than one part in 10 million. Even the 
Lamb shift was observed in 1948 by one 
of us (Series), and similar shifts were 
measured in ionized helium by one of us 
(Series), by Gerhard Herzberg and by 
Frederick L. Roesler. The accuracy of 
the optical experiments, however, does 
not approach that of the radio-frequen¬ 
cy methods. 

Width of Spectral Lines 

Although these experiments have 
been highly successful, the hydrogen 
atom is such a fundamental testing 
ground for the laws of physics that it is 
important to probe deeper as new tech¬ 
niques become available. For now the 
most promising approach is to improve 
the resolution of measured spectra: it is 
resolution that limits the sharpness of 
observed spectral lines and thereby lim¬ 
its the precision with which their wave¬ 
lengths can be determined. 

The earliest spectroscopic studies of 
atoms were limited by the resolution of 
the instrument itself, which was simply 
a prism or a diffraction grating, a glass 
plate ruled with many closely spaced 
lines. The grating has the effect of 
dispersing Tight by reflecting different 
wavelengths through different angles. If 
the entire visible spectrum is dispersed 
through, say, 15 degrees, then some 
components of the Balmer-alpha line 
might be separated by less than .05 sec¬ 
ond of arc. 

With the application of interferome¬ 
ters to the examination of spectral lines 
the intrinsic instrumental limitation was 
removed. The interferometer invented 
by Michelson and another type devised 
by the French opticians Charles Fabry 
and Alfred Perot are sensitive instru¬ 
ments for comparing two wavelengths. 
They are capable of distinguishing two 
sharp peaks that differ in frequency by 
one gigahertz or less. Interferometers 
fail to fully separate the several compo¬ 
nents of the Balmer lines not because 
the instruments are inadequate but be¬ 
cause the components themselves are 
not sharp. Each component is distrib¬ 
uted over a range of wavelengths that is 
often greater than the spacing between 
the components. 

A part of the broadening is the “natu¬ 
ral” width of the spectral line. Even un¬ 
der the best possible circumstances of 
observation no component of a spec¬ 
trum can ever be absolutely monochro¬ 
matic. This limitation stems from the 
fact that the “stationary states” of an 
atom are not truly stationary. Atoms do, 
in fact, radiate energy after a finite lapse 
of time. This is simply to say that excited 
states do eventually decay. 

The natural line width sets an ulti¬ 
mate limit on spectroscopic resolution, 
but until recently the limit has seldom 
been approached. That is because the 
lines are broadened to a much greater 
extent by another effect: the Doppler 
shifting of frequencies as a result of the 
motion of the atoms. 

One method of greatly reducing 
Doppler broadening is to measure the 
spectrum not of a gas but of a collimated 
atomic beam. Such a beam can be creat¬ 
ed by allowing the atoms of a gas to 
escape from a vessel through a series of 
pinhole openings. All the atoms that can 
pass through the holes will be moving in 

the same direction, and so light crossing 
the beam at right angles to the beam will 
show only small Doppler shifts. The 
number of atoms in the beam, however, 
declines as the collimation improves. 
Moreover it is not always possible to 
prepare a beam of atoms in the neces¬ 
sary state. To study the Balmer spec¬ 
trum of hydrogen by absorption, for ex¬ 
ample, the atoms must be in the n — 2 
state: such atoms cannot be formed into 
beams dense enough for conventional 
spectroscopic measurements. 

The techniques of laser spectroscopy 
introduced since about 1970 have sig¬ 
nificantly improved resolution because 

ture splittings and the Lamb shift but ignoring the hypertine structure of much smaller scale. 

In a Doppler-broadened profile of the line only two components can be distinguished. By ex¬ 

amining only those atoms that have no Doppler shift saturation spectroscopy clearly resolves 

four components. (A fifth peak midway between two other peaks is an artifact called a cross¬ 

over resonance.) Frequency scale measures tuning of the laser from an arbitrary starting point 
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SATURATION SPECTROSCOPY suppresses Doppler broadening 

by labeling a group of atoms that happen to have no component of 

motion along the optical axis. The light from a dye laser is split into 

an intense saturating beam and a weaker probe beam, which pass 

through a specimen of atomic hydrogen in opposite directions. The 

saturating beam is strong enough to reduce significantly the popula¬ 

tion of atoms in the state capable of absorbing the laser wavelength: 

the beam bleaches a path through the gas. The probe beam therefore 

encounters a smaller absorption and registers a higher intensity at the 

detector. The two beams can interact in this way, however, only when 

they are both absorbed by the same atoms in the gas, and that can 

happen only when they are both tuned to the wavelength of atoms 

that have no Doppler shift In practice the saturating beam is inter¬ 

rupted by a mechanical “chopper,” and enhancement in the transmis¬ 

sion of the probe beam is detected by tuning the laser through a range 

of wavelengths and searching for a signal at the chopping frequency. 

INTENSE 
SATURATING 

BEAM 

WEAK PROBE 

b 

c 

COUNTERPROPAGATING BEAMS from a tunable dye laser un¬ 

dergo opposite Doppler shifts. When the frequency of the saturating 

beam (measured in the laboratory frame of reference) is below that 

of some selected component of the spectrum (a), only atoms moving 

to the left can absorb the light, because their motion shifts the fre¬ 

quency into resonance with the atomic transition. The probe beam, 

with the same frequency, is absorbed only by atoms moving to the 

right, and so it is not affected by the saturating beam. When the laser 

frequency is above that of the spectral component (A), the saturating 

6 

beam is absorbed by atoms moving to the right and the probe beam 

by atoms moving to the left, which are again different groups of at¬ 

oms. Only when the laser frequency matches the atomic-transition 

frequency (c) do the two beams interact with the same atoms: those 

atoms that are effectively standing still. The probe beam then finds 

that the atoms that might have absorbed it are unable to do so be¬ 

cause they have already absorbed radiation from the saturating beam. 

Transmission of the probe beam therefore increases. Only the com¬ 

ponent of motion that is directed along the optical axis is depicted. 

40 



ABSORPTION SPECTRUM 

v/VV^O 

DOPPLER BROADENING obscures many details of the hydrogen spectrum by smearing 

each narrow component over a band of "wavelengths. Because the atoms of a gas have random 

velocities, at any given moment some are moving toward a source of light and others are moving 

away from it For an atom moving toward the source (a) the light appears to have a higher 

frequency (or shorter wavelength) than it does in the laboratory frame of reference. For an 

atom moving away (b) the frequency is shifted down. As a result of these Doppler effects the 

measured frequency of a spectral component is different for atoms that have different veloci¬ 

ties. The absorption profile for all the atoms in the gas (c) is not a sharp peak but a broad curve. 

ognized that the electron can acquire an¬ 
gular momentum not only by orbiting 
the nucleus but also by spinning on its 
axis. The concept of electron spin was 
introduced by George Uhlenbeck and 
Samuel A. Goudsmit to explain mea¬ 
surements of the spectra of alkali-metal 
atoms. By including electron spin in the 
theory it was possible to predict with 
reasonable accuracy not only the wave¬ 
lengths of the spectral lines but also 
their intensities; that had not been true 
for the Bohr-Sommerfeld theory. In 
1928 the concept of spin for the elec¬ 
tron—and also for the proton and the 
neutron—was given a more secure foun¬ 
dation when P. A M. Dirac found a new 
way of constructing a theory of quan¬ 
tum mechanics that is also consistent 
with the special theory of relativity. In 
the Dirac theory electron spin appears 
as a natural consequence of the basic 
equations rather than as a special postu¬ 
late. The magnitude of the spin angular 
momentum is 1/2 h/lir. 

Fine Structure 

The relativistic quantum mechanics 
of Dirac predicts the structure of the 
hydrogen spectrum in great detail. As in 
earlier theories each basic energy level is 
designated by an integer, n, which is 
called the principal quantum number. 
For the lowest energy level (the ground 
state of the atom) n is equal to 1, for the 
first excited state n is equal to 2 and so 
on. These integers are the same ones that 
appear in Rydberg’s formula for the 
spectral lines. 

The basic lines of the spectrum—ig¬ 
noring for the moment any splitting into 
finer components—are generated by 
transitions between states that have 
different principal quantum numbers. 
The Balmer-alpha line, for example, re¬ 
sults from transitions between the states 
n = 2 and n — 3. If a hydrogen atom 
falls from n = 3 to n = 2. it emits light 
at the wavelength of the Balmer-alpha 
line; if the atom then absorbs a quantum 
of light at the same wavelength, it makes 
the opposite transition, from n = 2 to 
n = 3. All the lines in a series share a 
common lower state. The transitions 
that give rise to the Balmer series con¬ 
nect states with principal quantum num¬ 
bers of 2 and 3, 2 and 4, 2 and 5 and so 
on. In the Lyman series all the transi¬ 
tions begin at the state n— 1. 

The basic lines of the hydrogen spec¬ 
trum reflect the dominant interaction in 
the hydrogen atom: the electrostatic 
attraction between the nucleus and the 
electron. The splitting of each line re¬ 
flects subsidiary interactions, relativistic 
effects and magnetic effects. The mag¬ 
netic effects come about because the 
spinning electron, acting as a magnet, 
is subjected to a magnetic field attrib¬ 
utable to the effective motion of the 
charged nucleus around the electron. 
This splitting is called the fine structure 

of the spectrum. Because the nucleus it¬ 
self also has spin and acts as a magnet, it 
interacts with the magnetic field arising 
from the motion of the electron's charge 
and also from the proximity of the elec¬ 
tron's magnetic field. These magnetic in¬ 
teractions are on a still smaller scale, 
and the corresponding splittings of the 
spectral lines are called the hyperfine 
structure. 

A system of classification has been de¬ 
veloped for the fine and hyperfine ener¬ 
gy levels, which specifies the magnitudes 
of the various angular momenta (orbit¬ 
al. electron-spin, nuclear-spin and total) 
in a stationary state. The principal quan¬ 
tum number, which corresponds to the 
Bohr energy level, is given by one of the 
integers in the sequence beginning 1, 2, 
3.... To this number is appended a let¬ 
ter. such as S, P, D or F, which is related 
to the orbital angular momentum; the 
letters stand for integers in the series be¬ 
ginning 0, 1, 2. 3_A third symbol, 
v/hich for the hydrogen atom is always a 
fraction such as 1/2, 3/2 or 5/2, is relat¬ 
ed to the sum of the orbital and spin 
angular momenta. If an analysis is sub¬ 
tle enough to reveal the hyperfine struc¬ 
ture (an interaction that depends on the 
magnetic properties of the nucleus), a 
fourth label, represented by the sym¬ 
bol F, is also needed. It is related to the 
sum of the orbital, electron-spin and nu¬ 

clear-spin momenta. Generally, station¬ 
ary states that differ in any label have 
different energies, although that is not 
always the case. 

The fine structure splits the n = 2 
state of the hydrogen atom into three 
sublevels and the n — 3 state into five 
sublevels. A simple tabulation of the 
possible combinations of these levels 
implies that there could be 15 compo¬ 
nents of the Balmer-alpha line. Actually 
several of these transitions are forbid¬ 
den by conservation laws, and the Dirac 
theory predicts that the line should have 
seven components. At the time Di¬ 
rac proposed his theory experimenters 
could clearly recognize only two com¬ 
ponents, although in 1925 G. Hansen 
detected a third component as a broad¬ 
ening on the side of one of the others. 

The factor limiting the resolution of 
the lines was (and still is) Doppler 
broadening caused by the thermal mo¬ 
tions of the atoms. Because of the 
Doppler effect the light emitted by an 
atom appears to be shifted to a higher 
frequency if the atom is approaching the 
observer and to a lower frequency if the 
atom is receding. Atoms in an ordinary 
light source move in all directions, and 
so the emitted light is broadened in 
wavelength by the ratio v/c, where v is 
the average speed of the atoms and c 

is the velocity of light. The broadening 

7 

41 



B
O

H
R
 E

N
E

R
G

Y
 L

E
V

E
L

S
 

X 

8 

5 

4 

3 

£ 
2 

V 
J 

CC C/5 
111 111 

5 oc 
d w 

14 

13 

12 

11 

10 

cn to n o ® 
i- hi n id n 
CVJ O <y> O) 05 

2 
o 
co 
co 
2 
in 

1 

z 
O 

0. 
CC 
o 
CO 
CO 
< 

V 
LYMAN SERIES 

O 
Ili 
_l 

> 
o 
DC 
111 
Z 
HI 

TRANSITIONS BETWEEN STATES of the hydrogen atom give rise to the line spectrum. 
Each state is designated by an integer, called the principal quantum number of the correspond¬ 
ing Bohr energy level. When an atom changes from one state to another, the difference in en- 
ergy appears as a quantum of radiation. The energy of the quantum is directly proportional to 
the frequency of the radiation and inversely proportional to the wavelength. Absorption of ra¬ 
diation stimulates a transition to a state of higher energy; an atom falling to a state of lower en¬ 
ergy emits radiation. The spectrum is organized into series of lines that share a lower level 
Wavelengths are given in angstroms; the relative intensity of the lines is indicated by thickness. 
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proposed that an atom could exist in a 
state where the energy of the electron 
was not dissipated: a stationary state. 
Light is emitted or absorbed, he suggest¬ 
ed, only when an electron moves from 
one stationary state to another. The fre¬ 
quency of the light is determined by the 
difference in energy between the two 
states, according to the quantum princi¬ 
ple introduced by Max Planck. The fre¬ 
quency is found by dividing the energy 
difference by Planck’s constant, which is 
designated h. 

In Bohr’s model the Balmer and the 
Rydberg formulas have an obvious 
physical interpretation. The expression 
(1 /m2 — \/n2)\s proportional to the dif¬ 
ference in energy between two states of 
the atom; the integers m and n label the 
states themselves. Bohr did more than 
just explain this empirical equation, 
however; he went on to evaluate the 
Rydberg constant in terms of three fun¬ 
damental quantities, the electric charge 
of the electron, e, the mass of the elec¬ 
tron, m, and Planck’s constant, h. If for 
the sake of simplicity the nucleus of an 
atom is assumed to be infinitely massive, 
then the Rydberg constant is given by 
the equation 

2rr2mei 

Later refinements have complicated 
Rydberg’s empirical formula for the 
wavelengths of spectral lines, and so the 
Rydberg constant is now defined as this 
combination of m, e and h. 

Bohr imagined that the electrons in an 
atom follow circular orbits. In calculat¬ 
ing the energy of the stationary states he 
began with the assumption that for or¬ 
bits of very large diameter the frequen¬ 
cy of the emitted light should corre¬ 
spond to the frequency of the orbit¬ 
ing electron, which was a prediction of 
classical physics. This "correspondence 
principle” led to the intriguing conclu¬ 
sion that for a stationary state designat¬ 
ed by the integer n the angular momen¬ 
tum of the orbiting electron is equal to 
nh/2n. Hence the angular momentum, 
like the energy, can change only in dis¬ 
crete steps. This "quantization” of the 
angular momentum is of fundamental 
significance: without it the atom could 
radiate at any frequency and the state 
would no longer be stationary. 

Quantum Mechanics 

The Bohr atom was a great conceptu¬ 
al advance over earlier theories, but it 
soon proved inadequate to explain the 
observed features of atomic spectra, 
even those of the simplest spectrum, 
that of hydrogen. Indeed, one detail of 
the hydrogen spectrum that the Bohr 
theory could not account for had been 
known for 20 years when the model was 
constructed. In 1892 A. A. Michelson 
had employed the interferometer he had 
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invented to examine the shapes of indi¬ 
vidual spectral lines, that is, their varia¬ 
tion in intensity as a function of wave¬ 
length. He had found that the Balmer- 
alpha line is not a single line at all but 
rather has two components, separated in 
wavelength by .14 angstrom. 

Bohr suggested that the splitting of 
the Balmer-alpha line might be ex¬ 
plained if the electron’s orbit in the hy¬ 
drogen atom is not circular but ellipti¬ 
cal. A correction to the orbital motion 
required by the special theory of relativ¬ 
ity would then split each stationary state 
into a group of states. A more compre¬ 
hensive discussion of this idea was sub¬ 
sequently presented by Arnold Som- 
merfeld, who deduced the observed 
splitting from the calculated properties 
of the orbits. In his calculation he intro¬ 
duced an important dimensionless num¬ 
ber called the fine-structure constant, 
equal to 2ire2/hc. The numerical value 
of this constant, about 1/137, has been a 
source of speculation for physicists ever 
since. 

A more satisfactory treatment of the 
line splitting was not possible until 
quantum mechanics was introduced in 
the 1920’s. Two formulations of quan¬ 
tum mechanics were devised, one by Er¬ 
win Schrodinger and the other by Wer¬ 
ner Heisenberg and Max Born; they 
were soon found to be mathematically 
equivalent. An essential idea in both for¬ 
mulations was that the motion of an 
electron cannot be defined precisely but 
must be described in terms of probabili¬ 
ties. Both theories predicted the Bohr 
energy levels of the hydrogen atom, and 
hence the same wavelengths of the spec¬ 
tral lines, and the predictions could be 
extended to more complicated atomic 
systems. Again relativistic corrections 
had to be introduced in order to explain 
the splitting of the hydrogen lines. 

By the 1920’s, however, better mea¬ 
surements of the shape of lines in the 
hydrogen spectrum were available, and 
it soon became plain that a further ad¬ 
justment to the theory was needed. The 
adjustment was made when it was rec- 

SPLITTING OF ENERGY LEVELS results 
mainly from relativistic and magnetic interac¬ 
tions related to angular momenta in the atom. 
The single electron of a hydrogen atom can 
have both orbital and spin angular momen¬ 
tum, and the various possible combinations of 
these quantities generally have different ener¬ 
gies. As a result the Bohr energy levels are 
split into components called the fine structure 
of the levels. A subtle effect called the Lamb 
shift displaces certain of the fine-structure 
components, creating additional splittings. Fi¬ 
nally, the interaction of the electron’s mag¬ 
netic moment with that of the nucleus gives 
rise to a hyperfine structure. The fine struc¬ 
ture and the Lamb shifts are shown here at a 
larger scale than the Bohr levels, and the hy- 
perfinc splittings of the second and third Bohr 
levels are shown at still greater magnification. 

X 
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POLARIZATION SPECTROSCOPY exploits the fact that small 

changes in the polarization of light can be detected more easily than 

small changes in intensity. The output of a laser is again split into two 

beams, but the saturating beam is given a circular polarization and the 

probe beam a linear polarization. Because the probe beam encounters 

crossed polarizing filters very little of it can reach the detector un¬ 

less the hydrogen gas can in some way rotate the beam’s plane of po¬ 

larization. Such a rotation can be introduced by the circularly polar¬ 

ized saturating beam, but only if the two beams interact with the same 

population of atoms. In this way atoms that happen to be stationary 

at a given moment are singled out, as in saturation spectroscopy, by 

the ability to interact with light waves moving in opposite directions. 
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CHANGE IN THE POLARIZATION of a probe beam is induced 

by the prior passage of a saturating beam. Because the saturating beam 

is circularly polarized it is selectively absorbed by atoms that have a 

particular orientation (a), and those atoms are thereby removed from 

the population of atoms that can absorb radiation at the laser wave¬ 

length. Most of the remaining atoms have the opposite orientation. 

The linearly polarized probe beam can be regarded as a combination 

of two circularly polarized waves that have the opposite sense of rota¬ 

10 

tion but equal intensity (/>). When the probe beam passes through the 

specimen, one of the circularly polarized components is more strongly 

absorbed because the atoms have a prevailing orientation. The selec¬ 

tive absorption of one circularly polarized component changes the 

polarization of the remaining light (c), and so a portion of the probe 

beam can penetrate the analyzing filter. The change in polarization 

can take place, however, only if the two beams are absorbed by the 

same population of atoms, namely those that have no Doppler shift. 
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they include methods for eliminating 
Doppler broadening. Three such meth¬ 
ods will be discussed here. Two of them 
work by selecting for observation only 
those atoms in a gas whose component 
of motion along the optical axis happens 
to be zero. The third method allows all 
the atoms in a gas to contribute to a 
measurement, but it eliminates velocity 
broadening by arranging two Doppler 
shifts in opposite directions. 

The Tunable Dye Laser 

Lasers provide light of unequaled 
brightness, directionality and spectral 
purity. The early lasers, however, could 
emit light at only a few discrete wave¬ 
lengths, determined by the spectral lines 
of the active atoms or ions. Such an in¬ 
strument is of use in spectroscopy only 
if the transition to be observed happens 
to coincide with one of the available la¬ 
ser lines. 

In 1966 Peter Sorokin of the Thomas 
J. Watson Research Center of the Inter¬ 
national Business Machines Corpora¬ 
tion and independently Fritz Schafer of 
the University of Marburg discovered 
that liquid solutions of certain fluores¬ 
cent organic molecules can serve as the 
medium for a laser with a broad and 
continuous band of wavelengths. The 
organic molecules are dyes, which by 
nature have intense absorption bands: 
that is why they are strongly colored. 
In the laser the dye molecules are 
“pumped,” or driven to an excited state, 
by an intense external light source, such 
as another laser. 

Although the dye laser is capable of 
amplifying light over a wide range of 
wavelengths, it was soon learned that a 
particular wavelength could be selected 
by designing an optical resonator that 
will allow only the chosen wavelength to 
pass repeatedly through the amplifying 
dye cell. In 1970 one of us (Hansch) de¬ 
vised a simple pulsed dye laser of high 
spectral purity. The dye, enclosed in a 
glass cell, was pumped by pulses of ul¬ 
traviolet radiation from a nitrogen laser. 
The resonator consisted of a partially 
reflecting glass plate at one end of the 
laser and a diffraction grating at the oth¬ 
er. The grating disperses the light emit¬ 
ted by the dye, with the result that only a 
narrow range of wavelengths is reflected 
back along the optical axis. A telescope 
in the laser cavity expands the beam be¬ 
fore it strikes the grating, so that many 
grooves are illuminated with well-colli- 
mated light. The line width of the laser is 
further reduced by inserting a tilted Fa- 
bry-Perot interferometer into the cavity. 
The interferometer is made up of two 
partially reflecting surfaces whose spac¬ 
ing is precisely controlled; the type of 
interferometer placed in the laser reso¬ 
nator is called an etalon. and it consists 
of a single glass plate whose two parallel 
surfaces are coated with partially re¬ 
flecting layers. Light waves with dif¬ 

ferent wavelengths take slightly differ¬ 
ent paths through the etalon. As a re¬ 
sult of multiple internal reflections some 
wavelengths interfere destructively and 
are extinguished, whereas other wave¬ 
lengths interfere constructively and are 
reinforced. 

The line width of this laser is a few 
thousandths of an angstrom, or about 
one part per million, which is compara¬ 
ble to the resolution of the largest grat¬ 
ing spectrographs. The width can be fur¬ 
ther reduced by a factor of 100 or so by 
a second Fabry-Perot interferometer 
outside the laser cavity, which acts as a 
passive filter. Although at any given set¬ 
ting the light is highly monochromatic, 
the laser can be tuned over the full range 
of the dye absorption profile. Gross tun¬ 
ing can be accomplished by changing 
the angle of the diffraction grating or 
of the etalon. Finer adjustments can 
be made by enclosing the grating and 
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the etalon in an airtight chamber and 
altering the presrure, which changes the 
index of refraction of the enclosed gas. 

Saturation Spectroscopy 

There is an ultimate limitation on the 
wavelength resolution of any pulsed la¬ 
ser. The precision with which the wave¬ 
length can be known is determined by 
the number of cycles available for mea¬ 
surement, and hence by the length of the 
pulse. Narrower lines require a continu¬ 
ous-wave laser. In 1970 Otis G. Peter¬ 
son, Sam A. Tuccio and Benjamin B. 
Snavely of the Eastman Kodak Re¬ 
search Laboratories demonstrated the 
first continuous-wave tunable dye laser. 
Its principles of operation were the same 
as those for the pulsed dye laser, but the 
dye solution was made to flow rapidly 
in order to avoid overheating. Highly 
refined continuous-wave dye lasers are 

HIGHER-RESOLUTION SPECTRUM of the Balmer-alpha line was recorded by polariza¬ 
tion spectroscopy. For comparison saturation spectrum shown on page 9 is repeated at the 
top and an improved saturation spectrum, made with a continuous-wave laser instead of a 
pulsed one, is given in the middle. In the polarization spectrum no additional components can 
be detected, but the four peaks that are resolved are much sharper. The two small peaks be¬ 
tween the tall outer ones (excluding crossover resonances) have a measured width of about 35 
megahertz, almost 10 times narrower than corresponding lines in the pulsed saturation spec¬ 
trum. The polarization spectrum has an unusual appearance (it makes excursions below the 
background level as well as above it) because the graph records not the intensity of transmitted 
light but the rate of change in intensity as the laser is scanned through its frequency range. 
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now available commercially. In sever¬ 
al laboratories line widths as small as a 
few parts in 1012 have been achieved 
through electronic stabilization of the 
laser frequency. 

Given a source of light that is mono¬ 
chromatic but tunable, an absorption 
spectrum can be measured by passing 
the light through a sample of the gas and 
scanning continuously through the fre¬ 
quencies surrounding a line in the spec¬ 

trum. The intensity of the transmitted 
light can be monitored by a photoelec¬ 
tric detector, which should reveal a dip 
at the wavelength of each component of 
the line. This scheme, however, would 
merely measure the Doppler-broadened 
profile of the line. To take full advan¬ 
tage of the potential resolution of the 
laser some means must be found for 
eliminating Doppler shifts. 

One such method has been given the 

TWO-PHOTON SPECTROSCOPY does not select atoms without a Doppler shift but instead 
cancels the Doppler shifts of all the atoms in a gas. The dye laser is tuned to a frequency ex¬ 
actly half that of a selected atomic transition. The beam passes through the specimen and then 
is reflected back on itself, creating a field of standing waves. Atoms in the gas can make the 
selected transition by simultaneously absorbing two photons, or quanta of light, coming from 
opposite directions and therefore having opposite Doppler shifts. The excited states created in 
this way decay to some lower energy level, emitting photons that can be detected and counted. 

LABORATORY 
FRAME OF 

REFERENCE 

ATOMIC FRAME OF 
REFERENCE 

LABORATORY 
FRAME OF 

REFERENCE 

<A/\AA/»< 

b 

OPPOSITE DOPPLER SHIFTS CANCEL in two-photon spectroscopy. An atom moving to 
the left (a) sees the wave coming from the left shifted to a higher frequency, but the frequency 
of the wave coming from the right is shifted down by an equal amount. For an atom moving to 
the right (b) the frequency shifts are the opposite of these. A stationary atom perceives no 
Doppler shifts. Regardless of the atom’s velocity the sum of the two frequencies is constant 
and equal to twice the laser frequency (measured in the laboratory frame of reference). All the 
atoms can therefore absorb two photons (c) and afterward reradiate at some higher frequency. 
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name saturation spectroscopy. It de¬ 
pends for its operation on two proper¬ 
ties of laser light: small line width and 
high intensity. When an atom absorbs a 
quantum of light, it is excited to a higher 
energy level and is thereby temporarily 
removed from the population of absorb¬ 
ing atoms. In an intense beam of light 
the atoms of a gas may absorb quanta 
faster than they can return to their origi¬ 
nal state. As a result the population of 
absorbing atoms is substantially deplet¬ 
ed. The light bleaches a path through the 
gas. and a second beam of the same 
wavelength would find the absorbance 
of the gas reduced. 

Lamb was the first to recognize the 
potential of this effect for high-resolu¬ 
tion spectroscopy. He pointed out that 
the two waves traveling in opposite di¬ 
rections inside a laser could work to¬ 
gether to saturate the absorption of a 
particular class of atoms in the active 
medium of the laser. Assuming that the 
line width of the light is narrow enough, 
it must always interact only with those 
atoms whose motion shifts the wave¬ 
length into resonance with a component 
of the atomic spectrum. If the frequen¬ 
cy of the light is lower than that of the 
line component, for example, then both 
waves in the cavity will interact with at¬ 
oms moving toward them, and these will 
be different atoms for the two opposite¬ 
ly directed beams. There is one tuning 
of the laser, however, for which both 
beams interact with the same atoms: the 
tuning that corresponds to the exact 
wavelength of the spectral component, 
where the atoms that can absorb the 
light are those standing still or moving 
transversely to the optical axis. When 
the laser is tuned to this wavelength, the 
population of atoms in the absorbing 
state is depleted and the output of the 
laser declines. This “Lamb dip” was first 
observed by Ross A. McFarlane, Wil¬ 
liam R. Bennett, Jr., and Lamb. It was 
employed for high-resolution spectros¬ 
copy by Abraham Szoke and Ali Javan 
of the Massachusetts Institute of Tech¬ 
nology, but it has proved to be of limited 
utility. Only the laser transitions them¬ 
selves can be studied, or molecular lines 
that happen to coincide with gas-laser 
wavelengths, and any gas to be exam¬ 
ined must be placed inside the delicate 
resonator of a continuous-wave laser. 

In 1970 Christian Borde of the Uni¬ 
versity of Paris and independently one 
of us (Hansch) devised a technique for 
measuring saturation spectra outside 
the laser resonator. The light of a tun¬ 
able laser is split into an intense saturat¬ 
ing beam and a weaker probe beam. The 
two beams are then made to traverse the 
same path through a gas cell, but in op¬ 
posite directions. If the laser is detuned 
slightly from the frequency of an atomic 
transition, then the two beams interact 
with different atoms and the saturating 
beam has no effect on the absorption of 
the probe beam. When the laser is tuned 
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GROUND, OR LOWEST, STATE OF HYDROGEN can be reached only through transi¬ 

tions whose wavelengths are in the vacuum-ultraviolet region of the electromagnetic spectrum; 

such transitions can be observed more conveniently by two-photon spectroscopy than by any 

other technique. The Lyman-alpha line, a transition from n = 1 to n = 2, has a wavelength of 

1,215 angstroms, and radiation at twice this wavelength, or 2,430 angstroms, is required for 

two-photon spectroscopy. Even the latter wavelength is inaccessible to dye lasers and must be 

generated by doubling the frequency (or halving the wavelength) of a laser tuned to 4,860 ang¬ 

stroms. The frequency doubling is accomplished by a crystal that under intense illumination 

emits the second harmonic of the incident frequency. The original laser wavelength (4,860 ang¬ 

stroms) happens to correspond closely to the wavelength of the Balmer-beta line. Absorption 

of two photons in atomic hydrogen stimulates only the lSi/2-to-2Si/2 transition. The ex¬ 

cited atom is converted by weak encounters with other atoms to a 2/'] 2 state, from which it 

returns to the ground state by emitting a photon having a wavelength of 1,215 angstroms. 

so that it is absorbed by stationary at¬ 
oms, however, the saturating beam de¬ 
pletes the- population of atoms in the 
selected state and the probe beam expe¬ 
riences a smaller absorption. In effect 
the saturating beam labels all the atoms 
that happen to have a zero component 
of motion along the optical axis and ig¬ 
nores all others. 

In practice the change in absorption is 
small and is easily obscured by noise. In 
order to help distinguish the signal from 
the background, the saturating beam is 
chopped, or interrupted at a known fre¬ 
quency. whereas the probe beam is al¬ 
lowed to operate continuously. The sig¬ 
nal can then be detected by examining 
the amplitude of the probe beam for any 
modulation at the chopping frequency. 

Two of us (Hansch and Schawlow) 
with Issa S. Shahin, who was then a 
graduate student at Stanford University, 
examined the Balmer-alpha line by this 
method. The hydrogen atoms were ex¬ 
cited to the absorbing n = 2 level in 
a low-pressure gas-discharge tube. The 
two light beams from a pulsed dye la¬ 
ser were passed through a section of the 
discharge plasma about 15 centimeters 
long, where they showed an absorption 
of about 50 percent. 

Of the seven fine-structure compo¬ 
nents expected theoretically, four were 
visible, the two strongest ones being 
resolved far more sharply than in any 
previous spectrum. What is more, the 
Lamb shift that splits the 25’1/2 and 
2P1/2 levels was directly observed for 
the first time in the optical absorption 
spectrum. 

The saturation spectrum also includ¬ 
ed a fifth peak, but it was a spurious one. 
called a crossover resonance, which ap¬ 
pears midway between any two transi¬ 
tions that share the same upper or lower 
level. When the laser is tuned to the fre¬ 
quency midway between these two line 
components, atoms moving in one di¬ 
rection can absorb the saturating beam, 
and atoms moving the other way can 
absorb the probe beam. As a result the 
absorption is saturated not by stationary 
atoms but by two classes of moving 
ones. 

The sharpness of the peaks in the satu¬ 
ration spectrum suggested that the Ryd¬ 
berg constant could be determined with 
improved accuracy by measuring the 
absolute wavelength of one fine-struc¬ 
ture component. Such a measurement 
was undertaken by a group of workers 
at Stanford led by one of us (Hansch) 
and including in particular Munir Nay- 
feh. The component chosen was the 
2P3/2-to-3D5/2 transition, which is the 
strongest one. the one with the smallest 
unresolved hyperfine splitting and the 
one least perturbed by the electric field 
of the discharge tube. It was first neces¬ 
sary to examine the effects on the line 
position of variations in gas pressure in 
current and voltage in the discharge 
tube and in laser intensity, and to correct 

for any systematic errors. In order to 
measure the absolute position of the line 
rather than the interval between two 
lines an accurate reference length was 
needed. The chosen standard was a heli¬ 
um-neon laser whose frequency was 
electronically locked to a particular hy¬ 
perfine component of an absorption line 
of molecular iodine vapor this line was 
also defined by saturation spectroscopy. 
The wavelength of the stabilized heli¬ 
um-neon laser was known accurately in 
terms of the international standard of 
length, which is a spectral line of kryp¬ 
ton emitted under defined conditions. 
The data were evaluated in 1974. The 
result, R— 10,973.731.43 + .10 recip¬ 
rocal meters, was more accurate than 
the best previous value by a factor of 
almost 10. 

A related method of Doppler-free 
spectroscopy was introduced in 1976 
by Carl Wieman a graduate student 
at Stanford working with one of us 

(Hansch). By exploiting the fact that 
small changes in the polarization of 
light can be detected more easily than 
changes in intensity, the technique 
achieves greatly improved sensitivity. 
Fewer atoms can be observed at lower 
laser intensity, thereby avoiding system¬ 
atic line shifts and line broadening. 

Polarization Spectroscopy 

As in saturation spectroscopy, the la¬ 
ser light is divided into two beams, one 
more intense than the other, which tra¬ 
verse the sample in opposite directions. 
In this case, however, the weaker, probe 
beam sees the gas sample placed be¬ 
tween crossed polarizing filters, so that 
little light reaches the detector as long as 
the sample does not change the polariza¬ 
tion of the probe. The saturating beam 
acts on the sample to bring about such 
changes. It can do so because it is first 
passed through a quarter-wave plate, a 
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piece of birefringent material cut and 
polished so that it gives light a circular 
polarization. Light is said to be circular¬ 
ly polarized when the electric field ro¬ 
tates (either clockwise or counterclock¬ 
wise) rather than oscillates in a plane as 
it does in linearly polarized light. 

The probability that an atom will ab¬ 
sorb circularly polarized light depends 
on the orientation of the atom's angular 
momentum with respect to the rotating 
field. Initially the orientation of the at¬ 
oms is random, but the saturating beam 
depletes the gas of atoms that are orient¬ 
ed so as to absorb light of one circular 
polarization, leaving an excess of atoms 
with the opposite sense of rotation. 
When the probe beam, which is linearly 
polarized, passes through the same re¬ 
gion of gas, the oriented atoms can alter 
its propagation. 

A linearly polarized wave can be re¬ 
garded as a superposition of two cir¬ 
cularly polarized waves of equal inten¬ 
sity, one wave rotating clockwise and 
the other counterclockwise. When this 
beam passes through the gas, it encoun¬ 
ters atoms that tend to absorb only one 
of its circularly polarized components, 
thereby attenuating it and leaving the 
other component the stronger. As a re¬ 
sult when the probe beam emerges from 
the gas, it is elliptically polarized, and 
the axis of the ellipse is rotated from the 
plane of the original linear polarization. 
The beam has therefore acquired a com¬ 
ponent that can pass through the crossed 
polarizing filter. All of this can happen, 
however, only if the saturating beam 
and the probe beam interact with the 
same atoms, namely those that have no 
Doppler shift. 

No light comes through the crossed 

polarizing filter if the two beams inter¬ 
act with different sets of atoms, and so 
there is essentially no background sig¬ 
nal. Hence real peaks in the spectrum 
are not easily obscured by noise or by 
intensity fluctuations of the laser. When 
the signal is very small, it is often advan¬ 
tageous to uncross the polarizing filters 
slightly. The detector then registers a fi¬ 
nite background signal, which can either 
increase or decrease, depending on the 
direction in which the plane of polariza¬ 
tion is rotated. 

John Goldsmith, a graduate student 
at Stanford, Erhard Weber, who was at 
Stanford on leave from the University 
of Heidelberg, and one of us (Hansch) 
have recently obtained an improved 
spectrum of the Balmer-alpha line 
by laser polarization spectroscopy. The 
saturating and probe beams were gener¬ 
ated by a low-power, continuous-wave 
dye laser with a bandwidth of less than 
one megahertz. 

The spectrum was recorded in the 
form of a derivative, a mathematical 
function that measures the rate of 
change in the probe-beam intensity as 
the laser is tuned through a band of fre¬ 
quencies. In the polarization spectrum 
the two largest peaks are sharper than 
they were in the earlier measurement 
by saturation spectroscopy, and three 
smaller components are narrower still. 
The line width for these components is 
about 35 megahertz, almost 10 times 
sharper than in the previous measure¬ 
ment. These three components all repre¬ 
sent transitions that begin in the long- 
lived 2Su2 state, and each of them is 
known to be split into two hyperfine 
components separated by some 178 meg¬ 
ahertz. It would seem that the hyper¬ 

fine splitting should be clearly resolved, 
but only single peaks are observed The 
explanation of this discrepancy is that in 
each case one of the hyperfine states has 
a net angular momentum of zero and 
cannot be polarized. Thus each of the 
observed peaks is not an unresolved 
mixture of two transitions but is a single 
hyperfine component. 

The 2Sy2-to-2Pi/2 component was 
chosen for a new absolute wavelength 
measurement, again calibrated against 
the iodine reference line as a standard of 
length. The new value of the Rydberg 
constant derived from this measure¬ 
ment is R = 10,973,731.476 ± .032 re¬ 
ciprocal meters. The measurement is 
almost three times as accurate as the 
previous one, and it places the Ryd¬ 
berg constant among the most precisely 
known of all fundamental constants. 
Only the speed of light and the ratio of 
the magnetic moments of the electron 
and the proton have been determined 
with comparable precision. 

Two-Photon Spectroscopy 

These methods provide convenient 
access to the lines of the Balmer series, 
those generated by transitions between 
the n = 2 energy level and higher levels. 
Other states cannot be reached as readi¬ 
ly. One of particular importance is the 

1/2 state with n = I, which is the 
ground state of the hydrogen atom. 
Even the nearest group of states, those 
with n — 2, is so far above the ground 
state that the wavelength of the corre¬ 
sponding line, which is designated Ly- 
man-alpha, falls in the vacuum-ultra- 
violet region of the electromagnetic 
spectrum'. Precision spectroscopy is par¬ 
ticularly difficult at those short wave¬ 
lengths, which are far beyond the range 
of the dye laser. 

With intense lasers, however, the diffi¬ 
culties of vacuum-ultraviolet spectros¬ 
copy can be avoided by exciting each 
atom with two photons, which together 
provide the necessary excitation energy. 
The probability of an atom’s absorbing 
two photons simultaneously is general¬ 
ly rather small, but it grows with the 
square of the light intensity. Two-pho¬ 
ton spectroscopy is of particular interest 
for hydrogen because Doppler broad¬ 
ening can be avoided by an ingenious 
method first suggested in 1970 by L. S. 
Vasilenko, V. P. Chebotayev and A. V. 
Shishaev of the Institute of Thermo¬ 
physics at Novosibirsk in the U.S.S.R. 
The method was first demonstrated in 
1974 by three groups of investigators 
working independently. Instead of the 
laser beam’s being split into two com¬ 
ponents the beam is reflected back on 
itself by a mirror, so that waves moving 
to the right and to the left travel along 
the same axis. The gas cell is placed in 
the standing-wave field that results from 
this superposition. The laser is then 
tuned to a frequency exactly half that 

EFFECTIVE FREQUENCY OF ABSORBED RADIATION (GIGAHERTZ) 

HYPERFINE STRUCTURE of the lSj/2-to-25i/2 transition was resolved by two-photon 

spectroscopy both in normal hydrogen and in deuterium. Transitions between the two hyper¬ 

fine levels in hydrogen are responsible for the radiation at a wavelength of 21 centimeters ob¬ 

served by radio astronomers. The natural width of the components is probably very small, per¬ 

haps as little as one hertz; here they are resolved to within about 100 megahertz. The shift be¬ 

tween hydrogen and deuterium is caused mainly by the difference in the mass of the nuclei. 
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SIMULTANEOUS MEASUREMENT of the lSI/2-to-2S1/2 tran¬ 

sition and the Balmer-beta line was employed to determine the mag¬ 

nitude of the Lamb shift for the IS1/2 state of hydrogen. The 

Balmer-beta line was measured by polarization spectroscopy at the 

fundamental wavelength of the laser, 4,860 angstroms. The frequen¬ 

cy-doubled output of the same laser was simultaneously employed 

to record a two-photon spectrum of the 151,2-to-25i/2 transition 

at an effective wavelength of 1,215 angstroms. If the Bohr energy lev¬ 

els were exact, the two transitions would be observed at the same 

laser tuning, but the splittings of the energy levels introduce a small 

discrepancy. From the measured difference in the laser tunings for 

the two lines, the magnitude of the IS1/2 Lamb shift was calcu¬ 

lated with a precision 50 times greater than that of other measure¬ 

ments. Value for hydrogen was found to be 8,161 ±29 megahertz. 

of a selected atomic transition. At the 
proper frequency each atom in the gas 
can simultaneously absorb two photons 
coming from opposite directions. 

Suppose an atom moving along the 
optical axis in the standing-wave field 
encounters two photons approaching 
from opposite directions. One of the 
photons is Doppler-shifted toward the 
blue, meaning higher frequencies, but 
the other photon is shifted toward the 
red by an equal amount. For a station¬ 
ary atom both photons have the same 
energy. In all cases the total energy or 
frequency of the two absorbed photons 
is constant, regardless of the velocity of 
the atom. As long as the laser frequency 
is detuned slightly from half the transi¬ 
tion frequency none of the atoms can 
absorb the two counterpropagating pho¬ 
tons. (There is a small background sig¬ 
nal. however, from moving atoms that 
absorb two photons propagating in the 
same direction.) When the laser wave¬ 
length matches the atomic transition, a 
sharp increase is observed in the number 
of excited atoms. The Doppler-free sig¬ 
nal is strongly enhanced because all the 
atoms in the sample can contribute to it 
rather than just those that happen to be 
stationary. In this respect the method 
differs fundamentally from both satura¬ 
tion spectroscopy and polarization spec¬ 
troscopy in which a population of at¬ 
oms that are free of Doppler shifts is 
selected. In Doppler-free two-photon 
spectroscopy one Doppler shift is made 
to compensate for another. 

A two-photon transition of particular 
interest is the transition from the ISY/2 

state to the 2S1/2 state. Because the latter 
state is a very long-lived one the line is 
expected to be extraordinarily narrow. 

Theoretical estimates suggest a natural 
line width of about one hertz, or less 
than one part in 1015, which would make 
the transition one of the narrowest reso¬ 
nances known in any physical system. 
The 15’i/2 state >s in itself interesting be¬ 
cause its Lamb shift is the largest one 
predicted by quantum electrodynamics. 
An atom at the energy level n = 1 can¬ 
not have orbital angular momentum, 
and so there is no nearby P state from 
which the magnitude of the shift can be 
determined. The shift is simply a dis¬ 
placement of the 1 Si 2 energy level from 
the position it would have in the absence 
of quantum-electrodynamical effects. 
The magnitude of the shift can be deter¬ 
mined only by an absolute measurement 
of some spectral component, such as the 
15i/2-to-25'i/2 transition. 

A two-photon excitation of this tran¬ 
sition was first observed in 1974 by Siu 
Au Lee. Wieman and others at Stanford. 
The Lyman-alpha line has a wavelength 
of 1.215 angstroms; a photon with half 
this energy corresponds to a wavelength 
of 2,430 angstroms, which is still in the 
ultraviolet and beyond the reach of tun¬ 
able dye lasers. The Stanford workers 
therefore employed a dye laser operat¬ 
ing at 4.860 angstroms, or twice the re¬ 
quired wavelength. The intense light 
from this source was shined on a crystal 
that served as a frequency doubler. Be¬ 
cause of the high intensity of the applied 
electromagnetic field the crystal not 
only reradiated light at the original fre¬ 
quency but also was driven to emit over¬ 
tones, including the second harmonic, at 
2.430 angstroms. About 2 percent of the 
energy appeared at this wavelength. 

The frequency-doubled ultraviolet ra¬ 
diation was reflected by a mirror to 

form a standing wave inside a low-pres¬ 
sure gas-discharge tube. Hydrogen at¬ 
oms that absorbed two photons re¬ 
turned to the ground state by emitting a 
single, far-ultraviolet photon at a wave¬ 
length of 1,215 angstroms. These pho¬ 
tons escaped through a window at the 
side of the chamber and were detected 
by a photomultiplier. 

The 151/2-to-2Ji,2 transitions of both 
hydrogen and deuterium were measured 
with this system. Each of these lines has 
a large hyperfine splitting, which is well 
resolved in the two-photon spectra. 
Transitions between the two hyperfine 
states in hydrogen are responsible for 
the 21-centimeter radiation that is an 
important signal in radio astronomy. 
There is also a large splitting between 
the hydrogen lines and the deuterium 
lines, caused chiefly by the difference in 
nuclear mass. This isotope shift was 
determined to an accuracy 1.000 times 
better than earlier measurements. A fur¬ 
ther improvement by a factor of 10 
could provide a new value for the im¬ 
portant ratio of electron mass to pro¬ 
ton mass. 

The greatest interest in the IS1/2 state 
is in the determination of the ground- 
state Lamb shift. In the 1950 s Herz- 
berg. who was then at the Yerkes Obser¬ 
vatory of the University of Chicago, 
was able to detect the shift, but he mea¬ 
sured its value to a precision of only 
about 14 percent. Two-photon spectros¬ 
copy provided an opportunity for a far 
more accurate determination. 

The most straightforward approach 
to measuring the Lamb shift would be to 
determine the absolute wavelength of 
the 15, 2-to-2Sr2 transition, but the val¬ 
ue of the Lamb shift calculated from 
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that wavelength also depends on an as¬ 
sumed value of the Rydberg constant. 
The Stanford group found a better 
method, exploiting a peculiar but not 
accidental coincidence: the fundamen¬ 
tal wavelength of the dye laser, namely 
4,860 angstroms, nearly coincides with 
the Balmer-beta line. If Bohr’s formula 
were correct, the correspondence would 
be exact: the interval from n — 1 to 
n = 2 (Lyman-alpha) would be just four 
times the interval from n = 2 to n = 4 
(Balmer-beta). Actually the levels are 
split and shifted somewhat by relativis¬ 
tic and quantum-electrodynamical cor¬ 
rections. The corrections for the n — 2 
and n — 4 levels are known with great 
precision, however, and so a compari¬ 
son of the two transitions can determine 
the ground-state Lamb shift. 

Three such measurements have been 
carried out by the Stanford group, the 
most recent and the most accurate one 
by Wieman. The Balmer-beta reference 
line was observed by polarization spec¬ 
troscopy, while the same laser simulta¬ 
neously measured the Lyman-alpha line 
by two-photon spectroscopy. The Bal¬ 
mer-beta spectrum not only resolved the 
fine-structure components of the line 
but also revealed the splitting of these 
components in the weak axial electric 
field of the gas-discharge tube. In princi¬ 
ple the ground-state Lamb shift could be 
determined by measuring the difference 
between the Balmer line and the 15-to- 
25 line and then comparing the result 
with the predictions of the Dirac theory. 
Known corrections would be applied to 
the positions of the n = 2 and n — 4 lev¬ 
els; any remaining difference would be 
attributed to the Lamb shift of the l-S 
state. In practice it was not quite as easy 
as that, because allowance had to be 
made for possible systematic errors and 
imprecisions in the apparatus. The re¬ 
sult eventually derived was 8,161 + 29 
megahertz. The experiment is still far 
short of the accuracy of the theoreti¬ 
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cal calculations, which give a value of 
8.149.43 ± .08 megahertz, but it repre¬ 
sents a significant step beyond Herz- 
berg's earlier measurement. 

Higher Resolution 

Many formidable obstacles would 
have to be overcome in order to ap¬ 
proach the one-hertz natural line width 
of the 15’1/2-to-25'i/2 transition. It would 
not be enough to further reduce the 
bandwidth of the laser, because there 
are several other sources of line broad¬ 
ening. One of them is a second-order 
Doppler shift, a consequence of the spe¬ 
cial theory of relativity. An atom that is 
moving appears to oscillate slower than 
one at rest, so that the moving atom ef¬ 
fectively has a lower resonant frequency 
no matter what the direction of motion 
is. The counterpropagating beams of 
two-photon spectroscopy cannot cancel 
this shift, which should amount to about 
50 kilohertz for hydrogen atoms at 
room temperature. 

Another source of line broadening is 
the finite transit time of a moving atom 
in the laser beam. Because a moving 
atom is exposed to the laser light only 
briefly, even the light from a continu¬ 
ous-wave laser is perceived by the atom 
as a pulse, whose short duration limits 
the potential resolution of the spectrum. 
In principle both effects could be re¬ 
duced by slowing the atoms, or in other 
words by cooling the gas. In this regard 
it is encouraging that Daniel Kleppner 
of M.I.T. has recently shown that atom¬ 
ic hydrogen can be cooled to the temper¬ 
ature of liquid helium (4.2 degrees K.) 
without condensing, even though dia¬ 
tomic hydrogen molecules condense at 
20 degrees K. Two of us (Schawlow and 
Hansch) have recently pointed out that 
laser light itself might cool a gas to a low 
temperature. This may seem paradoxi¬ 
cal, since an intense light usually sup¬ 
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plies heat, but it must be recalled that 
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state of low entropy can be made to 
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Several laboratories are now attempt¬ 
ing to apply the technique of two-pho¬ 
ton spectroscopy to the 15i/2-to-25i/2 
transition of positronium. a hydrogen¬ 
like “atom” made up of an electron and 
its antiparticle, the positron. The prop¬ 
erties of this exotic atom are predicted 
with great precision by quantum elec¬ 
trodynamics, and there is no need to 
apply corrections for the structure of 
the nucleus. The experiment is difficult, 
however, because positronium has a life¬ 
time of only about 140 nanoseconds. 

The hydrogen atom has been a focus 
of attention for almost a century, but the 
information embodied in this simple 
system of particles is by no means ex¬ 
hausted. Recent unified field theories, 
such as those of Steven Weinberg of 
Harvard University and Abdus Salam 
of the Imperial College of Science and 
Technology, predict subtle effects in hy¬ 
drogen and other atoms that might be 
observed as small changes in the polari¬ 
zation of emitted or absorbed light. The 
changes are so small that there is some 
question of whether they can even be 
detected, but several groups of investi¬ 
gators are now attempting to measure 
them accurately enough to test the theo¬ 
ries. As the technology of coherent light 
sources evolves it seems safe to predict 
that the exploration of the hydrogen 
spectrum will continue for decades. So 
far all the recent findings tend to confirm 
the predictions of theory. It is worth re¬ 
membering. however, that several ma¬ 
jor upheavals in 20th-century physics, 
were instigated by the discovery of mi¬ 
nute discrepancies between theory and 
observation in this very spectrum. The 
hydrogen atom may hold surprises yet 
to come. On the other hand, perhaps the 
greatest surprise would be none at all. 
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Abstract We describe techniques Which allow the 

study, in undergraduate laboratories, of the spectrum of 

atomic hydrogen. The Rydberg constant, the electron- 

proton mass ratio, and the fine-structure constant are 

evaluated from the measurements. The key to the series 

of experiments is a discharge tube in which atomic lines 
dominate over the molecular lines. 

1. Introduction 
The importance of atomic hydrogen and its spec¬ 
trum in physics and in the teaching of physics surely 
needs no emphasis. But what may not be widely 
appreciated is that experimental study of the spec¬ 
trum is beset with difficulties. Nevertheless, with 
some preparation on the part of the supervisor, the 
gross structure and some of the finer details may be 
investigated in the undergraduate laboratory to the 
point where students may obtain for themselves 
experimental values of the Rydberg constant, the 
ratio of electron mass to that of the proton, and the 
fine-structure constant. We describe a set of experi¬ 
ments which, in reaching these objectives, intro¬ 
duces the students to basic techniques of high and 
low resolution spectroscopy, and allows them to 
interpret the spectrum in the light of fundamental 
theory of atomic structure. The Rydberg constant is 
derived from measurements of the wavelengths of 
lines in the visible spectrum, the Baimer series, 
determined with reference to spectroscopic stan¬ 
dards by the use of a diffraction grating. The 
electron-proton mass ratio is calculated from meas¬ 
ured values of the spectroscopic isotope shift be¬ 
tween hydrogen and deuterium, resolved by means 
of a Fabry-Perot etalon. The fine-structure con¬ 
stant is found from measurements of the doublet 
structure in the Balmer lines, again using inter¬ 
ferometric techniques. 

§ Until recently at J J Thomson Laboratory, University of 

Reading, UK 

Resume Nous decrivons des techniques qui permettent 

l’etude du spectre de l’hydrogene atomique par des 

etudiants. La constante de Rydberg, le rapport entre la 
masse de l’electron et celle du proton, et la constante 

de structure fine sont determines a partir des mesures. 

L’element essentiel pour la realisation de cette serie 

d’experiences est une source dans laquelle les raies 
atomiques dominent sur les raies moleculaires. 

2. The light source 
A difficulty encountered in any investigation of the 
atomic spectrum of hydrogen lies in the design of a 
suitable light source. Problems to be solved are: (i) 
hotv to suppress the molecular spectrum in favour 
of the atomic; and (ii) how to deal with the rapid 
absorption of gas by the walls of the tube and the 
electrodes. A third problem which arises in connec¬ 
tion with the resolution of the doublet structure is 
how to reduce the Doppler broadening of the com¬ 
ponents of the fine structure. This last problem has 
hindered progress in research. In the most recent 
investigations (Amin et al 1981) highly-refined 
laser techniques were used in conjunction with a 
highly-collimated atomic beam. To read an account 
of this work and to gain some appreciation of it 
would not be beyond the scope of an able under¬ 
graduate after completing this set of experiments. 

Lasers are not necessary for the experiments 
described here. Fortunately a type of light source 
described by Marcley (1960) overcomes the first 
two problems mentioned above. The reduction of 
Doppler broadening requires a modification of this, 
or a different design. 

The Marcley source is essentially a Geissler tube 
using electrodes of pure copper (oxygen-free, high 
conductivity grade), with a side-tube containing a 
very concentrated solution of sodium hydroxide. 
The side-tube provides a reservoir of hydrogen as 
water at a vapour pressure dependent on the con¬ 
centration. Atomic hydrogen is liberated in the 

0143-0807/82/030129 + 07502.25 © The Institute of Physics & the European Physical Society 
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Figure 1 Hydrogen discharge tube which can be cooled 

with liquid nitrogen (a modified form of the tube de¬ 

scribed by Marcley 1960). A, capillary tube, 1 mm bore, 

from which the light is taken. The liquid nitrogen level 

should be maintained near the top of the capillary. B, 

Dewar vessel containing liquid nitrogen, an unsilvered 

strip permits the radiation to escape. C, copper or 

aluminium electrodes. D, side-arm containing very con¬ 

centrated solution of NaOH. E, to power supply, about 

3000 Vms, with series resistor to limit current to below 

20 mA. 

discharge by dissociation of the water vapour, and 
the copper electrodes take care of the oxygen. A 
convenient power supply is a transformer providing 
about 3000 Vms and 20 mA. It is recommended 
that a resistor be placed in series with the discharge 
tube to limit the current to a little below this value. 

Marcley gives a detailed drawing of the tube and 
gives instructions for filling. We follow his proce¬ 
dure, except that we use a diffusion-pumped high 
vacuum system rather than a simple rotary pump, 
and fill from a reservoir of H20 or a mixture of 
H20 and D20 depending on our requirements. Our 
experience confirms Marcley’s claim of a useful life 
of 1500h or more; our students are still working 
with some tubes filled six years ago. We have found 
pure aluminium a satisfactory alternative to copper 
as an electrode material. 

For the measurement of fine structure, it is desir¬ 
able to reduce Doppler broadening (see §5). At one 
time, we used an ordinary Geissler tube with its 
capillary region immersed in liquid nitrogen. The 
tube had a ballast volume connected to it to retard 
the drop in pressure due to absorption of gas. 

Recently, however, we have introduced a modified 
Marcley tube (figure 1) which allows the discharge 
to be cooled. The capillary region is immersed in 
liquid nitrogen contained in a Dewar vessel which 
has an unsilvered strip to allow the radiation to 
escape. The modified version also operates satisfac¬ 
torily without the coolant. 

3. Hie Rydberg constant 

With the discharge tube described in §2 the Balmer 
series is leadily displayed by a grating spectrome¬ 
ter. Whether the observations be visual, photo¬ 
graphic or photoelectric is a matter for local deci¬ 
sion. The first four members of the series can be 
seen easily with the eye, while with care ten or 
more can be photographed (see figure 2). Whatever 
method is used the important feature is that the 
positions of the lines are to be measured and 
reduced to wavenumbers by a standard spectros¬ 
copic technique. One possibility is to determine the 
grating space by reference to some spectral line 
which is taken as a secondary standard. The green 
line of mercury (18 307 cm”') is convenient for this 
purpose. An alternative technique is to make use of 
helium lines in the visible spectrum (they span the 
red to the violet; mercury can also be used, al¬ 
though the red lines are rather weak) as secondary 
standards to determine the constants in an empiri¬ 
cal dispersion equation, or to determine corrections 
if the constants are over-determined. This affords 
experience in least-squares analysis. 

From the wavenumbers vn the Rydberg constant 
R is obtained by use of the equations 

vn = R(l/4 — 11n2), n = 3,4,5.... (1) 

Strictly speaking, the Rydberg so determined is that 
appropriate to the isotope present in the discharge 
tube rather than Roc = (me4/47rft3c)(l/47re0)2 which 
is the expression appropriate to a nucleus of infinite 
mass. It is possible to measure with enough preci¬ 
sion to distinguish between Roo, Rh and RD even 
with experiments based on a small diffraction grat¬ 
ing (see table 1). However, this ‘nuclear mass 
effect’ is more appropriately studied interferometri- 
cally (see §4). 

Our manuscript for this experiment written for 
the students refers to Balmer’s formula for this 
series, An = 3645.6 n2/(n2-4) A, to Bohr’s expres¬ 
sion for the energy levels, En = Rhc/n2 (JR in units 
of 2tt x number of waves per unit length), and to 
the fact that Schrodinger’s equation for the hyd¬ 
rogen atom uncorrected for relativistic effects such 
as electron spin and with V = -e2l4iTe0r gives the 
same expression for energy eigenvalues as does 
Bohr’s theory. 

An example of the Balmer spectrum photo¬ 
graphed from a tube containing H20 and D20 with 
a simple grating spectrograph is shown in figure 2. 
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Figure 2 Photograph of the Balmer series from a Marcley tube filled with a mixture of H20 and D,0. It is the 

first order 'normal' spectrum of a 45 cm grating spectrograph, so that the dispersion is almost linear (dA/dx = 

4 nm/mm on the original photograph). The lower series members need an exposure time of typically about 30 s; 
this photograph was exposed for 45 min with a blue filter to bring out the higher members. The calibration 

spectrum was obtained from a helium Geissler tube; only half the slit was illuminated by this source to allow the 
hydrogen and helium spectra to be distinguished. 

The atomic lines are dominant, but weak molecular 
lines are to be seen. The helium spectrum has been 
superposed for calibration; only half the slit was 
illuminated by the helium lamp, allowing the lines 
to be distinguished from those of hydrogen. Doubl¬ 
ing of several of the lines due to isotopic structure 
is not clearly visible in the reproduction but can be 
seen in the original photograph. 

Table 1 shows a set of wavenumbers determined 
from this photograph. The value of R (in fact the 
mean of RH and RD) obtained from a least-squares 
analysis of these results is 109 696(5) cm 1 

4. The electron-proton mass ratio 

4.1. Experimental details 
This ratio is obtained from an interferometric de¬ 
termination of the isotope shift between the lines of 
hydrogen and deuterium, photographed from a 
Marcley discharge tube with a D20-H20 mixture. 
One aims to generate the lines of each isotope with 
roughly equal intensity, although there is an advan¬ 
tage in having one set of lines rather stronger than 
the other, for then one can determine which lines 
belong to which isotope. 

Rather than fill a tube with a mixture of isotopes 
one can use different tubes, one for each isotope, 
and a beam splitter to reflect the light from one 
lamp into the optical train aligned for the other. An 
important technical point emerges here: if the two 
beams do not follow the same path through the 
interferometer, spurious displacements between the 
two sets of fringes may occur. 

In our experiments, we use a Fabry-Perot etalon 

with 25 mm plates and a spacer of about 0.5 mm 
giving a free spectral range of U) cm 1 (see §4.2) 

Our spacers are made from a metal annulus. (The 
fine structure (§5) is more than an order of mag¬ 

nitude smaller than the isotopic structure and is 
typically not resolved with a free spectral range of 
this magnitude.) No great demands are made on 

the reflectivity of the coatings to achieve resolution 

Table 1 Wavenumbers (cm ') of the Balmer lines. 
Results obtained from measurements of the photograph 

shown in figure 2. The second column gives the mean 

wavenumber of a hydrogen-deuterium pair; the uncer¬ 

tainty in each case is about ±2 cm '. The third column 
gives the measured isotope shift Av(D-H); the over¬ 

exposure needed to bring out the higher series members 

made it unmeasureable for n =4, 5 and 6. The known 
values are given for comparison* with these measure¬ 

ments and with the more accurate results obtained 

interferometrically (§4 and §5). 

Af'(D-H) 

n V Measured Actual value 

3 15234.1 4.7 4.145 

4 20565.4 5.60 

5 23032.5 6.27 

6 24375.1 6.64 

7 25184.0 8.3 6.86 

8 25711.8 7.5 7.00 

9 

10 

11 

26069.6 
26325.7 

26519.6 

7.9 7.10 

53 



132 G W Series and D N Stacey 

CPE S 

Figure 3 A simple optical system to enable the isotope 

shift in Ha, Hg and to be recorded photographi¬ 

cally. S, source; P, direct-vision prism; E, etalon, C, 

camera. 

of the isotopic structure, but they need to be broad¬ 
band because of the wavelength range to be co¬ 
vered. We provide aluminium-coated plates with 
reflectivity of about 85% in the green. 

With the Marcley lamps the atomic lines are 
sufficiently strong against the molecular back¬ 
ground to be isolated with interference filters, or 
even gelatin-dye filters. The optical system is then 
extremely simple; the interferometer is placed in 
the collimated beam from the discharge tube and 
the Haidinger fringes focused by a lens onto a 
photographic emulsion. 

Instead of filters we have used a compound 
(direct-vision) prism, having an unobstructed area a 
little larger than the aperture of the etalon plates 
and a dispersion of about 0.04 rad between the red 
and violet. This optical system is shown in figure 3. 
With a camera lens of about 25 cm focal length, 
this provides a separation of about 9 mm between 
Ha and H^, which is sufficient to separate the 
images of the discharge tube formed by the light of 
the first three B aimer lines (see figure 4). The 

optical train is now effectively a spectrograph, with 
the discharge tube taking the place of the slit of the 
collimator. 

4.2. Theory 
To the accuracy the student can be expected to 
achieve in this experiment, say 0.5%, the isotope 
shift for hydrogen can be assumed to be entirely 
due to the difference in nuclear masses. Other 
effects, due to the nuclear volume and quantum 
electrodynamic corrections, for example, are quite 
negligible at this level. 

The isotope shift is easily found from equation 
(1). We have 

Rh = RM + - R=o(l ~ m/JVfH), 

with a similar expression for RD. Hence 

Rd-Rh / 1_1_\ 

VMh Md)' 

Now Mh is equal to MD/2 to better than 1 part in 
103, so for the present purposes we may write 

Rp ~ R u 1 / tn \ 

Roc ~2\mJ' 

Hence, for any line, Av/v — and the student 
can determine a value for the mass ratio from any 
member of the Baimer series. The isotope shifts of 
the first few members are given for reference in 
table 1. 

Figure 4 shows the isotopic structure in Ha, He 
and PL,, photographed using the system shown in 
figure 3. The results obtained from the measure¬ 
ments are in table 2. It can be seen that 10 cm-1 is 
a convenient free spectral range to study these 
structures. 

Figure 4 Photograph of the isotopic structure in Ha, H0 and obtained with the apparatus shown in figure 3. 
The etalon spacing was 0.513 mm. On the original photograph the images of the discharge tube, crossed by fringes, 
were 40 mm long. Measurement of the fringes gives the results shown in table 2. 
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Figure 5 Fine structure in Ha. The energy levels with n-2 and 3 are shown with the transitions between them. 

The simplified diagram shows an approximate interpretation of the doublet structure which can be resolved using 

the apparatus described in §5. This gives a value of the fine-structure constant to a precision of about 10%. The 
intervals are in cm-1. 

5. The fine-structure constant 
The spectral lines of hydrogen have a fine structure 
which is more complicated than, for example, the 
doublet structure of the sodium lines. The compli¬ 
cation is attributable to the particular functional 
form of the field of the nucleus acting on the 
electron, the Coulomb field, which results in a 
near-degeneracy of orbital states belonging to the 
same principal quantum number. In consequence, 
transitions between different spectroscopic multip¬ 
les (nl -* nT) overlap, for given n and n\ The fine 
structure of Balmer-a (n — 3, n' = 2) is shown in 
figure 5. The overlapping multiples are (3s-2p), 
(3p-2s), (3d-2p). Hyperfine structure is not shown 
in figure 5. It exists and has been measured but it is 
well below the limit of resolution with the experi¬ 
mental techniques described here. 

No simple formula describes the structure shown 
in figure 5; even the Dirac theory omits important 
quantum electrodynamic effects. Fortunately, we 
need not concern ourselves here with detailed 

theoretical expressions for the structure, since some 
of the terms go beyond the level of an under¬ 
graduate course and in any case the structure can¬ 
not be completely resolved with simple equipment 
on account of the overlapping of components 
caused by Doppler broadening. Nevertheless, the 
partially-resolved structure has a certain simplicity 

Tabie 2 Isotope shifts in the Balmer lines. Results 

obtained from measurements of the photograph shown 
in figure 4. The electron-proton mass ratio m/MH is 

derived as explained in the text. A more accurate value 

can be found from photographs taken with a larger 

etalon spacing as described in §5. 

n A?(D-H)(cm *) m/MH 

3 4.13(3) 1/1845(13) 
4 5.65(6) 1/1820(20) 
5 6.30(4) 1/1829(12) 
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Figure 6 (a) Photograph of the doublet structure in Ha and Da obtained with an uncooled source. The etalon 

spacing is 2.865 mm. The resolution is poorer in the lighter isotope, due to the greater Doppler width. 

(b) Photograph with a liquid-nitrogen cooled source. The improvement in resolution allows the doublet structure 

to be measured for both isotopes. The results are given in the text. 

The isotope shift can be measured from either (a) or (b); a value from the latter is also given in the text. 

which allows the fine-structure constant a to be 
determined to an accuracy of about 10% of its 
value (we recall that a is a measure of relativistic 
effects and is given by (e2/hc) (l/4-7re0)). 

It will be noticed that the transitions fall into two 
groups in which the dominant splitting is the 
2(2Pi/2-2P3/2) interval, 8, due almost entirely to 
spin-orbit interaction. The theoretical expression 
for this interval, which a student can be expected to 
understand (see for example, Woodgate 1980) is 

8 — (£2,1/2 ~ £2,3/2)/^ = £<* /16. 

(We have disregarded very small contributions 
from quantum electrodynamic shifts of these P 
levels.) 

Experimentally, one can resolve a doublet, each 
member of which is a blend. To a first approxima¬ 
tion one can determine a by equating the measured 
doublet interval to the theoretical 2Pi/2 - 2P3/2 inter¬ 
val. A better value for a can be obtained by 
correcting the theoretical expression to allow for 
the unresolved structure within each component of 
the doublet. However, this requires the student to 
take on trust a great deal of information which he 
has no way of checking for himself; the other 
intervals involved, the widths of the lines, and the 
relative intensities of the components. On balance 
we prefer to avoid this loss of simplicity but in¬ 
terested students can of course improve their re¬ 
sults for a if the additional analysis involved 
appeals to them. 

The optical arrangement illustrated in figure 3 is 
convenient for this stage of the investigation, ex¬ 
cept that the prism should be replaced by a filter if 
a cooled tube is employed. Useful observations can 
in any case only be made on Ha (the Doppler 
widths of the other lines are too large) and the 
cooled tube gives overlapping images due to scat¬ 

tered light if other lines are not filtered out. 
It is instructive to carry out the experiment with 

a source containing both hydrogen and deuterium 
to illustrate the limitations imposed by the Doppler 
width. The hydrogen and deuterium fringe systems 
need to be clearly separated, the best resolution 
being obtained with the largest interferometric free 
spectral range consistent with this requirement. We 
have found a spacing of 2.9 mm a convenient value. 
With a plate reflectivity 90% or higher, the width 
of the instrumental line profile for monochromatic 
light is less than 0.06 cm_1 and does not seriously 
limit the resolution. This reflectivity is best 
achieved with multilayer dielectric coatings; silver 
can be used but needs replacing within a few 
months if kept in an ordinary laboratory atmos¬ 
phere. Figure 6(a) shows a photograph taken using 
an uncooled source. The inferior resolution of the 
doublet due to hydrogen compared with that due to 
deuterium is readily observable on the original 
photograph (the Doppler widths at room tempera¬ 
ture are 0.19 cm1 and 0.13 cm1 respectively). 
With a cooled source (figure 6(b)) both sets of 
fringes are well resolved. 

Photographs of the type shown in figure 6 may 
also be used for determination of the isotope shift. 
Adjacent doublets of H,, and DQ do «not belong to 
the same order, but the fractional order may be 
determined by measurement and the integral order 
difference may be found from the results of the 
experiment described in §4. This illustrates an im¬ 
portant point concerning measurements with a 
Fabry-Perot etalon; results should always be ob¬ 
tained if possible with more than one spacing, first 
to enable the relative order numbers of the varioils 
components present to be established uniquely and 
secondly as a check against systematic error. 

Measurement of the photograph shown in figure 
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6(b) gave the following results: 

5 = 0.348(3) cm_,(HJ 0.326(5) cm"'(DJ. 

The quoted error is entirely statistical; as explained 
earlier, these measurements give only an approxi¬ 
mate value of the 2p2Pl/2,3/2 fine structure interval. 
The line-shape dependence of the measured split¬ 
ting is apparent from the difference in the results 
for hydrogen and deuterium. We obtain 

c*2~4.91 x 10~5 a — 1/143. 

The isotope shift Da-Ha is found to be 
4.151(6) cm \ the uncertainties due to statistical 
spread and to measurement of the etalon spacing 
give comparable contributions to the quoted error. 
From this shift we obtain 

m/MH — 1/1836(3). 

The interferometric experiments described in §4 
and §5 are generally carried out by students in the 
third or late second year of their course. They do 
not normally combine their results with those from 
the grating experiment, which is usually performed 
much earlier. However, it is interesting to do so 
since it is then possible to obtain a value for Rx 
based only on measurements which the student can 
carry out for himself. The simple expressions in 
§4.2, together with the results for (RH + RD)/2 and 
m/MH given above lead to the value 

Rx= 109 739(5) cm"1. 

This and the other results obtained in the experi¬ 
ments described can be compared with the data in 
the appendix taken from the literature. 
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Appendix 
Some recent results reported in the literature are: 

m/MH = 1/1836.15300(25 )a 

a = 1/137.036007(11 )b 

R^ = 109 737.31521(1 l)c cm 1 

Ai?(Da-Hn) = 4.144931(2)° cm 1 

“Van Dyck and Schwinberg (1981). 

b Cohen (1980). 
c Amin et al (1981). 
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Double resonance measurements of hyperfine structures 

in potassium 
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Revised 23 August 1956) 

Radio-frequency magnetic resonances have been studied between the states of the atomic 
level 5 2Pj, excited in a coarse atomic beam of potassium by optical resonance radiation. 
The resonances were detected by observing changes in the intensity of the scattered 
resonance radiation. Hyperfine structure was observed in the Paschen-Back region, and in 
magnetic fields down to zero. Values of a and b, the magnetic dipole and electric quadrupole 
interaction constants, derived independently from measurements in the strong and zero field 
regions, are in agreement. The values a = 1-97 + OT Mc/s, b — 1-7 + 0-3 Mc/s have been 
obtained for the interaction constants of 39K. Double quantum transitions between hyper¬ 
fine structure levels were observed in zero field. The nuclear magnetic moment derived 
from a agrees with molecular beam magnetic resonance measurements; the nuclear electric 
quadrupole moment derived from b is 0-113 + 0-02 x 10~24 cm2. 

Hyperfine structure was also observed in the level 5 2P^. A preliminary value for the 
{i factor is 9-3 ±0-5 Mc/s. 

Introduction 

The hyperfine structure of the ground state of potassium, which was measured to 

high precision by Kusch, Millman & Rabi (1940), does not allow a determination of 

the nuclear electric quadrupole moment, since the electronic angular momentum 

quantum number J is J. Optical measurements of the hyperfine structure of the 

ground and excited states are limited by the Doppler width of the fines which, even 

under the favourable conditions of atomic beam spectroscopy (Jackson & Kuhn 

1938) did not allow resolution of the hyperfine structure of any level having J > 

The fine width in the ‘double-resonance’ method, first suggested by Brossel 

& Kastler (1949) and explored by Brossel & Bitter (1952), is limited only by the 

natural width of the energy levels; the Doppler width, being proportional to the 

frequency which is actually measured, is completely negligible. This method, there¬ 

fore, offered the possibility of the resolution of hyperfine structure in some excited 

state having J > and of determining the nuclear electric quadrupole moment. 

The magnitude of the hyperfine structure in potassium is exceptionally small 

because of the small nuclear magnetic moment and the small value of (1/r3). 

Numerical estimates indicated that in the first excited P| level the a factor would 

be about 5 Mc/s, while the double resonance fine width would be at least 12 Mc/s. The 

second P| level, (52P|), however, has a much weaker transition probability to the 

ground level and the natural width is smaller than the hyperfine structure. An 

experiment was, therefore, designed to investigate the hyperfine structure of the 

level 52P|. A brief report has already been published (Ritter & Series 1955). 

The experimental method may be understood from figure 1, which shows the 

Zeeman components of the ground level and of the level 5 2P|. For the moment we 

ignore the hyperfine structure and notice that optical radiation of wavelength 
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4044 A will excite the states | ± §>, | ± -|) of 5 2P| (the states are distinguished by 

their quantum number Mj), but that these states will be populated unequally unless 

the exciting radiation is isotropic. In particular, if the exciting radiation is polarized 

with the electric vector parallel to an applied magnetic field (n excitation, A Mj = 0), 

the states | + alone are populated. Decay to the ground level may be by emission 

of tt (Ailfj = 0) or of cr (Ailfj = + 1) radiation. If, however, some of the excited atoms 

in the states | ± J) are transferred to | ± f) by some process, they can decay by 

emission of cr light only. An increase in the amount of cr radiation is thus an indication 

of a change of orientation of the excited atoms. 

4044 A 

<r+ tt cr+ <r tt <r~ 

\ I X I / 
6 8 2 2 8 6 

V V 
-Vi 'A Mj 

Figure 1. Optical and radio-frequency transitions, ignoring the hyperfine structure. The 
relative intensities are marked for optical excitation in a direction perpendicular to 

a magnetic field. 

The change of orientation may be induced by the magnetic component of a radio- 

frequency field rotating at the frequency of the Larmor precession of the atoms in 

a steady magnetic field. The experiment is then a paramagnetic resonance experi¬ 

ment performed on excited atoms. Resonance is detected, not by measuring changes 

in the power absorbed in a resonant circuit, but by observing changes in the intensity 

of the optical radiation in some fixed direction, which may be that of the steady 

magnetic field, in which direction one sees cr light only. 

The transitions A Mj = ± 1 occur at the same frequency. A symmetrical hyperfine 

structure is found in these transitions taken together if the magnetic field is strong 

enough to decouple I and J completely; at smaller fields the structure is asym¬ 

metrical, and in zero field, transitions occur between the hyperfine structure levels 

themselves. 

Radio-frequency resonances in the strong, intermediate and zero field regions are 

described in § 4a, b and c. In § 4d are described experiments in which the state of 

polarization of the exciting radiation was altered. Resonances in the level were 

detected. 

2. Theoretical 

(a) Theory of the energy levels 

The experiments have been interpreted with reference to the following Hamil¬ 

tonian, which represents the energy of the atom in the absence of the radio-frequency 

field: 

•**= al- J + 21{2I _ f)J(2jZi) [3(I.J)2 + i(I.J)-/(/+l)./(./+l)] 

+(i) 
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In this expression, a is the magnetic dipole interaction constant of the hyperfine 

structure, and 6 is the electric quadrupole interaction constant. The last two terms 

represent the interaction with an external steady field H of the electronic and 

nuclear magnetic moments respectively, and of these we ignore the latter since its 

magnitude is very small compared with the fine width in the experiments. /? and fiN 

are the Bohr and nuclear magnetons respectively. 

a and b are determined from the experiments. The value of a derived from the 

known value of the magnetic moment and the Goudsmit formula is, for comparison, 

Figure 2. Energy levels and radio-frequency transitions in a ‘strong’ magnetic field. 

about 1*9 Mc/s. From b, or more reliably from 6/a (see Davis, Feld, Zabel & Zacharias 

1949), the nuclear electric quadrupole moment Q can be calculated. 

The energy levels in strong field derived from the above Hamiltonian are given by 

WMj>Mj = GMj + aMjMj + (6/36) [3JfJ- 15/4] [3Mj- 15/4], (2) 

where G = Mj = ± f, ± £; Mz = ± f, ± \ (see Kopfermann 1956, where the 

weak field formulae may also be found). Figure 2 shows a plot of the strong field 

levels in which 6 has been taken approximately equal to a, and in which the 

transitions allowed by the selection rules A Mj — ± 1, A MT = 0 have been drawn. 

All of these have equal intensity. Transitions between Mj = ± \ presumably also 

take place, but are not observed under excitation by tt fight since these two states 
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are equally populated. Small corrections calculated by second-order perturbation 

theory were applied to (2) to allow for incomplete decoupling of I and J. 

Two lines, namely, | f, f) — | i, f) and | — — f) — | — f > — f) (in the | Mj, Mf) 

notation) could be located in intermediate fields. The energy levels concerned come 

from the linear and quadratic factors into which, among others, the secular equation 

factorizes. Solution of these equations yields the following result for the frequencies 

of the transitions H/Za + by (GY 

T-+2 v(—) + s) hv = + 

where the positive sign applies to the first-named transition above. The difference 

in frequency between these two lines, at constant field, is (3a+ 6). 

In intermediate fields transitions according to the selection rules AMj = ± 1, 

AMt = + 1 were observed when the radio-frequency magnetic field was parallel to 

the steady field. 

(b) Theory of the radio-frequency transitions 

The approximations usually made in the theory (see, for example, Ramsey 1956) 

are not all valid here. In particular, the perturbation introduced by the radio¬ 

frequency field, which is necessarily of the order of magnitude of the natural width 

of the levels, is in some of these experiments comparable with the resonance 

frequency. The latter may not then be the same as the frequency interval between 

the unperturbed levels. A complication in the case of the experiments at zero field is 

that the levels themselves are degenerate. 

We have attempted to make estimates of the necessary corrections and find that 

at the lower frequencies they become comparable with the frequency itself. On the 

other hand, these resonance frequencies taken uncorrected are concordant with the 

high-frequency results where the correction is negligible. This suggests that our 

estimates of the corrections are pessimistic. In the absence of a complete theory of 

the transition process, we therefore make the following assumption in interpreting 

our results: the resonance frequencies are not appreciably different from the frequency 

differences between the levels. 

A complete theory should take account of the further point that the line width 

is comparable with the hyperfine structure. Under perturbation by a radio-frequency 

field the coupling between electron and nucleus may then be weakened, even when 

the frequency is considerably larger than the line width.* To this effect we attribute 

the fact that the observed strong field patterns showed signs of more complete 

de-coupling than was expected. 

(c) Multiple quantum jumps 

Transitions have been observed on a number of occasions between states | M>, 

| M + ri) when the intervening (n— 1) states are unequally spaced (see, for example, 

Kusch 1956). Such fines are predicted (Salwen 1955) to be narrower than the single 

quantum jumps in the ratio 1/n, and their intensities are more strongly dependent 

on the radio-frequency field strength. We interpret some of our resonances in zero 

field as double quantum jumps. 

* We are indebted to Professor V. F. Weisskopf for a discussion of this point. 
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3. Experimental 

The apparatus, shown schematically in figure 3, comprises a light source, a 

resonance bulb and its associated coils, and detecting equipment. 

(a) The light source 

This was a hollow cathode tube similar to that described by Kelly, Kuhn & Pery 

(1954), but larger. The cathode cavity, of diameter about 12 mm, allowed a normal 

type of discharge at a current of 250 mA. Both electrodes were water-cooled. The 

potassium spectrum was strongly excited from metallic potassium in the cavity, 

while the spectrum of the carrier gas, neon, was largely suppressed by a filter of 

ammoniated copper sulphate solution. The essential condition that the potassium 

resonance lines 4044 and 4047 A should not show self-reversal was checked by inter¬ 

ferometric examination. 

In the main experiments the exciting radiation was plane polarized (by means of 

a Nicol prism) with its electric vector parallel to the magnetic field in the resonance 

bulb. This arrangement gives the largest signal. Other arrangements are described 

in §4 (d). 

(b) The resonance bulb 

In view of the desirability of avoiding collisions in the potassium vapour which 

would compete with the radio-frequency field in reorienting the atoms, and in view 

of the ease with which an atomic beam of potassium can be arranged, it was decided 

to illuminate with the resonance radiation a coarsely collimated atomic beam 

traversing a glass bulb, as shown in figure 3. The potassium was distilled into the 
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beam tube under vacuum, and continuously pumped during experiments. It is not, 

however, necessary to use an atomic beam. After we had heard of the work of 

Kruger and his colleagues (Althoff 1955; Meyer-Berkhout 1955) on rubidium and 

caesium, in which the metal is sealed off in a tube and heated by a stream of hot air, 

we obtained a signal from potassium in the same way. The beam method was used 

in obtaining the results presented here 

Helmholtz coils of about 25 cm diameter and 500 turns each were sufficient to 

provide the steady magnetic fields that were used. The field was sufficiently uniform 

over the illuminated region. The radio-frequency field was provided by means of 

a smaller pair of coils of two or three turns each and 9 cm diameter which approxi¬ 

mately fulfilled the Helmholtz condition. The coils formed part of a resonant circuit 

which was excited by means of one of a number of oscillators capable of providing 

2 or 3 A in the coils. 

(c) The detecting equipment 

The illuminated region of the resonance bulb was imaged by a lens of large 

aperture onto the cathode of a photomultiplier tube, Du Mont type 6292, placed to 

receive the resonance radiation scattered in a direction at right angles to the incident 

light. A phase-sensitive detecting system was employed. The signal modulation 

necessary for this was achieved by adding to the steady magnetic field a small 

component alternating at about 60 c/s, provided by a small rotary converter. The 

photomultiplier signal, amplified and rectified by the detector, was applied to 

a recording milliammeter. 

(id) The experimental method 

Apart from the work in zero field, the frequency in a given experiment was kept 

constant and the magnetic field varied uniformly and continuously through 

resonance. Calibration marks at fixed values of the field were made on the recorder 

chart by an auxiliary pen. 

The detecting system records only the change in signal corresponding to a small 

oscillation of the field about a mean value. Consequently, the recorder plots the 

differentiated curve of signal against magnetic field, not the resonance curve itself. 

This was an advantage in the present experiments in that, although the resonance 

curve turned out to be an unresolved blend of eight hyperfine structure components 

(see figure 4), the slight inflexions in the envelope of the curve showed up as well- 

resolved minima in the differentiated curve. This allowed easy recognition of 

structure which might otherwise have been missed. 

The resonance curves in zero field might, in principle, have been obtained in 

a similar way by taking curves when the applied field was very weak, and extra¬ 

polating the lines back to zero field. This was not possible in the present case because 

even the small modulating field was not a small field in relation to the hyperfine 

structure. The modulation was therefore applied to the radio-frequency field itself 

and monitored by display on an oscillograph. The recorded signal then indicated the 

difference between switching the oscillator on and off (100 % modulation), and the 

resonance curves were plotted point by point as a function of frequency. 
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Since the width of the lines in these experiments was never smaller than 3 % of 

the applied frequency, there was no point in attempting to measure either the 

frequency or the field to high precision. Frequencies were measured to about 0-1 % 

by means of a crystal wavemeter, and the magnetic fields were calculated from the 

measured currents in the coils to an accuracy of 0-1 G. Large Helmholtz coils were 

used to balance out the stray field in the neighbourhood of the resonance bulb for 

the zero field experiments. 

4. Results 

(a) 
(i) High field experiments 

The resonance curves obtained at about 41 Mc/s, in fields of 20 to 25 G were almost 

symmetrical. No signal could be obtained at this frequency when the r.f. and steady 
fields were parallel. 

Figure 4(a) Differentiated resonance curve obtained at 41-5 Mc/s. 
(b) The experimental curve integrated. 

Figure 4 shows the recorder tracing of a differentiated resonance curve, and also 

the curve derived from it by geometrical integration. The main features of figure 4 b 

are obtained from the formula (2) if we set b « a, as in figure 2. 

Resonances at this frequency were investigated with values of the r.f. field 

strength varying by a factor greater than 2. No great changes in the pattern were 

observed, although the curves at the higher field strengths were more symmetrical. 

Those curves obtained at the lowest r.f. field which gave an appreciable signal were 

used for detailed comparison with formula (2). 
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Figure 5 shows a smoothed experimental curve obtained at a low r.f. field strength, 

and, for comparison, an attempted reconstruction based on formula (2). The 

correction terms, which make the pattern asymmetrical, have been included. The 

values a = 2-0 Mc/s, 6 = l*8Mc/s, 8 = 1 -5 Mc/s and a line shape given by the formula 

l = I_ 

(Ramsey 1956) were used. The agreement is tolerably good, but the reconstructed 

curve is less symmetrical, as was the case with all the reconstructions that were 

tried. 

The presence of 41K, present in its natural abundance of about 1 part in 14, is of 

little consequence in these attempted reconstructions. It can be taken into account 

if we assume a provisional value of 6, since the ratio Q^IQ39 has been measured (Lee, 

Fabricand, Carlson & Rabi 1953). 

Figure 5. (a) Experimental curve at low radio-frequency field strength, (6) Reconstruction 
based on formula (2) and additional correction terms, with a = 2-0 Mc/s, 6=1-8 Mc/s, and 

d = 1-5 Mc/s. 

Of greater concern is the possible occurrence of AMj = ± 2 transitions. Their 

presence with a relative intensity of 10 to 15 % would affect the reconstruction of the 

experimental curves on the basis of AMj = + 1 transitions. Their presence with 

greater intensity would cause loss of resolution, since the lines would fall between 

the AMj = ± 1 lines. On theoretical grounds we expect them to be weak since the 

intervals between levels with the same Mz are not exactly equal (see Ramsey 1956). 

Complete symmetry of the pattern implies complete decoupling of I and J. The 

degree of decoupling appears to depend on the r.f. field strength, and therefore on 

the line width. A possible explanation of this effect is given in § 26. 

A study of the way in which the components are grouped allows one to fix limits 

to the ratio 6/a without appealing to their absolute values. We find 6/a = 1-0 ± 0-25. 

If now one converts the separation in gauss between the outermost fines into 

frequency units by means of the value of gj derived from the centre of the pattern 

(allowing for the small correction terms), one obtains the value a — 1*94 + 0-18 Mc/s. 

The value 1-34 ± 0-02 is found for gJ} which agrees with the theoretical value 1-33. 

a and 6 may be determined in a different way by using the intervals between the 

outer pair and the inner pair of the ‘five’ fines, treating the latter as blends. These 

intervals may be obtained without a full reconstruction of the pattern by observing 
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that the lines are located, to a good approximation, at points half-way between the 

maxima and mimima of the experimental curves. These points showed no systematic 

movement at different r.f. fields, apart from a slight increase in the separation of the 

outermost lines at the higher fields. This method yields the values 

a = T99 ± 0*10 Mc/s, | b | = T8 + 0-4 Mc/s. 

The sign of b relative to a cannot be derived from these curves. 

(ii) Separated resonances in high fields 

We have so far not distinguished between right and left circularly polarized light. 

If reference is made to figure 1, it will be noticed that the r.f. transitions Mj = \ -> ^ 

are accompanied by an increase in cr~ light, and Mj = — — f by an increase in 

gt+ fight. It is therefore possible in principle to separate the two sets of hyperfine 

structure fines. This is particularly significant in that it allows the determination of 

the sign of b relative to a. 

I 
i 
i 
i 

IT T IT 7 

Figure 6. Separated resonance curves obtained at 41-5 Mc/s. 
(The integrated curves are shown below.) 

Figure 6 shows the resonance curves obtained at 41-5 Mc/s when a suitably 

orientated mica quarter-wave plate and Nicol prism were inserted in front of the 

photomultiplier. Clearly, some separation of right and left circularly polarized 

fight has been achieved. Attempts to explain the incompleteness of the separation in 

terms of strain in the glass of the absorption bulb, or the finite aperture for reception 
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of the resonance radiation were unsuccessful. The incomplete separation was 

ultimately attributed to secondary scattering of light inside the absorption bulb. 

The pattern marked a~ was obtained by selecting light polarized in the same sense 

as the current in the coils, and therefore corresponds to a change in Mj of — 1 in 

emission, i.e. it corresponds to r.f. transitions from Mj = to +f. Now the 

hyperfine structure of these transitions is asymmetrical and depends on the sign 

of b relative to a. The structure (as a function of field) is shown in the figure by the 

solid lines for the case when b and a have the same sign. The dotted fines show 

approximately the positions of the components when b is opposite in sign to a. 

(Actually, the dotted fines show the transitions from Mj = — \ to — § when b and a 

have the same sign, and are displaced only by the correction terms from the tran¬ 

sitions between the positive values of Mj when b/a is negative.) 

If we allow for the fact that the separation of the patterns is incomplete, there is 

no difficulty in identifying the <x~ curve with the solid fines, i.e. the alternative in 

which b and a have the same sign. 

The following independent methods confirm that b/a is positive: 

(i) It will be observed that the resolution at the peak of the integrated curves of 

figure 6 is better in the case of a~ than of cr+. The difference is on account of the 

incomplete decoupling of I and J, and appears in a calculation of the correction 

terms, which lead to a better separation of the components of the transition 

Mj = + \ -> + f than of Mj = — J -> — §. This allows us to identify the curve marked 

<r~ with transitions between the positive values of Mj without knowing the sense of 

rotation of the fight, and again implies that b and a have the same sign. 

(ii) The same identification of resonance curves with transitions can be made by 

comparing curves taken at 19Mc/s, at which frequency it was possible to observe 

signals with the r.f. field both parallel and perpendicular to the steady field. The 

identification is made without appealing to the experimental arrangement which 

determines the sense of rotation of the fight. Details are given by Ritter (1955). 

(iii) The measurements at zero and intermediate fields, discussed in the next 

sections, lead to the conclusion that b and a have the same sign. 

(6) Zero field experiments 

The frequency range covered in these experiments was from 0*5 to 8-5 Mc/s. There 

was considerable practical difficulty in keeping the r.f. field constant while the 

frequency was being varied over a resonance fine, since the fine widths were a large 

fraction of the absolute frequency. 

A fine at 7-5Mc/s was excited by r.f. currents smaller than had been used in the 

high field experiments. Lines at 1-4 and 5T Mc/s, on the other hand, could not be 

excited unless the current was at least twice as great. The lower frequency fines were 

distinctly narrower than the other. Figure 7 shows the 1-4 and 7-5 Mc/s resonance 

curves obtained on separate runs. The frequency scale is the same in both cases, but 

the ordinates are arbitrary. 

The widths of these fines can only be determined approximately. They are about 

2 and 1 Mc/s for the broad and narrow fines, respectively. For comparison, the 

reconstructed high field pattern in figure 5 (6) is based on a fine width of 3 Mc/s. It 
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is reasonable that the zero field fine at 7*5 Mc/s should be narrower than this since 

smaller r.f. fields were used in exciting it, but the fines at 1*4 and 5*1 Mo/s are 

abnormally narrow. On experimental grounds we interpret them as double quantum 

transitions. We shall show that, on this hypothesis, values of a and b maybe obtained 

which are consistent with the values derived from the high field experiments. All 

questions of displacements of the levels by the r.f. field will be ignored for the 

time being. 

0 1 2 Mc/s 6 7 8 9 
Figure 7. Resonance curves in zero magnetic field. 

The intervals between the hyperfine structure levels F = 3, 2, 1 and 0 are, 

respectively, (3a+ 6), (2a —b), (a — b), (Kopfermann 1956). We interpret the fine at 

7*5 Mc/s as the transition 3-2, the fine at 5 -1 Mc/s as the double transition 3—1, and 

the fine at T 4 Mc/s as the double transition 2-0. We then have 

(3a + 6) = 7-5, 

(3a + 6) + (2a-6) = 2x5*1, 

(2a — b) + (a — b) = 2 x T4. 

These equations taken in pairs yield for a and b the values 2*04, T38; 2*04, T66; 

1*98, 1*57 Mc/s respectively. The experimental uncertainty of about one-tenth of 

a fine width in locating the peaks leads to uncertainties, ±0*05 Mc/s for a and 

± 0*15 Mc/s for b. The equations are self-consistent, and consistent with the results 

of the last section to within the stated accuracy. We use for the zero field results the 

values a = 2-02 ± 0-05 Mc/s, b = 1-54 ± 0-15 Mc/s. 

It is natural to enquire whether the single quantum transitions 2-1 and 1-0, and 

the triple quantum transition 3-0 might not also be observed. 

We have searched for the 2-1 transition in the region of 2*4Mc/s, and have 

obtained signals which might be traces of this fine. Theoretical estimates' of its 

intensity are very unreliable because of our lack of understanding of the r.f. transition 

process. 

We have also searched for the 2-1 transition under circumstances in which we 

aim at populating the 2 level by radio-frequency transitions from the 3 level 

simultaneously with the optical excitation. In these experiments an extra oscillator, 

working at a fixed frequency near 7*5Mc/s, is used to excite an independent set of 

coils round the resonance bulb. The 2-1 resonance is then explored in the ordinary 
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way. Indications of the line have been found in these experiments, about which it is 

hoped to publish more in due course. 

The 1-0 transition would occur at about 0*4 Mc/s. It is clearly pointless to search 

for such a transition when the line width would be 2 to 3 Me/s, and the states 

completely mixed by the r.f. perturbation. 

No indications have been found of the triple quantum transition 3-0, presumably 

because the r.f. fields have been insufficiently strong. 

(c) Intermediate field experiments 

The resonance radiation scattered by atoms in intermediate fields possesses pro¬ 

perties which we have so far not discussed. Its intensity in a given direction varies 

with the magnetic field, quite apart from the presence of r.f. fields. The reason for 

this lies in the mixing of states which takes place in intermediate fields, and the 

anisotropic transition probabilities for excitation and decay. 

r.f. field on r.f. field off 

Figure 8. Signal as a function of field in the intermediate field region, with and 
without a radio-frequency field at 19 Mc/s. 

The intensity as a function of field depends in a complicated way on the hyperfine 

structure of the ground and excited states. It is closely related to the degree of 

polarization of the resonance radiation, measurements of which have been used in 

order to deduce the hyperfine structure (Ellet & Heydenberg 1934). We have made 

no attempts to use our measurements of these intensity variations to deduce the 

hyperfine structure, since the method is so insensitive to the values of a and b. It 

was necessary, however, to take account of the phenomenon because it provided 

a variable background signal which had to be subtracted from our resonance curves. 

Figure 8 shows the signal as a function of field up to about 15 G, with and without 

an r.f. field at 19 Mc/s. 

Resonance curves were taken through the intermediate field region at frequencies 

from 5*1 Mc/s. The asymmetrical curves obtained have not been analyzed in detail. 

It is, however, possible to locate the outermost, high-field component of the hyper¬ 

fine structure in all these curves, and the innermost, low-field component on some 

of them. These components correspond to the transitions | —-J, — |) — | — |, — |) 

and | f, |) — | |) respectively, for which the frequencies can be calculated 

rigorously (§2a). 

A comparison of the observed and calculated positions of these components shows 

good, but not perfect agreement. The crosses in figure 9 show the experimental 

points; the lines show the calculated relationship based on the theoretical value 
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of gj and the value 7-75 Mc/s for (3a+ b). This value is derived from the overall width 

of the high-field curves. (The zero field value 7*5 Mc/s might equally well have been 

used without affecting the conclusions.) The systematic discrepancy at lower 

frequencies lies outside the experimental error. It is likely that the explanation 

lies in the superficial way in which we have treated the transition process. 

The theoretical expression for the interval between the components at a given 

field is (3a + b), where a and b have their algebraic values. The experimental value, 

7*5Mc/s, agrees sufficiently closely with the interval 7-75Mc/s between the outer¬ 

most lines in strong fields whose separation is (3 | a | -f | b |). This is further evidence 

that a and b have the same sign. 

Figure 9. Field as a function of frequency for the components | — — f) — | — f, — f) (solid 
line) and | §) — | |,f) (broken line). The lines are calculated, the crosses are experimental 
points. 

(d) Related experiments 

(i) Excitation by er, and by unpolarized light 

Inspection of figure 1 shows that the desired inequality in the populations of the 

excited states can be achieved not only by using tt, but also (less efficiently) by 

c7 excitation, and by unpolarized light. These methods were tried, using light 

incident at right angles to the magnetic field, and plane-polarized perpendicular to 

the field in the case of cr excitation. As expected, a excitation gave a signal in the 

negative direction compared with tt excitation, while natural light gave a signal in 

the same sense as with n excitation. 

(ii) The P^ level 

In the former experiments there is complete symmetry between + | MJ). The 

possibility of a signal arises from the fact that the excited level contains | f) and 

11), whereas the ground level contains only | J) states. The method therefore fails 

for the excited P^ level. It is for this reason that we have been able to ignore this 

level in our discussion of the experiments so far, although the resonance radiation 

scattered from it contributes to the background light seen by the photo-multiplier. 

Excitation by a+ or by a~ light alone, on the other hand, will populate the + and 

— states unequally, both in the P| and in the P± levels. This method therefore makes 
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possible the investigation of the level, which is of interest in that it furnishes 

a value of the a factor for comparison with the related constant of the P| level. 

Exploratory experiments of this type were undertaken. The only changes in the 

experimental arrangement were that the magnetic field was directed at 45° to both 

incident and scattered light (a sacrifice of efficiency to convenience), and that the 

beams were polarized and analyzed in elliptical polarization. 

In order to obtain the desired signals it was necessary to work at high r.f. field 

strengths and to use a large amplitude for the 60 c/s magnetic field which modulated 

the signal. For this reason, the structure in the resonance was lost. Figure 10 

shows extra lines which appeared at 41-5 Mc/s away from the P| resonances, and 

which can satisfactorily be interpreted as P| resonances. 
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Figure 10. Resonances in the Pj level. 

Of the four unequally spaced hyperfine structure components of the P^ resonance, 

it was expected (from calculations based on an estimated a factor) that two would 

overlap the P| pattern. The fines in figure 10 are interpreted as the remaining two, 

namely those in which Mz (which does not change in the transition) is equal to — | 

and — f. 

Although the value of the magnetic field was only approximately known, its ratio 

for these two fines could be measured to about 1 %. It is possible to use this value, 

together with the frequency at which the fines were observed, to derive aWe make 

use of the well-known formulae (see Ramsey 1956) which give the position of the 

P| fines in intermediate fields, and obtain the relation 

k2-k 
(3h2-2h + 3) 

2(1 -h2) 

in which k = (frequency )/cq. and h is the ratio of the magnetic fields. Putting in the 

experimental values h = T12/1-43, frequency = 41-5 Mc/s we arrive at a^ = 9-29Mc/s 

with a precision of about 5 %. Comparing 1/5 (a|) = 1-86 ± 0-1 Mc/s with the values 

of quoted in 4 (a) and (b) we find no disagreement. 

(iii) The ground level 

In principle r.f. resonances in the ground level might have produced signals with 

this experimental arrangement. The possibility was excluded that the fines described 

in the last paragraph arose from the ground level. 

(iv) Transitions AMj = ±2 

A feature of the experiments with elliptically polarized fight was the occurrence 

of an exceptionally strong signal at a field strength about one-half that at which the 
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ordinary P| resonance occurred. This can be explained in terms of single quantum 

transitions in the P| level, in which Mj changes by ± 2 and Mx by +1. Such transi¬ 

tions are allowed when I and J are incompletely decoupled, although the transition 

probability is smaller than that for the A Mj = ± 1 transitions by the factor which 

measures the impurity of the states in the | MJ} Mf) representation—a factor of 

about 1/100 in our experiments. Structure was observed in these resonances in 

agreement with this interpretation. The large signal strength of the A Mj = ±2 

transitions is a consequence of the very large difference in population between 11) 

and | — -J), for <t~ light populates 11) and | J), but not | — -J). Since the relative 

signal strengths were of the order 10, it follows that the relative populations of | J) 

and | — must have been of the order 1000 :1. 

5. Discussion of the results 

(a) Evaluation of the nuclear moments 

In § 2 (b) we have given reasons for treating with reserve measurements of 

resonance frequencies when these are comparable with the line width. These con¬ 

siderations apply especially to the measurements in zero field, to which we therefore 

attach less weight than to the high field observations. The two sets of measurements 

are, nevertheless, in agreement to within the stated errors. 

From the high-field experiments we have, by treating the experimental curves in 

two different ways, 

(i) a = 1*94 + 0*18Mc/s, b/a =1-0 + 0-25 

(ii) a = T99 ± 0-10Mc/s, 6= 1*8 ±0*4 Mc/s 

and from the zero-field experiments 

a — 2*02 ± 0-05Mc/s, b = T54 + 0*15Mc/s, 

with the supporting values (3a+ b) = 7*5 Mc/s from the experiments at intermediate 

fields and 1/5. (aP^) = 1*86 ± 0*1 Mc/s from the measurements of P^ resonances. 

We take as final values 

a = 1*97 ±0*1 Mc/s, b = 1*7 ± 0*3Mc/s, 6/a>0*75. 

This value of a, substituted in the Goudsmit formula, yields fiz — 0*40 + 0*02 

nuclear magneton, to be compared with the molecular beam magnetic resonance 

value (Kiisch et al. 1939), 0*391 nuclear magneton. 

The nuclear electric quadrupole moment Q is calculated from the relation (Davis 

etal. 1949) Q = 86/AV£» +0.u +0.02xl0- 
v 3a\e) I M 3~ 

>-24 cm2. 

This value refers to the more abundant isotope 39K. The ratio §(41K)/(Q39K) has 

been found by Lee et al. (\953) to be 1*220 ± 0*002. We have made no corrections of 

the type discussed by Sternheimer (1954). 

(b) The factor gj 

The experimental value 1*34 + 0*002 compares satisfactorily with the theoretical 

value 1*33. 
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(c) The lifetime of the 5 2P term 

A systematic investigation of the width of the resonance lines as a function of 

r.f. field was not attempted. A lower limit to the lifetime derived from the quoted 

fine widths is 1*5 x 10~7 sec. 

We are grateful to Professor Lord Cherwell, F.R.S., for making available to us 

the facilities of the Clarendon Laboratory. Dr H. Kuhn, F.R.S. and Dr B. Bleaney, 

F.R.S., have given us much encouragement and helpful advice, for which we here 

express our thanks. One of us (G.J.R.) is indebted to the Rhodes Trust for a 

Scholarship. 
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Abstract. Radio-frequency and optical spectroscopy are compared. Standard results in the 

theory of hyperfine structure are quoted. The excitation of atoms and the detection of radio¬ 

frequency resonances are discussed quantitatively. Experiments are described in which the 

techniques of ‘ double resonance ’, electron impact, and atomic beams are used. A table of 

measurements is given. 

§ 1. Introduction 

1.1. Precision of Measurement Excited states of atoms have conventionally been studied by optical 
spectroscopy. In the analysis of a set of close-lying energy levels such 
as Zeeman or hyperfine structure components interferometric techniques 

are extremely powerful. The limit to the precision of such work lies not in the 
apparatus—the Fabry-Perot interferometer, for example, is capable of whatever 
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resolving power may be required—but rather in the line width of the radiation 

under investigation. The most important cause of line broadening in high 

resolution spectroscopy is the Doppler effect, which leads to half-intensity line 

widths of order of magnitude 0*02 cm"1 (600 Mc/s). (A considerable reduction 

on this figure is achieved in atomic beam light sources.) 

This limitation in the study of close energy levels is not fundamental, but arises 
merely through the very high frequency of optical radiation: it will be recalled 

that the Doppler width is proportional to the frequency which is actually observed. 
A great increase in precision is to be expected if the intervals between energy levels 

are investigated directly, rather than through the intermediacy of other, very 
remote, levels. 

This report will be concerned with such direct measurements, made in the 

radio- and microwave-frequency regions. We shall often use the term 4 radio¬ 
frequency ’ alone to cover also the microwave range. 

The high precision characteristic of measurements of ground levels is not to 
be expected in the radio-frequency spectroscopy of excited states because of the 
finite lifetimes of the atoms. A typical lifetime of 10-8 sec implies a broadened 
energy level and a half-intensity line width of about 30 Mc/s (both levels^contribute 
to the width). The gain in precision of measurement over optical methods is 

nevertheless very considerable, as these order-of-magnitude figures imply. 
In using the term ‘ excited states ’ in this report, we exclude metastable states 

when the radio-frequency transition is between a pair of metastables. Among 
the experiments which, for this reason, we ignore are those of Heberle, Reich and 
Kusch (1956) on the hyperfine structure of the 22Si/2 levels in hydrogen and 
deuterium, those of Novick and Commins (1958) on the same structure in helium 3, 
and those of Drake, Lurio, Hughes and White (1958) on the gj values of the 3SX 
level of helium and the 3P2 levels of neon and argon. We include experiments 
in which only one of the participating states is metastable. 

1.2. Stimulated Transitions and Conditions of Observation 

The very large factor (~106) between typical optical and radio frequencies 
implies a factor of the order of 1018 in the ratio of the probabilities of spontaneous 
transitions in the two regions. Thus, while optical spectroscopy relies on the 

spontaneous decay of excited states, radio-frequency spectroscopy must concern 
itself with stimulated transitions. Electric dipole and magnetic dipole transitions 
have been investigated. 

The method of detection of transitions in most of the experiments we shall 
describe requires, in consequence of the equality of transition probabilities forward 
and backward between a given pair of states, the prior establishment of a difference 
of population between them. The various methods by which this is accomplished 
are discussed below. 

A further condition for the observation of resonances is that the radio-frequency 
field must be sufficiently strong to induce transitions before the excited atoms 
decay. This implies that the matrix elements of p.E (p,.H) between the given 
pair of states be of the order of %\r, where P (p.) is the electric (magnetic) dipole 
moment, r is the lifetime of the initially excited state, and E (H) is the requisite 
field strength. 
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An important difference between electric and magnetic dipole transitions is 
that the former are much stronger. An estimate of the order of magnitude is 
obtained by comparing the interaction energies of the two types of dipole, of 
atomic magnitudes, in electric and magnetic fields of comparable strength. The 
transition probabilities are in the ratio 

P E 
{JL. H 

ea0 

e%/2mc 
300 

where we have used e.s.u. for the electric dipole and e.m.u. for the magnetic, and 
set the magnitudes of the fields equal in e.s.u. and e.m.u. respectively; a0 is the 
Bohr radius and a the fine structure constant. 

1.3. Types of Experiment 

We shall classify the experiments on excited states by the means which they 
employ to achieve differences in population, and by their methods of detection 
of radio-frequency resonance. 

1.3.1. The attainment of differences in population. 

Our starting point will be an assembly of atoms in statistical equilibrium in the 
ground states. We ignore population differences, if any, which are a consequence 
of the Boltzmann distribution. Convenient means of excitation are by optical 
resonance radiation and by electron impact. 

Isotropic, unpolarized resonance radiation, uniform in intensity over the 
region of absorption, results in populations which are in statistical equilibrium, 
and are therefore of no interest to us. Similarly, the excitation of a set of close- 
lying atomic energy levels by electrons in a gas discharge is generally characterized 
by statistical equilibrium at some (high) electron temperature. 

Population differences may be induced by resonance radiation which is either 
non-isotropic, or polarized, or restricted in frequency range, or by any combination 
of these. Similarly, population differences may be induced by controlled electron 
bombardment, or in gas discharges in which for some reason statistical equilibrium 
is not maintained. § 4 of this Report is concerned with excitation by resonance 
radiation, § 5 with excitation by electron impact. 

(i) Excitation by resonance radiation. 

Polarized resonance radiation was used by Brossel and Bitter (1952) in their 
pioneer ‘ double resonance ’ experiment which is described in § 4.4.1. Readers 
who are unfamiliar with the subject may find it helpful to refer now to this concrete 
example. The later sub-sections describe the developments which have taken 
place in this type of experiment. Measurements of Zeeman splittings, hyperfine 
structures, isotope shifts and lifetimes of excited states have been made. 

Unpolarized resonance radiation was used by Rabi and his collaborators in 
atomic beam experiments designed to measure hyperfine structures in excited 
states of the alkali metals. The illuminated atoms were not in statistical equili¬ 
brium. This work is described in § 6. 
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(ii) Excitation by electron bombardment. 

Controlled electron bombardment was used in the first successful radio¬ 

frequency experiment on excited states, that of Lamb and Retherford on the 
22Si/2-22Pi/2 interval in atomic hydrogen. We shall not describe this celebrated 

experiment here, since it has already been described in these Reports (Lamb 1951). 
Details of the experiment and its interpretation have been published in a set of 
six papers (Lamb 1952, Lamb and Retherford 1950, 1951, 1952, Dayhoff, 

Triebwasser and Lamb 1953, Triebwasser, Dayhoff and Lamb 1953). Lamb’s 
1951 Report describes also the first version of a similar experiment on the analogous 
level in He+. We shall describe later versions of this experiment in § 5.2, which 
also treats other experiments on hydrogen and helium, mainly by Lamb and his 

collaborators. 
The object of these experiments was to make precise measurements of structures 

in atoms simple enough to be amenable to calculations of very high accuracy. 
‘ Lamb shifts ’ were discovered and measured in the spectra of hydrogen and 
ionized helium. Accurate values were obtained for the intervals between triplet 

levels in neutral helium. In this report we shall not treat the theoretical aspects 
of the work. A non-specialist account confined to one-electron spectra has 

recently been published (Series 1957). 
Controlled electron bombardment has been used also in experiments which 

developed naturally from the double resonance experiments. These are described 
in § 5.1. The technique holds promise of being more versatile than excitation by 
resonance radiation in that a greater variety of excited states is accessible. 

A number of interesting variants on these two methods of excitation have 
been tried, to which reference will be made in later sections. 

1.3.2. Methods of detection. 

We first consider, quite generally, two different methods for the detection of 
transitions which have been stimulated by radio-frequency fields: 

(a) Measurements on the radiation field itself. This is the technique used in 
nuclear and paramagnetic resonance experiments in which one looks for changes 
of energy in the stimulating electrical circuit, at the rate of one radio-frequency 
quantum for each atomic transition. The same limiting sensitivity is obtained 
by observing changes of phase in the electrical circuit. 

(b) Observation of some secondary change consequent upon the radio-frequency 

transition. Since an amount of energy much larger than a radio-frequency 
quantum may be available per atomic transition, this is potentially a much more 
sensitive technique than the former. 

We shall be exclusively concerned with the detection of resonances by secondary 
effects. Self-evidently, one might make use of the optical (or other short wave¬ 
length) radiation emitted in the decay of the excited state. The major part of 
this report deals with the detection of radio-frequency resonances through the optical 
radiation. Other methods of detection are used in the atomic beam experiments. 

(i) Detection by changes in intensity or polarization of the emitted optical radiation. 

The optical radiation with which one is concerned is electric dipole. If, 
therefore, the radio-frequency transition changes the electric dipole matrix 
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element between the excited and ground states, then the transition can be detected 
by a change in the total intensity of light radiated in decay. It is clear that electric 
dipole radio-frequency transitions will have the required property. On this basis 
radio-frequency resonances were detected in the experiment on He+ of Lamb 
and Skinner (1950) and its recent refinements, and in related experiments on 
one-electron spectra (§ 5.2). 

The change in total intensity is generally of less interest than the change in 
intensity in some particular direction. Magnetic dipole transitions can bring 
about such changes, though they do not change the total intensity of the light 
(unless the atomic spin-orbit coupling is strong). Their effect is to re-orient 
the atom, and thus to alter the spatial distribution of its (anisotropic) radiation. 

Magnetic dipole transitions are formally represented as causing changes in 
the polarization of the emitted light : indeed, more detailed information about 
the excited states is sometimes obtainable by examination of the polarization, as 
well as of the intensity changes. It is, however, worth noticing that magnetic 
dipole transitions in excited states can often be detected with no polarizing equip¬ 
ment at all. 

The experiments of Lamb and his colleagues on the (two-electron) spectrum 
of neutral helium (§ 5.1.3) make use of changes in intensity of the optical radiation 
in a given direction to detect magnetic dipole transitions. 

In ‘ double resonance ’ experiments (§ 4) changes in the intensity or polarization 
of the fluorescent radiation are used to detect magnetic dipole transitions. 

(ii) Detection by other changes in the optical radiation. 

We shall mention three further possibilities for detection in double resonance 
experiments which, so far as we are aware, have not yet been exploited in experi¬ 
ments on excited states. They are the measurement of optical dispersion, of the 
Faraday effect, and of amplitude modulation of the fluorescent light. 

Dispersion of optical radiation arises through interference between the primary 
beam and light scattered in the forward direction. The effects are large near 
a resonance line. Radio-frequency resonance between excited states, since it 
causes a re-distribution of the scattered light, should induce a change in refractive 
index of the scattering vapour. 

The Faraday effect is proportional to the difference in refractive indices for 
cr+ and o~ light. The amount of the Faraday rotation should therefore change 
when the refractive indices change at radio-frequency resonance. An effect of 
this sort has been observed to accompany paramagnetic resonance in the ground 
state of a Cr3+ ion in a crystal (Wesemeyer and Daniels 1958). Differences 
in population were in this case obtained by cooling the crystal in liquid 

helium. 
The third possibility is a consequence of the mixing of states which radio¬ 

frequency resonance brings about. Since, under the influence of the radio¬ 
frequency field, the state of an excited atom becomes a mixture of the original 
eigenstates, there will exist definite phase relationships between the scattered light 
from different levels. The frequencies of these components will differ by the 
radio frequency itself, so that interference between them will result in modula¬ 
tion at the radio frequency of the amplitude of the scattered light. Experiments 
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on these lines are in progress. The effect is related to a phenomenon predicted 

by Dehmelt (1957) and observed by Bell and Bloom (1957) in the ground state 

of sodium. 

(iii) Detection by other secondary effects. 

In atomic beam experiments radio-frequency transitions are detected by 

changes in the number of atoms which reach a detector. Types of detector are 
various : in Lamb’s experiments on the n — 2 levels in hydrogen the detector 
consisted of a cold tungsten plate with the property of liberating electrons when 

struck by metastable hydrogen atoms ; in Rabi’s experiments on excited levels 
of alkali metals the detector consisted of a hot tungsten wire which stripped electrons 

off the alkali atoms and liberated them as ions. In both cases the radio-frequency 
transition is followed by some very much more energetic change in the detector. 

As we have already remarked, we shall not describe Lamb’s experiment in 
this report. We mention it in this introductory section for the .sake of completeness. 

Rabi’s experiments are described in § 6. 

§2. Time-independent Theory 

The small energy of radio-frequency quanta limits the application of these 
techniques to the measurement of hyperfine intervals, apart from a few important 
special cases in which multiplet intervals are abnormally small, in particular, in 
the spectra of hydrogen, helium and ionized helium. 

For the sake of convenient reference we shall give a few standard results in the 
theory of hyperfine structure in atomic spectra. Further details may be found 
in the book by Kopfermann (1958). We shall not discuss the theory of the special 
cases of multiplet structure. 

We shall limit ourselves in § 2 to stationary state (time-independent) theory. 
In § 3 we discuss transition processes (time-dependent). 

2.1. Stationary State Theory of Hyperfine Structure 

The following Hamiltonian function is generally used to represent the magnetic 
dipole and electric quadrupole interactions in an atom under a uniform external 
magnetic field H : 

* = Al,J+ 2/(2/_ PA'J)2 + *<*'J) -7(7 + 1) J(J + J)] 

.(1) 

In this equation I and J are operators, having eigenvalues [1(1+ l)]1/a and 
[J(J+1)]1/2 respectively in units %, which represent the nuclear and electronic 
angular momenta. A and B are constants proportional to the nuclear magnetic 
dipole and electric quadrupole moments, respectively. (The term in B does not 

apply unless both J and I are greater than J) ; gr and gj are the electronic and 
nuclear ^-factors, the Bohr magneton, and m\M the electron/proton mass ratio. 
The positive sign of the term gjp] .\r\ comes from the negative sign of the inter¬ 

action energy, — [ij. H coupled with the substitution \Lj = -gj&j which takes 

80 



286 G. W. Series 

account of the negative charge on the electron. On the other hand, since the 
nucleus is positively charged we define gT through = gjfilm/M, so that the last 
term in (1) has a negative sign. 

From (1) the hyperfine energy can be deduced in terms of the constants A and 
B, which are then determined by comparison with experiment. Values for the 
nuclear magnetic dipole and electric quadrupole moments are subsequently obtained 
under various simplifying assumptions. 

2.1.1. Zero magnetic field. 

We choose a representation in which F (F = I-f J) is a good quantum number. 
The energy of the level F is then found to be 

W(F) = \AC+ _ [fC(C+1 ) — £/(/+1)7(7+ 1)], .(2) 

where C = F(F+ 1)-/(/+ l)-7(7+ 1). 
As an example of the working out of this formula, we quote the hyperfine 

structure intervals for a nucleus of spin I = f in interaction with electronic spins 
7 = J and 7 = f : 

(i) 7=i W2-W1 = 2A 

(ii) 7 = f W2-W2 = ZA + B 

W2-W1 = 2A-B 

W1-W0 = A-B. 

2.1.2. Weak magnetic field. 

In a magnetic field the terms gjfcJ.H and gzfil.Hm/M introduce energy 
additional to the value of W(F) given by (2). Under the approximation gjpH<^A, B 
the additional energy is 

where 
A W(FymF) = gFpFM = gFpmFH (3) 

Sf ~ 8j 
F{F+l) +7(7+1)-7(7+1) 

2 F(F+ 1) 

and mF takes the 2F+ 1 values F,F— 1... 

~gi 
m 

M 

F(F+ l) + /(/+ 1) —7(7+ 1)1 

2F(F+1) J 
F. 

The second term in the equation for^ is three orders of magnitude smaller than 
the first. Its effect on AW is generally small compared with the natural width 
of the energy levels of excited states. 

2.1.3. Strong magnetic field. 

Under the approximation gjfiH (= G)^>A,B we may again give a simple 
expression for the energy in the representation in which mj and mz are good 
quantum numbers : 

W(mJf m7) = o{nij - gj m 
gjM 

m + Ani j mj 

+ 4/(2/- 1)7(27— 1) ^mj2 J(J+ ^ ^' 

.(4) 
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Again, the term in gjtnjM may often be neglected. 
The order of magnitude of the most important correction terms, which may 

be evaluated by standard perturbation theory, is A2>B2IG. 

2.1.4. Magnetic fields of intermediate strength. 

The secular equation whose solution yields the general result may alwaj^s be 
arranged so that it factorizes into a set of equations whose first member is linear, 
and the others of progressively higher order in the energy. If either I or J does 

not exceed J, no equation of order higher than quadratic appears. The solution 

for J = J, 1 arbitrary, is 

W(±lmI) = -iA-(mI±i)gI^H 

where 

± i[A2(I+ \)2 + 2AG\mI ±J) + G'2P .(5) 

G' = (*r+*£)/»• 

2.2. Calculation of the Nuclear Moments 

The constants A and B express the interaction of the nucleus with all the 
electrons. Under an approximation which is very good for the magnetic dipole, 
but rather crude for the electric quadrupole interaction, the contributions from 
closed shells are generally ignored in the preliminary calculation. More refined 

calculations have been made by Sternheimer (1954). 
Individual electrons outside closed shells each contribute to A and B in a way 

which depends on their coupling. Contributions from individual electrons are 
vectorially additive. Details, for certain configurations of two electrons, are 
given by Kopfermann (1958). We shall quote the results for a one-electron 
system specified by orbital and total angular momentum quantum numbers / and j. 
Following Kopfermann, we use a, b, to denote the interaction constants for indivi¬ 
dual electrons. 

2.2.1. The nuclear gyromagnetic ratio gz. 

For an s-electron (/ = 0, j — |) one finds 

Si — Ulh 
3«03 

SRm oc2 ZZ02 (1 — da\dn) (6) 

apart from certain correction terms of order unity. Z is the nuclear charge, 
Z0 the ‘ outer ’ nuclear charge (1 for a neutral atom, 2 for single ionization, etc.), 

Roo the Rydberg constant, a the fine structure constant, and n0 the effective principal 
quantum number defined by (TIRZ02)1,2y where T is the term value (measured 
from the ionization limit). 0 is the quantum defect n — n0. 

For / 4= 0, both a and b are proportional to the mean value of 1/r3, where r 
is the electron-nuclear distance. Uncertainty in the value of this quantity can 
be eliminated by the introduction of 8, the fine structure doublet splitting, since 
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1/r3 also enters into a calculation of this interval. We then find, for either of 
the factors Uj = al±ij„ 

gl~a‘ 8/(/+l) 
(1*0), 

apart from corrections of order unity as before. Zi is the ‘ inner ’ nuclear charge 
whose value is approximately the true nuclear charge Z diminished by 4 for a 
p-electron and by 11 for a d-electron. A more exact definition is contained in 
Casimir’s expression (1936) for the doublet fine structure, 

8 = a 
2 dn0 Z0>Z> 

drt w03/(/+ 1) 
0t (8) 

in which n is the true principal quantum number and ^ a relativistic correction. 
Corrections to these expressions for gT arise when one takes account of the 

finite size of the nucleus and the distribution of magnetic moment within it, and 
also when one introduces relativistic wave functions into the theory. These 
corrections also are discussed by Kopfermann. 

Equation (7) implies that a simple relation exists between the two a factors. 
It is 

al+H2 

'2Z-1 
,27+3 ) a l-V2> (9) 

apart from relativistic corrections. Deviations from this relation of about 14% 
have been found in rubidium, for example (Senitzky and Rabi 1956). They can 
be understood on the basis that the allocation of a single quantum state («, l) 
to each electron is only an approximation. A consequence of allowing that a small 
fraction of some other configuration may be mixed with a particular configuration 
is to alter the a factors : the fractional change in %a/2 is not necessarily the same 
as that in az_i/2. On these lines Phillips (1956) has given a reasonable explanation 
of the discrepancy in rubidium. 

Deviations from (9) are also to be expected when the uncertainty of measurement 
is less than a2/8, for when this quantity is significant the perturbation between 
the doublet levels j = l±\ is significant. An especially interesting case arises 
in Li II where a and 8 are the same order of magnitude (Guttinger and Pauli 1931, 

Gray 1933). 
The case of small perturbations has been discussed by Clendenin (1954). 

2.2.2. The nuclear electric quadrupole moment Q. 

In the relation between b and Q it is again desirable to eliminate 1/r3 in favour 
of some directly measurable quantity. This can be done either by introducing 
one of the a factors (^±i/2), together with gT (determined by some other method), 
or by introducing, as before, 8 and Z{. 

Then we find, by the one substitution 

0= W, mWJ+V) 
y a\e) glMj(2j-iy 

and by the other, 
b my (2/+i)(2y+2) 

Q 8W ' 2/-1 ’ 

(10) 

(11) 
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where we have omitted relativistic corrections of order unity, is the Bohr 

magneton and e the electronic charge. 
Taking (10) and (9) we have a third relation between b and Q. 

These three relations do not always give consistent results. Acute discrepancies 
in gallium and other elements have been discussed by Koster (1952), and may be 
understood on the basis of configuration mixing. The relation (11) appears to 

be the most reliable. 
To the value of Q computed as above from interactions with the outer electrons 

one must make a correction in consequence of the polarization of the inner core 

of electrons by the nucleus, by which the electric field gradient at the nucleus is 
altered. The change is proportional to Q. The necessary corrections may be 
10% or more. Sternheimer (1954) has made detailed calculations of this effect. 
Polarization of the core affects also the relation between a and gj. 

§3. Time-dependent Theory 

The interaction between an atom of magnetic moment p. and a magnetic field 
of amplitude Hx which rotates in the xy plane with angular frequency co is expressed 
by the addition to the Hamiltonian (1) of a term 

Jtf’if) = — p,. H ft) = — p.. (H1 cos cot i -Hi sin cot]) 

= - \HX [fi+ Qi<dl + fi_ z~ild], .(12) 

where /jl± = fix ± ifiy. 
The magnetic interaction is taken as an example : the argument also covers 

electrical interactions, in which case we shall use the symbols p and 
There will generally exist in the atom energy eigenstates between which the 

matrix elements of p..Hj or p.Ex are not zero. The time-dependent perturbation 
3^(t) will induce transitions to and fro between such states. We are interested 
in the transition probability as a function of the frequency and of the matrix 
elements of the perturbation; we may then derive the form of the resonance curve. 

The analysis of this problem expressed in its simplest term is well known. 
It is given, for example, by Ramsey (1956), where references to the literature may 
be found. The standard solution, which we quote in §3.1, is obtained under 
certain assumptions which are not rigorously valid in the experiments we are con¬ 
cerned with. From this solution, nevertheless, it is easy to obtain the equation of 

the resonance curve for magnetic dipole transitions between an isolated pair of 
excited states (§ 3.4.1). Experimental observations are normally interpreted with 
reference to this equation. The case of electric dipole transitions is treated rather 
differently (§ 3.4.3). 

We normally face more complicated situations than an isolated pair of excited 
states. In the later sub-sections we shall discuss the attempts which have been 
made to meet these actual situations. 

3.1. Simple Model for the Radio-frequency Transitions 

We consider two energy eigenstates of an atomic system, p and q, of energies 

Wp and Wq. We define o>0 = (Wq — Wp)jtl. It is to be noticed that in order to 
specify p and q we must select an axis of quantization. For the purposes of the 
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following analysis, the axis of quantization will be the z axis of the rotating field, 
though it need not necessarily be so. 

We now consider the effect on the atomic system of the perturbation — p.. H^), 
( — p.E1(^)). We shall need the elements of the perturbation matrix 

<P I «^(0 I <t> = “ J^p*{W 1 /*+ e'W) tq dr = -HbpqC***, 

<?I^(0I py = “ JV«*( hHiP-e~itd)'l'pdT = .(13) 

The magnetic moment p. = p.^ 4- p.# -f p.z. We shall ignore the nuclear component 
and write p.~p.z-f p.^, whose matrix elements are the same as those of p.z = — gjftJ 
between states in which J does not change, that is, for all transitions between 
Zeeman and hyperfine-structure components. Matrix elements of p.£ + p.£ 
between states which differ in J are given by Lamb (1957). If J does not change, 
the quantities bpqy b^ are equal to the matrix elements of J± — (Jx ± iJy) multiplied 

by gjPHJ*-YjHv 
In the solution of the problem the following restrictive assumptions are now 

made : (i) neither p nor q interacts with any other state, (ii) the diagonal elements 
bpp, bqq are zero. (This is automatically satisfied in our case, since H^t) has no 
component along the ar-axis.) An expression can now be deduced rigorously 
for the probability Ppq(t) that an atom, initially in state py will be in state q after 
time t. We find 

PpAt) = 
I* pq 

(tO0-Oj)2 + \bpq\2 
sin2{|[(oj0 cof + bpQn*t}. (14) 

(In the similar, but not identical expression first given by Rabi (1937), the states 
p and q are defined with reference to a rotating axis of quantization.) 

The expression (14) forms the basis of all radio-frequency resonance curves. 
It will be noticed that the first factor on the right-hand side describes a curve 
with a maximum at o> = co0 and a width at half intensity of 2 bpq |. The expression 
for Ppq(t) is still a good approximation near resonance when assumption (ii) is 
violated, provided that bpp, bqq<^%a>0. 

From (14) we readily deduce the relative probabilities of radio-frequency 
transitions. For at resonance (to = o>0), and in a time such that the sin2(...)£ term 

is still small, we have 

Ppq(i) = sin2£ bpq\t^(\\bvq\tf .(15) 

so that transition probabilities are proportional to the squares of the matrix elements 
of the perturbation. The probabilities of different atomic transitions in a given 
radio-frequency field Hx(t) are thus proportional to the squares of the matrix elements 
of J±. All non-vanishing matrix elements of J in the representations (FymF) and 
(Jymj) are given below. The formulae may be found in Condon and Shortley 
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(1951), pp. 63, 65, 66. 

<Jymj\Jz\J,mjy — rtij 

<J> tnj±l\J±\J, %> = [(J+ mj) {J±mj+ 1)]1/2, 

(F,mF\Jz\F,mFy = AmF 

<•F,mF\J±\F,mF + 1> = A[(F ± mF) (F+ mF+ 1)]1/2 

7(7+!)-/(/+ 1) + F(F+1) 

2F(F+1) 

<F>mF\Jz\F+ 1, mF> = JJ[(F + l)2 - mF2]^ 

(F, mF | J± | F 1, mF + 1)> = + B\i^F + mF +1) {F + mF + 2)]1,2 

UF+l-J+I)(F+l+J-I){J+I+2 + F)(J+I-Fy\1l* 
L 4(F+l)2(2F+l)(2F+3) J 

<7% mF\J2\F-\ymFy = C[F2 — mF2]112 

<F, mF\J±\F — 1, mF + 1> = + C[(F ±mF)(F ±mF- 1)]1/2 

C = 
(F-J+I)(F+J-I)(J+I+l+F)(J+I+l-F) 

4F2(2F-1)(2JF+1) 
]lfe. 

(16a) 

(166) 

(16.) 

.(16J) 

Certain matrix elements for the case of intermediate field strengths are given by 
Torrey (1941). 

It will be noticed that Jz has certain non-vanishing matrix elements. If, 
therefore, there is a field component H^if) along the axis of quantization, the 
diagonal elements of the perturbation, bpp,bqq do not vanish. 

The existence of matrix elements of J is expressed by the following selection 
rules for magnetic dipole transitions between states of the same J: 

AF = 0, ± 1 ; AmF — 0, ± 1 for the (F> mF) representation ; 

Am,j — 0, ± 1 ; A% = 0 for the (%, %) representation. 

Transitions A J = ± 1 are also allowed by magnetic dipole interaction. 
The transitions Attij = 0, ± 1 ; Arrij — 0, which are allowed if the nuclear 

magnetic moment is not neglected, are weaker by the factor (^//rj)2. 

The matrix elements of the electric dipole moment depend on an evaluation 
of the radial integrals jRp* rRqdr which, for hydrogen wave functions, are tabulated 
by Condon and Shortley (1951), p. 133. The selection rules are'identical with 
the well-known rules for spontaneous electric dipole transitions. 

3.2. Violation of the Simplifying Assumptions 

In experiments on excited states the assumptions under which equation (14) 
is derived may be violated in a variety of ways. First, in virtue of the spontaneous 
emission of radiation, the excited states are connected with remote states. We 
shall see in § 3.4 how the introduction of decay constants allows a satisfactory 
treatment of this situation, and generally leads to familiar Lorentz-type expressions 
for the resonance curve. 
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The restrictive conditions are again violated if the excited states p and q are 
connected by the perturbation with other excited states in the vicinity. If the 
frequency separations are exactly equal a rigorous generalization of equation (14) 
may be given (§ 3.3.1). Approximate solutions (§ 3.3.2) have been found for the 
general case of unequal intervals. The application of these results to magnetic 
dipole transitions between excited states is straightforward (§ 3.4.1). Certain 
particular cases where the intervals are unequal (or the states are perturbed by 
other fields) have been examined in detail (§ 3.5). 

Violation of the condition that the diagonal elements of the perturbation matrix 
be small can usually be avoided by arranging that the radio-frequency field be 
at right angles to the axis of quantization, but it is sometimes of interest to use 
other geometries. In the exploration of AmF — 0 transitions between weak field 
hyperfine levels, for example, the condition can easily be violated. No theoretical 
analysis of this case has come to our notice. 

In § 3.6 we shall mention the situation in which the radio-frequency field is 
composed of several types of quanta. The most common case is met when an 
oscillating rather than a rotating field is used to induce transitions, which is the 
usual practice. An oscillating field comprises a mixture of right- and left-handed 
circularly polarized quanta of the same frequency. The superposition of fields 
of different frequency is also of interest. 

3.3. Multiplicity of Energy Levels 

3.3.1. Equally spaced energy levels. 

The groups of states (F, mF) (or (7, mf)) include more than two if F (or 7) is 
greater than In sufficiently weak magnetic fields the energy levels are equally 
spaced. Through the interaction of several radio-frequency quanta transitions 
may be induced between any pair of the group. Majorana’s well-known solution 
for the probability of a transition (taken from Ramsey 1956, p. 154) is 

P(F, m, m', t) = (F-m)! (F+ m)! (F- m') \(F+m')\ (sin Ja)4ir 

x 
( — 1 )r (cot lq)w+m/+2r 

(F — m — r)! (F — m' — r)! (m 4- m' + r)! r! 
(17) 

in which the summation index r may assume all values for which no argument of a 
factorial becomes negative, and in which a is defined by the equation 

sin2 Ja = P(hh ~ 2> 

i.e. the function Ppq of equation (14) with 

0,0 = (WQ-Wv)\% = (gFf3H0)in = yFH0 

and 1^ I2 = {vfHi)2- 

It is to be noticed that the probability of a single quantum transition 
(m — m'= ±1) is dependent on whether there exist other values of m within the 
group. Multiple quantum transitions are not simply represented as the product 
of successive single transitions. For small values of yH1t the probability of a 
^-quantum transition is proportional to (yHf)2k. 
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3.3.2. Unequally spaced energy levels. 

We consider groups of energy levels whose unequal spacing may arise through 

the onset of 7,7 (or L, S) decoupling, or because they belong to different values of 
F in hyperfine structures, or for some other reason. The common feature is that 

the different members of the group are interconnected by the perturbing field. 
Transitions m^m±k, (k integral), may be induced through the intervention of 
k equal quanta. Conservation of angular momentum between the radiation field 
and the atom is thus assured. Conservation of energy requires that 

Wq -Wp = k%aj0. 

When k > 1, the process is described as the simultaneous interaction of k quanta, 
rather than as k successive interactions. A number of authors (Besset, Horowitz, 
Messiah and Winter 1954, Winter 1955, Salwen 1955, Hack 1956) have treated 
the problem theoretically. 

The main features disclosed by these analyses are : 
(i) The transition probability is generally given by expressions similar to 

Ppq (equation (14)). 
(ii) The resonance line width is of the order 8/k, where 8 is the width appro¬ 

priate to single-quantum transitions. It is easy to understand this ; for if k 
quanta act simultaneously, we shall find (e?wi)fc in the perturbation operator, and 
the resonance denominator [(koo — a>J)q)2+ \bJ)q\2 +(l/T)2]-1 (see eqn (18)) will be 
proportional to [(cu — oj0)2 +1 bpq\2/k2 + l/T2^2]-1, where co0 = cx)pJk = (Wq — Wp)jk%. 

P 

^pi 

t- 

1-1 

Figure 1. Multiple quantum resonances between unequally spaced‘levels. 

The half-intensity width therefore tends to 2\Tk when bpq is small, instead of 
to 2/71. 

(iii) The resonant frequency co* differs from wo = (Wp - Wq)tm. Analytical 
expressions (Salwen 1955, p. 1284) for the amount of the shift may be understood 
on the basis of time-independent perturbation theory in which the effect of the 
radio-frequency field (to first order) has been taken into account by shifting all 
the levels by the amount mcj0 and by allowing perturbation between levels which 
differ by 1 in m. Intervals between such levels are reduced by the amount co0. 
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Thus, for example, if p, ij, q is a set of states whose m-values decrease 

successively by 1, their separations, for the present purpose, become 

o> ^ij ^ 0» Ujq ~ w0- 

Then if \b pi is the matrix element of the perturbation between states p and i, a 

second order perturbation treatment introduces an upward shift of p by \bpi\2!A\pi 

and a downward shift of q by | bjq |2/4Ajr (Since is numerically negative in 

the figure, q is displaced upwards.) 

Subject to the usual approximations of perturbation theory (&<^A), we find 

the frequency shift 

OJ MMU 
4V + 

4A* 

to which the general formulae reduce in our example. 

(iv) The intensity of a ^-quantum transition under the above approximation 

is, in our example, proportional to [\bpi\ \btj\ \bjq\i(co0 —ajqi)(co0 —a)qj)]2 : the 

significant feature of this expression is the proportionality (through the b) to the 

2kth power of the radio-frequency field. This is true also in the general case. 

The higher quantum transitions show a strong dependence on the perturbing 

field strength. 

Multiple quantum transitions have been observed on several occasions in 

experiments on excited states (Althoff 1955, Ritter and Series 1957). Kusch 

(1956) undertook a systematic study of these transitions in the ground state of 

39K, and found the theory well substantiated for amplitudes of the radio-frequency 

field which gave a maximum probability of transition. The discrepancies in 

line width which he found at higher amplitudes can probably be explained by a 

more detailed analysis of the variation in space of the radio-frequency field (Barrat 

and Winter 1956). 

3.4. Finite Life of Excited States 

A thorough analysis of the effect of distant states to which decay is possible 

would entail a solution of the time-dependent wave equation embracing all the 

states and radiation fields concerned. This we shall not attempt. We represent 

the effect of distant states in a phenomenological way by introducing constants y 

for exponential decay, nt = n0 e-"^. The ‘ lifetime * of the state, T = 1 /y. 

We shall see that T enters into expressions for the form of the resonance 

curve, the width of which may be used to determine T. The cases of magnetic 

and electric dipole transitions need to be treated differently, since in the one case 

all the excited states have the same decay constant, while in the other they do not. 

The finite lifetime sets a lower limit to the radio-frequency field strength 

required to induce a transition (§ 1.2). On the other hand, the stimulation of 

transitions itself artificially shortens the lifetime of the states, so that the width of 

the resonance curve is a function of T and of the matrix elements b. 

Rather complicated effects are to be expected if T is comparable with the 

precession time of atomic interactions, the hyperfine structure, for example. It 

is to be expected in this case that the electron-nuclear coupling would be reduced, 

so that the peak of a radio-frequency resonance curve for a hyperfine interval 
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would not exactly correspond with the frequency interval given by the stationary 
state theory. We understand that the problem has been considered by Serber 

(1956). 
In the following sections the radio frequencies are much larger than the 

reciprocal lifetimes y, but a case is cited (§3.5) where a perturbing level lies within 

the distance y of an excited level. 

3.4.1. Magnetic dipole transitions between excited states. 

Following Brossel and Bitter (1952), we consider the simple case of transitions 

between a pair of isolated states which have the same lifetime T. We use equation 
(14) for Ppq, the probability of transition in time t. The signal ASpq will be some 
change, usually in the intensity of a beam of light, consequent upon the transition 
p->q. Now, of Np atoms excited and brought under the influence of the radio- 
frequency field at time tv a number {A^exp [ — (t — t-f)IT^Ppq(t — t-f survive to 
time i > tx and, having been transferred to state q> contribute to the signal. The 
simplicity of this expression rests on the fact that both p and q decay at the same 
rate. We need to integrate it for all tx from — oo to t. Thus 

^Spqoc f *l)l 
1 exp 
) —OO T 

\b 
to — CDt 

^-11 sin2 [«(» - oj0)2 +1 bm |T2 (t - fj] dt, 
) "r [ apq | 

oc 
b I2 um\ 

(M-w0f + (\lTf + \bpqf 
(18) 

In the case of a multiplicity of equally spaced levels, the Majorana formula (17) 
is used instead of Ppq. 

Careful experimental studies of line profiles made by Brossel and his colleagues 
(Brossel and Bitter 1952, Guiochon, Blamont and Brossel 1956) have confirmed 
the form of equation (18). It has been extensively used in the determination of T 
through the relation 

(w = iM2+(i/7y .(i9) 

which gives the line width Stu between points of half-intensity. In so far as 
M2 (ccH,*) is usually not known absolutely, T is determined by extrapolation 
to zero radio-frequency field strengths. 

3.4.2. Coherence times. 

T (equation (18)) was interpreted as the lifetime of the excited atoms until the 
Paris group discovered that its value depended on whether multiple scattering of 
photons was taking place in the resonance chamber (§ 4.4.2). It is now interpreted 

as a ‘ coherence time 5 which tends to a constant value r, the true lifetime, as the 
atomic density in the vapour is reduced to the point at which multiple scattering 
ceases. 

A theoretical analysis of the relation between T and r has been outlined (Barrat 
1958) and a detailed publication is promised. The problem is stated in terms 
of the probability amplitudes ap(t),aq(t) for the states p and q. There will be 
definite phase relations between the ajf) and aft) for the emitting and absorbing 
atoms, and there arises the possibility of interference phenomena. An analysis 
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which describes the emitting or absorbing atom as being definitely in one or other 
of the states p,q (i.e. in terms of | ap\2>|aq\2), would not disclose the interference 
effects. 

The problem is enlightened by considering the following experiment (Barrat 
and Brossel 1958). Two separate vessels A and B containing mercury vapour 
at low pressure (single scattering) are placed in the same steady magnetic field H0 
and the same radio-frequency magnetic field. Vapour in A is excited by resonance 
radiation from a lamp : the fluorescent radiation from A excites the vapour in B. 
The fluorescent radiation from B is studied to detect radio-frequency resonances 
in B. It is found that the details of the resonance curve are quite different from 
the case of single scattering: in particular, TB > r. If now a polarizer be inserted 
between A and B the characteristics of the resonance curve are those of single 
scattering. 

Figure 2. Double scattering of resonance radiation (schematic). 

The interpretation of this experiment in the terms proposed above is that, 
since the atoms are in the same fields, the probability amplitudes a(t) of an exciting 
atom in A and an excited atom in B develop at the same rate. The phase relations 
between the a(t) of the atom in A are passed on to the atom in B via the resonance 
radiation. The coherence time of the excited states is then greater than that of 
either atom : Tb>t. With insertion of the polarizer one determines the proba¬ 
bility that the photons which pass will have a given polarization, but sacrifices 
any coherence which existed between different polarizations (Dirac 1947, Ch. I). 
The phase relations between the emitting atom in A and the excited atom in B 
become uncorrelated. The measured lifetime will be that of the atom in B. 

3.4.3. Electric dipole transitions between excited states. 

If electric dipole transitions are allowed between a pair of excited states p and q, 
these will in general decay at different rates. For this reason the treatment of 
the last section is inapplicable. 

We are not aware of any treatment which is valid when the radio-frequency 
perturbation is not small compared with the natural width of the energy levels. 
In the case when the perturbation is small, the results of the quantum theory of 
radiation may be applied (Weisskopf and Wigner 1930, Heitler 1954, p. 186). 

Let yp,yg be the decay constants, and let yq>yp. Let SQ be the energy flux 
per unit area of radiation of angular frequency a>, whose electric vector is parallel 
to a unit vector e. Then yw, the probability per unit time of a stimulated transition, 
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may be expressed : 

Yu> 
PQ 

(oj - aj0y+i {yp+yqy 
(20) 

where rpq is the matrix element of e. r between states p and q> r having its usual 

significance, the sum of the coordinate vectors of the atomic electrons. This 
expression for gives the form of the resonance curve for an isolated pair of 
excited states, under the approximation that the perturbation is small compared 

with yp or yq. 
Equation (20) has been derived by Lamb (Lamb and Retherford 1950, 

Appendix II, Lamb 1952, section L) from the equations of time-dependent 
perturbation theory (for the particular case that yp ~ 0) under the approximation 

that the perturbation is small compared with yq. 

3.5. Transitions between Excited States in the vicinity of other States 

Two cases have been investigated in detail. In both cases magnetic dipole 
transitions were investigated between states p and q, one of which was perturbed 
by a third state. In the one case the perturbation was by the radio-frequency 

magnetic field, in the other by a static electric field. 

"V 

^0 

—±-1 

Figure 3. Combined Zeeman and Stark effects in the level 

The first case (Blamont and Winter 1957, Blamont 1957) concerns the states 
nij = 0, ± 1 of the level 3PX of mercury. The three energy levels are unequally 
spaced under the influence of static electric and magnetic fields. The Bohr 
frequencies (Wq— Wp)!% are £20± e. Blamont and Winter calculate rigorously an 
expression for the form of the resonance curve, and find excellent agreement with 
experiment. The positions of the two maxima depend on the radio-frequency 
field Hly as one would anticipate from the arguments of § 3.3.2. The perturbation 
formulae lead to the shifts ± (y//1)2/4e (matrix element : yHJJ2 ; A = 2e). 
Blamont and Winter quote ± 4(yJT1)2/e, but this is evidently a fnisprint, since 
Blamont’s article quotes ± (yi/1)2/4e, in agreement with the perturbation formula. 
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In the second case (Lamb 1952, p. 271, Lamb and Wilcox 1958) magneuc 
dipole transitions are investigated between the states m,j = ± J(a and ft) of the 
level 2Si/3 of atomic hydrogen. These are both metastable. The perturbing 
state is 2Pi/2, rrij — \ (e). At about 575 gauss, the states p and e have the same 
energy. The perturbation between them, V, arises from the electric field which 
is a consequence of the motion of the atoms through the magnetic field. Under 
ordinary time-independent theory, the perturbation between p and e would be 
such that they would never in fact cross : at the field where they would have 
crossed, each state should be a 50 : 50 mixture of pure S and P state. An entirely 
different conclusion is reached when one takes account of the different decay 
constants of ft and e. 

If | V\ ^ Jy, where y is the decay constant of the P state, (3 and e do in fact cross, 
and largely retain their S and P characters. Moreover, the point of intersection 
does not depend on the perturbation V. Hence the peak of the resonance curve 
is unshifted, and the curve itself is far narrower than would correspond to sharing 
of the decay constant of state e. 

3.6. Quanta of Different Kinds 

In the foregoing sections we restricted the argument to a uniformly rotating 
magnetic or electric field. In actual experiments it is usual to employ an oscillating 
field H1cosa>t\ which corresponds to the superposition of two fields rotating in 
opposite directions. 

The sense of rotation which is effective in inducing the required transition depends 
on the sign of Wq — Wp relative to mq — mp, which, in the magnetic case, depends 
on the sign of the ^-factor. The sense of rotation which stimulates absorption of 
energy also stimulates emission. The opposite sense stimulates neither. We refer 
to the ‘ resonant ’ and ‘ anti-resonant ’ components of the oscillating field. 

It was first calculated by Bloch and Siegert (1940) that the anti-resonant 
component causes the peak of the resonance curve to be displaced to higher 
frequencies from o>0 = (Wq — Wp)jfl by the amount | &P3|2/4a>0, where \bpq, as 
before, is the matrix element of the perturbation (see equation (13)). In applying 
this relation it is to be understood that the amplitude of the oscillating field is twice 
that of the rotating field. H1 in these formulae is the amplitude of the rotating 
component. The Bloch-Siegert correction is sometimes significant in experiments 
on excited states. 

Ramsey (1955) has shown that if rotating fields of several frequencies 
oj1} are present simultaneously, the peak of the resonance curve at aq near 
coq is shifted as before by the amount to1 — o>0 = | bi |2/2(o;0 — to{) for each toi} provided 
that |ix| ...| bi\... <^tu0 — co^ This expression includes the Bloch-Siegert case 
Q)i = - OJq. 

A type of multiple quantum transition, different from that discussed in 
§ 3.3.2, has been investigated by Brossel, Margerie and Winter (1955). Transitions 
between a given pair of states are induced by the simultaneous action of radio¬ 
frequency fields of different frequencies to and to'. The various possibilities are 
governed by the equation , , 
6 J H fa+gco = to0, 

where / and g are positive or negative integers. 
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Conservation of angular momentum is satisfied by the selection of photons of 

appropriate polarization. The radio-frequency field must have a component 
along the axis of quantization as well as perpendicular to it, so that there exist 

cr+, <j~ and 7t photons having 1, — 1, and 0 units of angular momentum respectively, 
in the direction of the axis. An atomic transition Am = +1, for example, may 
then be stimulated by the absorption of one photon, cr+ ; or two, cr+ and tt ; or 

three, <r+, cr- and 77 ; etc. (figure 4). 

-—— m+l 

17" 

a* 

■-m 

Figure 4. Simultaneous action of quanta of different kinds 

One finds for these resonances the same features as in the case of multiple 
quantum transitions treated earlier (§ 3.3.2), namely, Lorentz line shape, reduction 
in line width according to the number of quanta participating, intensity propor¬ 
tional to |6|2^|&' |2fir and shift of the peak of the resonance curve. These shifts 

can be quite large. They are given by the expression 

W , \R , l*T , l*T 
0 2(0 -<o)' 2(0 + a>) 2(0- w') 2(0 + w') 

where Q = /to -hgco' at resonance, oj0 = (Wq— Wp)/% and lb, \b' are the matrix 
elements as defined in equation (13) for the two radio-frequency fields which 
together induce the transition Am = 4-1. The formula is deduced for linear radio¬ 
frequency fields. It is valid so long as one of the quantities |6|2/(D —o>) ... is 
small compared with 0. Terms with zero in the denominator are to be discounted. 

Although there may be components of the radio-frequency field along the 
axis, the matrix elements into which these enter are zero, and they do not appear 
in equation (21). 

In an experiment on sodium in the ground level, Brossel, Margerie and Winter 
(1955) observed shifts of resonance peaks which agreed well wTith the predictions 
of (21). 

§4. Double Resonance Experiments 

4.1. Resonance Radiation 

The phenomena of optical resonance radiation attracted a great deal of attention 
in the nineteen-twenties and thirties. Wood’s early experiments with sodium 
vapour were followed by quantitative studies of the dependence of the intensity 

and polarization of the fluorescent radiation on such variables as the vapour 
pressure of the fluorescent substance, the pressure of foreign gases, the presence of 
magnetic fields, the geometry of the absorption bulb, and the spectral distribution 
of the exciting radiation. 
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It will be recalled that essential conditions for the observation of resonance 
radiation are low vapour pressure of the substance concerned (< 1 micron of 
mercury) and illumination by light whose frequency corresponds exactly with an 
allowed transition in the substance, normally from the ground level. This light 
may, but need not, originate from a lamp containing the particular substance. 
Self-reversal in the light source must be avoided. Low pressure of foreign gas 
in the resonance vessel is usually desirable, but is not always essential. Resonance 
radiation has been observed in many substances, although most work has been 
done on sodium and mercury. An excellent account of the subject from the 
experimental point of view is to be found in the textbook by Mitchell and 
Zemansky (1934). A shorter account is given by Pringsheim (1949). The 
quantum theory of resonance radiation is presented in Heitler’s book (1954). 

In studying the literature of the early nineteen-thirties it is to be remembered 
that the theory of atomic hyperfine structure was in its infancy. Some of the 
experiments on the polarization of resonance radiation, for example, which were 
difficult to interpret at the time, are immediately explicable in terms of nuclear 
spin. 

Of particular importance in connection with double resonance work is an 
understanding of the distribution in space of resonance radiation, and its polariza¬ 
tion. While quantum mechanical calculations are necessary for detailed studies, 
a model based on classical physics can be very helpful. This we next consider. 
With its aid we realize, for example, the important practical point that the angular 
size of light cones can be quite large before the efficiency of double resonance 
experiments is seriously impaired. 

4.2. Spatial Distribution of Resonance Radiation : Classical Model 

We first represent the atom by an isotropic electric oscillator. Let this be 
excited by a polarized electromagnetic wave travelling in a particular direction. 
The oscillator will be stimulated to radiate with the anisotropic distribution 
characteristic of a dipole. 

An external magnetic field will, in general, exert a couple on the oscillating 
dipole, and the resulting precessional motion will cause a re-distribution of the 
scattered radiation. But in the important special case of a field parallel to the axis 
of the dipole there will be no couple, no precession and no change in the scattered 
radiation. 

We wish now to examine the effect of an additional magnetic field, rotating in 
a plane perpendicular to the static field. We consider the special case cited above. 
Resolve the oscillating electric dipole into two opposed circular currents, that is, 
two oppositely directed magnetic dipoles. We endow these with angular momenta 
parallel to the dipole moments, so that the twro angular momenta are also opposed. 
The magnetic dipoles now precess in the same sense about the static field. If the 
additional magnetic field rotates at the precessional frequency and in the correct 
sense, there will occur energy exchanges between the dipoles and the rotating 
field : that is to say, the dipoles may change their direction with respect to the 
static field. In this way the rotating magnetic field can bring about a re-distribu- 
tion of the radiation from the oscillator, and resonance between the rotating field 
and the precession of the atom rqay thereby be detected. 
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In an actual atom the spin-orbit or hyperfine structure interactions may exert 
couples on the oscillator, which is then no longer isotropic. The distribution of 

radiation is different in this case, but the possibility still exists of changing the 

distribution by means of a rotating magnetic field of the correct frequency. This 
may be the precessional frequency in an external field, as before, or it may be any 
of the precessional frequencies associated with the spin-orbit or hyperfine structure 

interactions in zero field. 

Aff 

(a) (b) (c) 
Figure 5. Resolution of an oscillating electric dipole : (a) oscillating electric dipole ; (b) equivalent 

pair of spinning magnetic dipoles ; (c) precession of the magnetic dipoles in a static field H. 

4.3. Intensity and Polarization of Resonance Radiation : Quantum Theory 

For many purposes it is satisfactory to treat the process of resonance 
fluorescence as the succession of two independent processes, excitation and decay. 
This treatment we shall shortly illustrate. It is inadequate when the natural 
width of the levels is comparable with the distance between them, for then the 
possibility arises of interference between excitations to different states. The case 
has been discussed by Hawkins (1955) and by Serber (1956). When the levels are 
well separated the interference effects are negligible, and the simple treatment 
suffices. 

Knowledge of the probability for excitation to a particular level demands in 
principle a calculation of the matrix elements of the electric dipole moment. 
Absolute calculations are generally quite impracticable : we use instead the 
measured /-value of the transition, which gives the total cross section for excitation, 
and the angular factors in the matrix elements, which give the distribution between 
different states. 

The /-value (oscillator strength) of an atomic transition is a measure of the 
ability of an atom to absorb radiant energy relative to the ability of a classical 
oscillating electron. It is in fact connected with the probability for spontaneous 
decay of the excited level Akj by the relation 

f» = Aj = l-Slg V A (A* in cm) 

where gk,gj are the statistical weights of the levels kj. 
The integrated cross section for absorption of radiation by a classical oscillating 

electron is a universal constant, Tre2lmc. We therefore have, for absorption by a 
transition of oscillator strength /, 

j or v dv = 77e2flmc ...... (22) 
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where crp is the cross section at frequency v. If the atoms are illuminated by 
nvdv photons/cm2 sec in the spectral range dv, the number of photons/sec absorbed 
per atom will be 

jnvcrl,dv = nvTTe2flmc = 2-64 x 10 ~2nvf .(23) 

if nv is a constant over the absorption region. Values of / are to be found in 
Landolt-Bornstein’s tables (1950). 

We now quote the relative probabilities, A(Jymj; J'ymj')y for transitions 
between different states. / will embrace a group of such transitions. 

A[Jymj\Jy(mj ± 1)] : AJ% j(J± mj + 1)(7 + nij) 

A [7, mj ; 7, trij] : 2Aj jirij2 

A [7, m.j ; (7+1), (ntj ± 1)] : AJt J+1 (7 ± ntj + 1) (7± nij + 2) 

A\Jyrrij ; (7+ 1),mj\ : 2AJJ+1(J + ntj + 1)(7— mj + 1). 
.(24a) 

In using the formulae for calculating the intensity of light in absorption or 
emission, it is to be noticed that the spatial distribution of tt light (Am = 0) is 
different from that of a light (Am = ± 1). For this reason, when the intensities 
of tt and ex light are being compared for a direction at right angles to the axis of 
quantization, the transition probabilities for a light (given below) are to be multiplied 
by J. It will be noticed that the totals of rr light and of a light in this direction 
are always equal. 

For the Zeeman components in hyperfine structure we use the above formulae 
with 7, nij substituted by Fy mF. The coefficients AF Fy AF> F+1 are then related 
as follows : 

for7->7, 

\(J+F+I+2){J-F-I-l)(J-F+I)(J+F-I+\)\ . 
af,f+i (F+1) I’ 

for J—>J +1, 

f(7+F+/+2)(J+F—I+ 1)(7—F + /+ 1)(7—F-7) 0 
af,f - ^j,j+i| n + F(F+ 1) 

A f, F+r 

((7+F + /+3)(7+F+/+2) (7+F—7 + 2) (7+F-/+ 1)) 

(F+!) 
(24 b) 

These formulae have been gathered from the book by Condon and Shortley 

(1951, pp. 63, 238, 387, 424). 
The formulae cannot be used for hyperfine structure if the atom is in a magnetic 

field which is strong for the excited, and weak for the ground level. In this case 
each ground state (Fy mF) is treated as a sum of states (7, nij ; /, m7) with probability 
amplitudes which are conveniently given by Condon and Shortley, p. 73. 
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By way of example, we now apply the formulae to the resonance line of mercury, 

61S0—63P1} A2537A. The cases 7 = 0 (even isotopes) and I — J(199Hg) are illus¬ 

trated in figure 6, where the numbers which break the transition lines are ratios of 

transition probabilities, A(Jfmj ; 7',m/) or A(F,mF ; F\mF). 
Normally, all the ground states of a given isotope will be equally populated 

(apart from the possibility of a very small Boltzmann factor, which we ignore). 
We examine first the effect of illumination whose frequency distribution is 

uniform over the whole of the absorption region. 

(a) (b) (c) 

Figure 6. Transition probabilities in the resonance line of mercury : (b) even isotopes : 1=0. 
(c) 199Hg: I= h 

Relative intensities for observation perpendicular to the axis of quantization are obtained by 
introducing the factor \ for the transitions Am = ±1. 

The relative populations of the excited states will then be the sums, for each 
state, of the excitation probabilities for the given type of exciting radiation (bearing 
in mind the factor \ for a radiation where appropriate). Thus, for excitation 
in a direction perpendicular to the axis of quantization, we find the following 
distribution of population. 

mHg 

F = I 

.a. 
2 — J +£ + | 

F=± 
-*-* 

Excitation by 
7r light 
o~ light 
<7+ light 
natural light 

even 
isotopes 
,-A-V 

J = 1 

/-A-\ 
-1 0 +1 

0 1 0 
i 0 0 
0 0 i 
i 1 i 

0 2 2 
f £ o 
0 0 i 
A 5 5. 

0 1 1 
0 1 0 
I 0 1 
f 2 2 

The examples bring out the following facts, which are true generally: 
(i) When the values of J (or F) differ between the ground and excited levels, 

population differences may be induced by light of any polarization, or by natural 
light. Differences are most pronounced when tt light is used. 

(ii) When the values of J (or F) are the same in the excited as in the ground 
level, population differences are induced only by o~ or o+ illumination. 

It may be verified that isotropic excitation by natural light results in equal 
population of all the excited states. 
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We now consider the case when the exciting radiation is non-uniform in 
frequency distribution, for example, when the hyperfine structure is partially 
resolved in the light from a source. The transition probabilities are now to be 
multiplied by the relative intensities of the light in the difference regions of absorp¬ 
tion. The result is that the excited states can be unequally populated, even when 
the illumination is isotropic and unpolarized. We consider a particular example 
in § 4.6. 

The populations Ne of the excited states having been found, the quantities 

= Sa- = % Ne A,-, S^J^N.A, 
e e e 

give the total amounts of o+, o~ and tt components in the fluorescent light. Proper 
account must be taken of the spatial distribution, as mentioned above. 

Detection of radio-frequency resonances in the excited states rests on changes 
which take place in Sa+y S<r- and Sn when the Ne are re-distributed. The changes 
A*S can be calculated from the formulae of § 3. 

Changes in S can occur in other ways, for example, if the atoms undergo 
collisions which re-orient them before they decay. As we shall see later, states 
with 7=0 are less sensitive than others to such collisions. 

The smallest signal which can be detected depends on the sources of noise in 
the experiment. Frequently,'the most important source is the shot noise in the 
emission of electrons from the cathode of a photomultiplier. In this case we can 
calculate the signal to noise ratio as follows : 

Let is be the primary current at the cathode of the photomultiplier due to the 
fluorescent light S. Stray light may contribute a further current i0. The shot 
noise is constituted by the random fluctuations in the n electrons which, in observa¬ 
tion time r, constitute the current i = i8 + i0. The r.m.s. noise current int averaged 
for time r, is the current associated with «1/2 electrons, i.e. 

in = w1/a ejr = (ie/rf12, since i — ne/r. 

The signal current tAs, is (AS/S)is = fiis. Thus 

= 7J\lT. .(25) 

The fraction p depends only on the relative populations Ne, the radio-frequency 
transition probabilities, and the relative probabilities for decay. It does not 
depend on the spectral density of the exciting radiation, provided this is uniform 
over the region of absorption. Nor does ft depend on the /-value, or on the 
density of absorbing atoms N&. 

4, on the other hand, depends on nu>f and N&} also on the fraction of the 
fluorescent light which is received by the photomultiplier / and .on the efficiency 
of the photocathode rj. For if, as in equation (23), nvdv is the number of photons 
per cm2 in the spectral range dvy then the number of atoms excited per second 
is (7re2lmc)nvfN& l, provided that the vapour is optically thin, where / is the length 
of vapour column of N& atoms per cm3. We then have is = (7re3lmc)nvfN&l(j>r). 
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4.4. Double Resonance Experiments in Magnetic Fields 

We now give brief accounts of experiments which have been performed. 

4.4.1. The experiment of Brossel and Bitter. 

The ‘ double resonance ’ method was introduced by Brossel and Bitter (1952), 
following the prediction' of Brossel and Kastler (1949). The excited level 6^ 
of mercury was studied in a magnetic field, tt excitation with the resonance line 
A2537A was chosen, i.e. the light was incident on the resonance cell at right angles 
to the magnetic field, and was polarized with its electric vector parallel to the field. 

Under this excitation the state mj — 0 alone is excited. The radio-frequency 
magnetic field at fixed frequency v was applied by a coil surrounding the resonance 
vessel, and the ‘ static ’ magnetic field varied through the resonant value H0 given 
by hv = gj /3H0. It is clear from figure 7(b) that radio-frequency resonance will 
be accompanied by an increase in cr, and a decrease in tt light. These changes 
were detected by photomultipliers which received light in the direction of, and 
perpendicular to, the field, respectively. The currents were set in opposition in 
order to compensate fluctuations in the light source, and at the same time to double 
the signal. The difference current was observed on a galvanometer. 

Brossel and Bitter studied in detail the line shape of the radio-frequency 
resonances, and in particular its dependence on the radio-frequency field strength. 
As is shown in § 3.4.1 it is possible by extrapolation to obtain a line width, and 
hence a time, which was interpreted as the lifetime of the atoms. Further studies, 
described in the next sectio have revealed that the ‘ coherence time ’ obtained 
in this way is not identical with the lifetime but is asymptotic to it at low vapour 
pressures. 

Figure 8(a) shows a set of resonance curves obtained with various amplitudes 
of radio-frequency field. The double peaked curves obtained at the higher field 
strengths are predicted by the Majorana formula (equation (17)), which is appro¬ 
priate to this case. 

20 
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Figure 8(b) demonstrates displacement of the resonances by the Bloch-Siegert 
effect (§ 3.6). 

From their measurements Brossel and Bitter deduced the value 

gj = 1-4838 ±0-0004 

for the level 6^! in mercury. The significance of the experiment lies not so 
much in this determination as in the demonstration of the feasibility of the method. 
From this work has stemmed the investigation not only of other excited states, 
but also of the widening and important field of ‘ optical pumping \ 

Figure 8. Resonance curves obtained by Brossel and Bitter : (a) resonances at different 
r.f. field strengths ; (6) the Bloch-Siegert effect. 

4.4.2. Further studies of excited states in mercury. 

Blamont and Brossel (1956) studied the Stark effect of the level 6^ in mercury. 
The experimental arrangement resembled that of Brossel and Bitter, with the 
addition of a pair of plane electrodes in the vapour for the establishment of static 
electric fields of the order of 50 kv cm-1. The difficulty of finding electrodes 
which could be used in a region of strong radio-frequency fields was overcome by 
using a semiconductor coated on to Pyrex (Blamont 1957). 

In contrast with the Zeeman effect, the Stark effect is independent of the 
sign of mj (or mF). The intervals between mj = 0 and ± 1, therefore, which are 
equal under a magnetic field alone, become unequal when an electric field is 
simultaneously applied (figure 9(a)) : the single peak v0 (figure 9(6)), which denotes 
two coincident radio-frequency resonances, separates into its two components 
v± and v2. The interpretation of these curves is not quite straightforward, since 
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doubling of the peak can occur even when there is no electric field if the radio¬ 

frequency field is strong enough (see figure 8). Blamont’s detailed theory of the 

line shape (1957, see also § 3.5) is well supported by the measurements. 
Guiochon, Blamont and Brossel (1956, 1957) also Boutron, Barrat and Brossel 

(1957) observed and studied an unexpected narrowing of the radio-frequency 
resonances with increase in vapour pressure of the mercury. One would expect 
that the shorter mean free path associated with higher vapour pressures would 

shorten the lifetimes of the excited atoms and lead to wider radio-frequency 
resonances, but this is contrary to their observations. They describe the times 

Figure 9. Combined Zeeman and Stark effects in the level 3P! : (a) energy levels ; 
(b) resonance curves, (I) magnetic field, (II) magnetic and electric fields. 

obtained for the line widths as ‘ coherence times ’ rather than as atomic lifetimes* 
and relate the longer ‘ coherence times ’ to multiple scattering of photons which 
takes place when the vapour pressure is increased. The phenomenon is discussed 
in § 3.4.2. Guiochon et at. support their interpretation of line narrowing by 
numerous measurements of coherence times as a function of vapour pressure in 
specimens of mercury of different isotopic composition : an increase in the number 
of atoms of a different sort will not lead to increased scattering. Measurements of 
‘ lifetimes ’ by the classical methods of depolarization of resonance radiation in 
magnetic fields lead to ‘ coherence times * in agreement with the values obtained 
from double resonance experiments (Barrat 1957). The true lifetime of the level 
6^ of mercury they find to be 1T8 x 10_7sec. 

The level of mercury has been studied by Brossel and Julienne (1956). 
It is possible to excite this level stepwise by the illumination of mercury vapour 
with radiation 2537A and 4358A simultaneously, but the yield of.doubly excited 
atoms is rather poor. Far greater yields are obtained by making use of the 
metastability of the level 63P0, to which atoms in the 6^ level are transferred by 
collision with molecular nitrogen. Excitation to 73SX is achieved by illumination 
with radiation 4046A rather than 4358A. 

Brossel and Julienne therefore added nitrogen at a pressure of several 
millimetres of mercury to the absorption vessel containing mercury vapour. The 
exciting radiations, wavelengths 2537A and 4046A from a mercury lamp, were 
unpolarized, but directed along the applied magnetic field, corresponding therefore 
to a excitation. Radio-frequency resonance was detected by changes in the 
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intensity of the a and tt components of the emitted radiation 4358A. Resonance 
peaks at about 53 gauss were observed at a frequency of 148 Mc/s. 

Two points are of particular interest in this work : One is the successful 
application of a radio-frequency magnetic field of high intensity and high frequency 
(about 4 gauss at 150 Mc/s) to a gas at several millimetres pressure without the 
stimulation of an ordinary discharge. This was accomplished by arranging that 

the radio-frequency magnetic field in the resonance vessel was uniform, and almost 
entirely free of the electric field. These conditions were established at the short- 
circuited end of a tuned Lecher wire system formed from flat metal strip. The 

40461 4358 X 

> 

—J 

Collisions 

25371 

-6S0 

Figure 10. Stepwise excitation from the metastable level in mercury. 

second point of interest is that the 73SX states were able to survive in the presence 
of the nitrogen. The line width of the resonance curves published by Brossel 
and Julienne is about 20 gauss, corresponding to a time of about 3 x 10~9 sec, 
which gives the order of magnitude of the lifetime. Attempts are now being made 
to investigate how the pressure of nitrogen affects the line width. 

Kastler, Brossel and their pupils have applied double resonance techniques in 
the process known as ‘ optical pumping ’ to sodium in particular, and have studied 
in great detail the phenomena of multiple quantum transitions discussed in § 3.3.2 
of this report. Since these experiments are concerned with the ground states 
they will not be described here. They form part of the subject matter of Kastler’s 
Holweck Lecture (1954) and of a number of papers given at the Magnetic Resonance 
Conference in Paris in 1958 (Kastler 1958) where further references may be found. 

Bogle, Dodd and Maclean (1957) have studied the level 6^ of mercury with 
a view to determining the hyperfine structure coupling constants of the odd 
isotopes. The levels F = f, F = \ are separated in zero field by about 20000 Mc/s. 
In a magnetic field of 2-3 kilogauss the Zeeman components are separated by 
intervals of about 4000 Mc/s, but these are no longer equal (figure 11), since the 
electron-nuclear coupling is beginning to break down. From the differences, 
the hyperfine structure coupling constant can be deduced. 

The method of illumination and detection resembled that of Brossel’s work, 
but whereas Brossel and his colleagues used frequencies in the range of conven¬ 
tional high-frequency oscillators, Bogle et al. worked at 4250 Mc/s with klystron 
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and waveguide techniques. A resonance cavity of size appropriate to the wave¬ 

length, about 7 cm, allowed the insertion of a fused quartz resonance cell of reason¬ 
able dimensions. 

Of the two microwave resonances observed, one was interpreted as the single 
resonance expected from the even isotopes (this occurred at the ^j-value measured 
by Brossel and Bitter) and the other as one of the four resonances expected from 

the isotope 199. The hyperfine structure ^-factor was determined with a precision 
to about 2%, and agrees with optical determinations of higher precision. As the 
authors point out, greater accuracy could be obtained by working at higher fields 

where the Back-Goudsmit effect is more pronounced. 

Figure 11. Zeeman effect in the hyperfine structure of the level 8PX of 18,Hg (/= i). 

4.4.3. Excited states in potassium and sodium: non-zero fields. 

Ritter and Series (1957) observed resonances in the second excited P levels of 
potassium, 5P3/2 and 5Pi/a. The experimental features are more conveniently 
deferred to the next section on resonances in zero field. Here we wish to describe 
the work in non-zero fields. 

(ft) 

5*Pyi 

mj 

(h) 

Figure 12. Double resonance in the term 5*P of potassium : (a) 5*P3/t: excitation by n, detection 
by a radiation ; (b) 5*?!/* : excitation by a+, detection by a~ radiation. For (c), (d), (e) see 
overleaf. 
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Figure 12 (contd.). Double resonance in the term 5*P of potassium : (c) hyperfine structure of *P3/8 
in a £ strong ’ magnetic field ; (d) experimental curve showing hyperfine structure in 52P3/a; 
the phase-sensitive method of detection displays a differentiated resonance curve ; (e) the 
experimental curve integrated. 
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The magnitude of the hyperfine structure in these levels is exceptionally small, 

so that in magnetic fields of 25 gauss the electron-nuclear interaction in the P3/2 

level is almost entirely broken down. At these fields, under excitation by rr light, 

magnetic resonance curves were obtained in &+ and o~ light, combined and 
separately. The curves show hyperfine structure from which the interaction 

constants and nuclear moments were deduced. 
These resonances in the P3/2 level were observed also at weaker magnetic fields 

where the I-J interaction was only partially broken down. It was possible to 
plot the position of two components over the whole range of magnetic fields from 
strong to zero. Comparison of the results with the stationary-state theory of 
the excited level (§2.1) showed good, but not perfect agreement. Particularly 
noticeable was that the degree of decoupling of I and J was affected by the strength 
of the radio-frequency field. This effect could possibly find an explanation in the 
terms proposed in the last paragraph but one of the introductory § 3.4. 

The Pi/2 level was studied by means of ct+ light in excitation, a~ in decay. 
(When J does not change between the ground and excited levels, n light and 
undifferentiated <7 light are ineffective in double resonance experiments.) 
Discrimination by Nicol prism and quarter-wave plate between the two senses 
of rotation requires a non-vanishing component of magnetic field along the light 
paths. Resonances in the Pi/2 level were detected by Ritter and Series in experi¬ 
ments which were regarded as exploratory. 

The experimental values of the hyperfine coupling constants refer to the more 
abundant isotope, 39K. The values of 03/2 and £3/2 agreed with those derived from 
zero field measurements. Values of the nuclear magnetic moment calculated 
from 03/2 and 0i/2 agreed with more precise nuclear resonance measurements. The 
nuclear electric quadrupole moment was calculated from 63/2 (§ 2.2). 

Dodd (private communication) has measured hyperfine structure in the level 
32 P3/2 in sodium in magnetic fields about 2300 gauss, at a frequency about 4250 Mc/s. 
The apparatus was similar to that used in the study of the level 63PX in mercury 
(§ 4.4.2). The values of the coupling constants are substantially in agreement 
with those obtained by Sagalyn (1954) and by Perl, Rabi and Senitzky (1955) in 
zero magnetic fields, but b is determined unequivocally. Details of the work will 
be published shortly. 

4.5. Double Resonance in Zero Magnetic Field 

4.5.1. General principles. 

The application of the method to cases of zero magnetic field needs a little 
further discussion, for here the Zeeman components of a particular level are not 
separated in energy. Estimates of relative intensity based on the simple approach 
of § 4.3 are no longer reliable. This is generally not a serious matter if one is 
interested primarily in the frequency intervals between hyperfine components. 
Magnetic dipole radio-frequency resonances still take place according to the 
selection rules . „ ~ ~ . 

AF = 0, ± 1 ; AmF = 0, ± 1, 

and are detectable by the techniques we have described. 

Since there will always be other levels in the vicinity of the particular pair one 
is investigating, estimates should be made according to the principles of § 3.3.2 
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of shifts in the resonance frequency. These will usually be a small fraction of the 
line width provided the latter is small compared with the resonant frequency. 
When this condition is not satisfied it will frequently be found that the approxima¬ 
tions required by the perturbation treatment are not valid. More theoretical 
work is required before the fullest information can be obtained from these double 
resonance measurements. In the meantime, the deduced interaction constants 
are usually quoted with rather less precision than would be possible if one had a 
better understanding of the resonance process. 

The effect of small stray fields needs to be considered in zero-field experiments. 
This we now examine. 

In a field which is strictly zero the axis of quantization for energy eigenstates 
is determined with reference to the polarization of the light beam : plane polarized 
light is termed tt if the axis is parallel to the electric vector, a if perpendicular ; 
for circularly polarized light the axis is in the direction of propagation of the light. 
This terminology is consistent with the selection rules Am = 0, + 1 for rr and o 
radiation, respectively. Let the states be labelled (F, mF) with respect to the axis z 
so determined. 

If a field is now established in a direction z' different from z, the states (F, tnF) 
are no longer energy eigenstates. The useful representation for the purpose of 
measuring energy intervals is (F', m'F) with reference to z\ and in this representa¬ 
tion each state is a mixture of the states (F,mF). The population distribution in 
(F',mF') is quite different from that in (F,mF). Consequently a double resonance 
experiment designed on the basis of the (F, mF) representation may fail entirely. 

The transition from the one representation to the other is not quite sudden if 
the states have a finite lifetime. For if the atoms decay before they have executed 
a significant precession in the z' field, the direction z' is to that extent imprecisely 
defined for the atom. We deduce, therefore, that a stray field H' can be tolerated 
provided that nTT, 1 , 
V grfiH < 1/t 

where r is the lifetime of the state, i.e. the separation of the Zeeman components 
must not exceed the natural width of the energy levels. 

For ordinary excited levels, the requirement of a sufficiently small field is not 
severe : a lifetime of 5 x 10-8 sec, for example, corresponds to a natural width 
of about 3 Mc/s, and (for gF = 1) to a magnetic field of about 2 gauss. In such a 
case the earth’s field need not be compensated. For metastable states, on the 
other hand, the earth’s field may be uncomfortably great. In experiments on the 
level FT, in zinc, for example (r ~ 3 x 10-5 sec), Bockman, Kruger and Recknagel 
(1957) report that they were obliged to reduce stray fields to about 0-05 gauss. 

4.5.2. Experiments. 

A number of authors have performed these experiments with the principal object 
of measuring hyperfine structures and determining nuclear electric quadrupole 
moments in elements where they were not known. The quadrupole interaction 
is only measurable in levels for which J> J : the P3/2 levels of the alkalis, therefore, 
lend themselves to such determinations. In the first excited P% levels the ratio 
of natural width to hyperfine structure is less favourable than in the second, 
consequently more work has been done on the second excited levels. For these 
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levels, however, the oscillator strengths are smaller than in the first by a factor of 
about 100. This affects the strength of the exciting radiation in the light source 

and the cross section for excitation, with consequent reduction in the intensity of 

the fluorescent light. 
The following levels have been investigated : 

sodium-23 (ground level 32Si/2) : 

potassium-39 (ground level 42Si/2) : 
rubidium-85 and 87 (ground level 52Si/2) : 
caesium-133 (ground level 62Si/2) : 

zinc-67 (ground level 4XS0) : 

32P3/2 : Sagalyn (1954) 
42P3/2 : Kruger (1958) 
52P3/2 : Ritter and Series (1957) 
62P3/2 : . Meyer-Berkhout (1955) 

72P3/2 : Althoff (1955) 
72Pi/2 : Bucka (1958) (see §4.6) 
43PX : Bockman, Kruger and 

Recknagel (1957) 

The experiments are not sufficiently different to justify separate discussion. 
Light from the source (figure 13) is polarized and focused on to the resonance 

Figure 13. Double resonance in zero magnetic field. 

vessel, which itself is focused on to a photomultiplier. In most cases the resonance 
vessel is horn-shaped for the avoidance of back-reflected light from, its walls. The 
glass, or other material, need not be of particularly high optical quality since 

good image formation is not necessary. Radio-frequency currents of several 
amperes are usually required in the coils, and this frequently causes an objectionable 
gas discharge in the resonance vessel. Partly for this reason most workers have 
found it necessary to free their samples from foreign gas, either by getters, or by 
careful re-distillation before sealing in, or by the continuous pumping of a crude 
atomic beam. When sealed-in samples have been used, the temperature must be 
controlled in order to establish the necessary vapour pressure. Streams of hot air 
are often adequate. 
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Foreign gas is harmful also in its disorientation of excited states through 
collisions. Second excited states seem particularly sensitive to foreign gas ; on 
the other hand polarized resonance radiation has been observed from the first 
excited state in sodium in the presence of foreign gases at pressures of several 
tenths of a millimetre of mercury (Brossel, Margerie and Kastler 1955). S states 
are especially stable against disorienting collisions. 

With the geometrical arrangement of figure 13 the z direction is the axis of 
quantization. A photomultiplier in this direction receives a light only. A photo¬ 
multiplier in the y direction receives a mixture of tt and o light, and might be 

Figure 14. Resonances in the level 72P3/2 of 133Cs (Althoff 1955): (a) (F = 5)-» (F = 4) 
(83 Mc/s) and (F — 4)-»(F = 3) (66-5 Mc/s) ; (b) double quantum jump (F = 5)->-(F = 3) 
(2x74-7 Mc/s). 

preceded by an analyser to transmit the tt light only. The y and z signals are 
sometimes opposed for elimination of spurious changes and for doubling of the 
effect, but it is often sufficient to use one signal only. 

Whereas it is convenient when examining resonances in non-zero fields to fix 
the radio frequency and obtain the resonances by varying the field, it is necessary 
to vary the frequency in zero-field experiments. The width of the resonance 
curves is often an appreciable fraction of the frequency of the peak : the radio¬ 
frequency field strength must be monitored over the range. 

In figure 13 the radio-frequency field, since it is in the x direction, induces 
transitions Am — ± 1. The y direction serves equally well for Am = ± 1. The 
transitions Am = 0 are induced when the radio-frequency field is in the # direction. 

The transitions AmF = 0, ± 1 between a given pair of hyperline levels F, F + 1 
coincide when the magnetic field is zero or very weak. The radio-frequency 
spectrum normally corresponds to the intervals between the hyperfine levels 
F, F+ lyF+2 .... Double quantum jumps A F = ±2 are not infrequent (figure 14): 
indeed, they are to be expected if the resonance line width is comparable with the 
frequency intervals, for then the radio-frequency perturbation is sufficiently strong 
to favour the double quantum transition (§ 3.3.2). 

4.6. Excitation by Unpolarized Light in Zero Magnetic Field 

In the following method, due to Bucka (1955, 1956, 1958), double resonance 
experiments may be performed in zero magnetic field with unpolarized light 
incident isotropically, or from some limited cone. 
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A simple example will illustrate the principle. Consider the transition between 

the ground level 7 = 0 and an excited level 7=1 of a substance for which 
7=| (figure 15). Let the two hyperfine components be resolved in a light source : 

their intensities will be in the ratio 2:1. 
Now if atoms in the ground level were excited by isotropic radiation of uniform 

spectral distribution, all the excited states would be equally occupied. Irradiation 
from the given light source, on the other hand, will over-populate by the factor 2 

all the states which belong to F f compared with those of F = Radio¬ 
frequency resonances between F = f and F = \ will result in a re-distribution of 

population. 

Figure 15. Transition probabilities in hyperfine structure, summed over the 2F+\ states 
of each level. 

Detection of the radio-frequency resonances raises another problem, since all 
the hyperfine states decay with equal probability. Redistribution of population 
changes the relative intensity of the hyperfine components, but not the total 
intensity. Bucka converts the relative change into an absolute change by making 
use of the phenomenon of self-absorption. For the stronger component is more 
strongly absorbed : consequently transmission of the fluorescent light through 
vapour of the substance concerned will discriminate between the two components. 
The final result will be that at radio-frequency resonance some atoms will be 
transferred to the levels which give rise to the more weakly absorbed light ; 
consequently the total amount of light which emerges from the absorbing vapour 
will increase. 

Bucka (1958) applied the method successfully to the level 72Pi/2 of caesium-133. 
The situation is rather more complicated than in our example *: 7 = \ in the 
ground and the excited level, and I — {. The hyperfine interval (F = 3)-(F = 4) 
in the ground level is greater than the Doppler width of the optical radiation 
62Si/3-72Pi/2 (4555A) ; that in the excited level is smaller. The line 4555A is 
therefore partially resolved into two hyperfine components whose intensities are 
in the ratio 9 : 7. 

The vessel in which the preferential self-absorption was to take place was the 

same in which the atoms were excited. Bucka detected a radio-frequency resonance 
between F = 4 and F — 3 of the level 72Pi/2 at 400-8 ± 1 Mc/s, with a signal to 
noise ratio of 2 or 3 : 1. 
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4.7. Double Resonance Measurements of Isotope Shifts 

In a mixture of isotopes of different nuclear spin, each isotope is characterized 
by particular values of yF = oj0///0 for the various hyperfine transitions, so that 
by correctly choosing the magnetic field and the frequency in a double resonance 
experiment, a given isotope will respond independently of others of different yF 
when the mixture is suitably illuminated. All isotopes having I — 0 (yF = yf) 
will respond together. Suppose now that the light source provides radiation of 
infinitely narrow spectral range of variable, known, frequency. As the frequency 
is swept over the atomic resonance line one will observe a double resonance signal 
whose width will be the Doppler width for absorption of optical radiation in the 
resonance vessel. Let the magnetic field at the resonance vessel be changed to 
correspond to the yF of a different isotope, and again let the frequency of the 
light source be varied. Owing to the spectroscopic isotope shift, light of different 
frequency will be required to excite the second isotope. In this way one will 
obtain resonance curves for each isotope plotted on one extended frequency scale, 
that of the exciting radiation. The isotope shifts for the particular atomic transi¬ 
tion may then be read off, subject to a correction for Zeeman displacements in the 
resonance vessel. 

In an actual experiment the radiation from the light source will be Doppler- 
broadened, and the width of the double resonance line will be some combination 
of the Doppler widths of light .source and resonance vessel. The double resonance 
method is then at a disadvantage compared with high resolution optical 
spectroscopy. On the other hand, the new technique is able to differenti¬ 
ate between isotopes in a mixture and for this reason may prove powerful in 
cases where the use of enriched isotopes in optical work is inconvenient or 
impossible. 

Sagalyn, Melissinos and Bitter (1958) applied the technique to the measurement 
of isotope shifts in the line A2537A of mercury, a case in which optical measurements 
have not been made with enriched isotopes. A note by Melissinos (1959) has 
subsequently appeared, quoting measurements made on a very small sample of 
radioactive mercury-197. The variation in frequency of the light source was 
accomplished by making use of the Zeeman effect in the line A2537A emitted by 
a mercury-198 lamp. One of the <j components was isolated from the light 
emitted parallel to the magnetic field, variation of which up to 50 kilogauss provided 
a frequency range of 105 Mc/s (3 cm-1). The isotope shifts were thus measured 
as a function of this magnetic field, called the ‘ scanning field ’. 

The ‘ splitting field ’, used to select a particular isotope in the resonance vessel, 
was of the order of 10 kilogauss, which was sufficient to cause some departure from 
‘ weak field ’ splittings. Different transitions in one and the same isotope were 
therefore recorded separately since only that microwave resonance is detected for 
which the ‘ splitting field ’ is correctly matched to the ‘ splitting frequency ’. This 
microwave frequency was about 3000 Mc/s. 

It is clear that the technique demands a preliminary study of the microwave 
resonance frequencies for each transition in each isotope. The line width in 
these preliminary experiments is that of ordinary double resonance experiments. 
The information gained allows the determination of ^-factors and hyperfine struc¬ 
ture constants. In the work of Sagalyn et al. this information is quoted for the 
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mercury isotopes 199 and 201 with a precision to about 15 Mc/s. The precision 

of the isotope shift measurements is to about 100 Mc/s. 

4.8. Detection by Coincidence of Photons in Cascade 

The following experiment proposed by Bradley (1956) is not strictly double 
resonance, but we include it in this section because of its close relationship. 

The level j8(7 = J), we suppose, is populated from a with the emission of 
photons Ax, and itself decays to y with the emission of photons A2 (figure 16). 

Suppose we have detectors sensitive only to o+ photons of wavelengths Aj, A2 
respectively, and that we examine these detectors for coincidences. We expect 
only accidental coincidences unless radio-frequency transitions are taking place 
in the level j8. A rise in the coincidence rate indicates radio-frequency resonance. 

Figure 16. Photons in cascade. 

Significant coincidences must occur in a time of the order of the lifetime of 
the level. The longer this time, the greater the possibility of accidental coinci¬ 
dences. Hence the signal-to-noise ratio is more favourable for levels with shorter 

lifetimes. 
The execution of the experiment has proved to be rather difficult. No results 

have been published. 

§5. Excitation by Electron Impact 

As in the sections on excitation by resonance radiation, we treat the processes 
of excitation, radio-frequency resonance, and decay as independent processes. 
The two latter have already been discussed in §§ 3 and 4.3. We here briefly 
consider the process of excitation and the establishment of differences of population 
between excited states. 

Let N& be the particle density in the ground state. We suppose N& so low 
that, under electron bombardment, only single encounters need be considered. 
Let <7e be the cross section for excitation to a particular state, so that the rate of 
excitation is proportional to N& cre. The equilibrium populations Ne in the excited 
states are determined by the equations N& cre oc Ne ye, where the ye are the decay 
constants of the excited states. Differences in the Ne clearly depend on differences 
in the cre, or in the ye, or in both. 
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We now distinguish 

(a) states between which magnetic dipole transitions are allowed, from 
(b) states between which electric dipole transitions are allowed. 

The next three paragraphs and § 5.1 refer to class (a) ; the following paragraph 
and § 5.2 refer to class (6). 

Members of class (a) belong to a given term. Under Russell-Saunders coupling 
they will have L and S in common, but may differ in 7, or mj, or F> or mF. They 
decay at the same rate, ye. The establishment of differences in population there¬ 
fore depends on differences in the ae. 

It has been established in a number of cases that radiation, resulting from 
bombardment of atoms by a uni-directional beam of electrons whose energy is a 
little greater than the excitation potential of a particular term, is polarized. This 
implies unequal population of the states mj or mF which belong to that term, which 
is the condition required for radio-frequency resonances. Cases which are of 
interest to us are : 

(i) Selective excitation of the states m7 which belong to a given J. 

(ii) Selective excitation of the states mF which belong to a given hyperfine 
level F, and of the different F which belong to a given J. 

(iii) Selective excitation of the levels J (groups of mj) of the term. 

Cases (i) and (ii) are exemplified in §§ 5.1.1 and 5.1.2 ; case (iii) is exemplified 
in § 5.1.3. 

The theoretical treatment of the selective excitation of different states is at the 
present time very inadequate. A recent, brief discussion has been given by Lamb 
(1957). A further contribution has been made by Baranger and Gerjuoy (1958). 
In an important respect (polarization at the threshold of excitation) the theoretical 
prediction is precisely contrary to experimental findings. Notwithstanding the 
theoretical uncertainty, it is helpful to know that the population disparities of 
different states can be quite marked (20-40%), and are functions of the energy of the 
electrons. That polarization should arise from a uni-directional beam of electrons 
whose energy is just above the threshold for excitation is not at all surprising. 

Members of class (b) belong to different terms. Under Russell-Saunders 
coupling they generally differ in L. Their decay constants are different, and their 
cross sections for excitation are different. Both absolute and relative cross sections 
for excitation to different terms (generally summed over the states which belong 
to that term) have been measured and calculated in many cases. A comprehensive 
account, from the experimental point of view, has been given by Massey and 
Burhop (1952). 

It is characteristic of class (a) that radio-frequency resonance results in a change 
in the polarization and spatial distribution of the decay radiation, but not in its 
total intensity. Resonances in class (b) result in changes in the total intensity of 
some particular multiplet (i.e. the totality of the transitions between two terms). 

An estimate of the signal to noise ratio in a typical experiment can be made as 

follows (Lamb 1957) : 
The number of excitations per second to tne level in question is (Ile)crNJ, 

where Ife is the number of electrons per second in the beam, a is the cross section 
for excitation, and / is the length of vapour column of density N& atoms/cm3. 
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This quantity will also be the number of photons emitted per second, and corre¬ 

sponds to the quantity S at the end of § 4.3. The primary photocurrent is is 

then IaNJ<i>r), where </> represents the fraction of light collected by the photo¬ 

multiplier, and 97 the efficiency of the cathode. At radio-frequency resonance, 

S changes by the amount AS. 

The fraction = SS[S is estimated as in § 3 on the basis of an assumed 

population distribution Ne. It is in principle independent of all the parameters 

mentioned in the last paragraph. 

Equation (25) of § 4.3 now gives the signal to noise ratio. 

5.1. Selective Excitation of different States within a given Term 

5.1.1. Detection by decay radiation. 

Pebay-Peyroula, Brossel and Kastler have observed magnetic dipole resonances 

in mercury (1957) and in sodium (private communication). 

Figure 17. Excitation of mercury vapour by electron impact. 

Mercury atoms at a vapour pressure determined by the temperature of the 

drop of mercury in the side-arm are excited in the space between the grid and 

plate (figure 17) by an electron beam travelling in the direction of a steady magnetic 

field H0. Preferential excitation of certain states takes place, and the emitted 

light is polarized. Different spectrum lines are examined separately by a simple 

monochromator, or by filters. The excitation vessel lies within a radio-frequency 

coil or microwave cavity, and atomic resonances are indicated by changes in the 

polarization of the spectrum lines. 

Experiments are usually performed at a fixed value of the frequency, and 

resonance curves displayed as a function of magnetic field. Interpretation of the 

experiments is thus a question of allocating to the atomic levels the ^-values at 

which resonance peaks occur. This is not always a simple matter, since atomic 

resonances affect the polarization and intensity not only of those spectral lines 

which appear in primary decay, but also of those lines which appear in consequence 

of cascade processes. Thus, resonances in the level 73P2 of mercury were detected 

in the optical radiation 73S1-63P2, 73S1-63P1 and 73S1-63P0, evidently on account 

of the primary decay 73P2-73S1. Experiments with isotopes of different nuclear 

spin, since they show resonances at different gF values, assist in the interpretation. 
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An important detail of technique of the French group is that the distance 

between grid and plate is kept sufficiently short (about 4 mm) to prevent a complete 

cyclotron revolution of the electrons in the magnetic field H0, otherwise very strong 

changes of intensity occur at the cyclotron resonance frequency. 

Published measurements include the lifetime and ^j-values of the levels 

51D2, 63F4 and 73P2 in mercury, also the hyperfine structure of the level 63F4 of 

isotopes 199 and 201. 

Measurements of hyperfine structure in the levels 32D, 42D and 52D of sodium 

are being made. 

5.1.2. Detection by absorption of optical radiation. 

Dehmelt (1956) observed resonances between the states mj — 0, +1, ± 2 of 

the level 63P2 in mercury. This level is metastable, and the experiment, strictly 

speaking, falls outside the scope of this review. We include it, nevertheless, on 

account of its similarity to the other work we have described. 

Excitation in mercury vapour at room temperature (—1/u, vapour pressure) 

was by an electron current of 200 mA from a plane cathode. The states m,j = 0, ±1 

were excited in preference to ± 2. The magnetic field, about 8-3 gauss, separated 

the energy levels by equal intervals of about 17*2 Mc/s. 
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Figure 18. Detection of radio-frequency 
resonances in the level 63P2 by their 
effect on the absorption of A5461A. 

Figure 19. Excitation and decay of 3P 
levels in helium. 

Particular interest attaches to the method of detection of radio-frequency 

resonances, which was by absorption of the polarized optical radiation A5461A. 

Under the optical selection rule Anij — 0, the consequence of radio-frequency 

resonances which depletes the states 0, ± 1 in favour of ± 2 is a reduction in the 

amount of light absorbed. Since the level is rnetastable, only small radio-frequency 

fields are needed. Dehmelt shows a resonance about 0T gauss wide obtained 

under a radio-frequency field of about 12 milligauss. 
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Dehmelt’s absorption technique, together with the ‘ magnetic scanning ’ 

technique of Sagalyn et al. (1958, § 3.7) is being applied by Bradley (private 
communication) to the study of resonances in the level 3P2 of 198Hg, 200Hg, 202Hg, 
199Hg and 201Hg ; in the case of the odd isotopes the hyperfine structure is seen. 
Natural mercury is used in the excitation vessel : the selected isotope is excited 

by adjusting the magnetic field at the 198Hg light source to provide a Zeeman 

component of the correct optical frequency. 

5.1.3. Excited states of helium. 

The multiplet intervals 23P2-23P1, 33P1-33P0 and 33P2-33P1 in helium were 
measured by Lamb and Maiman (1957) and Wieder and Lamb (1957) by the 

techniques we have outlined. 
At a pressure of up to 20 microns, helium in sealed-off tubes was excited by 

electron currents up to 500/za. In decay to the metastable level 23SX the levels 
33P and 23P emit radiation of wavelength 3889 and 10 830A respectively. These 
radiations were used to detect magnetic dipole microwave resonances in the regions 
of 980 Mc/s and 7000 Mc/s, and 1600 Mc/s respectively. These frequencies are 
not themselves the triplet intervals, but measurement of the magnetic fields at 
which resonances take place allows deduction of the zero-field intervals. 

The excitation region of the helium tube was inserted into a resonant cavity 
at a place where the radio-frequency magnetic field was strong. While the cavities 
were designed to observe primarily either tt or a radio-frequency transitions 
(i/rf parallel or perpendicular to H0, respectively), there were usually sufficient 
amounts of perpendicular components of Hrf for the observation of both types of 
transition in a given apparatus. 

Detection of the 23P resonances through changes in the intensity in a particular 
direction of A10 830A could only be accomplished by very careful elimination of 
stray light from the infra-red-sensitive photomultiplier. The use of a time constant 
of 150 seconds in the detection system indicates the weakness of the signal and the 
need for careful control of all the variables of the experiment. 

We have indicated that the object of this work was the accurate measurement 
of intervals in spectra sufficiently simple to be amenable to calculation. The 
resonant frequencies were determined to a precision better than 1 Mc/s. Lamb 
(1957) discusses the tneoretical problem. 

5.2. Selective Excitation of Different Terms 

We here discuss three different experiments : that of Novick, Lipworth and 
Yergin (1955), also Lipworth and Novick (1957) which followed the exploratory 
experiment by Lamb and Skinner (1950) on n = 2 in singly ionized* helium ; that 
of Lamb and Sanders (1956) on n — 3 in hydrogen ; and that of Series and Fox 
(1958) on n — 4 in singly ionized helium. The object of each of these experiments 
is the measurement of Lamb shifts, that is, the relative positions of the S and P 
levels for a given value of the principal quantum number n in a one-electron 
spectrum. The experiments have in common the detection of radio-frequency 
electric dipole transitions by 4 optical * means, and the excitation of the various 
levels by electron impact. In each experiment differences exist in the cross 
section for excitation to the pair of levels concerned : more significantly, the decay 
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constants of the levels are different, so that the equilibrium concentrations in the 
excited states are different. The first two experiments use controlled excitation 
by a beam of electrons, and the third, a gas discharge. 

5.2.1. Singly ionized helium : n — 2. 

The method of detection of the radio-frequency transitions 22Si/3-22Pi/2 in 
this experiment is based on the entirely different probabilities for decay from these 
excited levels. 22Si/2 is metastable : its decay to the ground state of the ion, 
12Si/2, is forbidden for electric dipole radiation. 22Pi/2, on the other hand, decays 
very rapidly with the emission of radiation at 304A (41 ev). This is detected by 
photoelectric emission at the platinum cathode of an Allen-type electron multiplier. 
An increase in the current signifies radio-frequency resonance. 

The radio-frequency transition is induced in a resonant microwave cavity-in 
which the ions have been excited from helium atoms in their ground state. The 
signal radiation is accompanied by a large and variable background which arises 
from shortlived states of the ion. This difficulty was met by Novick, Lipworth 
and Yergin (1955) by a pulse technique, wherein observation of the radio-frequency 
signal was delayed by a quarter of a microsecond after application of a pulse of 
exciting electrons. Lipworth and Novick (1957) used an improved method of 
.phase detection in which, using radio-frequency amplitude modulation, they 
observe on two different channels the signals ‘ r.f. on ’ and ‘ r.f. off ’. By difference 
and normalization they eliminate the effect of the background, and further, by 
observing at two different levels of radio-frequency power, they can compensate 
for changes in the efficiency of the detector. 

A very thorough study of the line shape and the effects of possible perturbations 
allows these authors to quote for the measured interval the value 14 040*2 + 4*5 Mc/s. 
The natural width of the observed resonance is about 1600 Mc/s. 

5.2.2. Hydrogen : n — 3. 

The level 32Si/2 decays more slowly than 32Pi/2 or 32P$/2, and is populated more 
densely under electron excitation from the ground state of (molecular) hydrogen, 
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Figure 20. Excitation and decay of 2*S1/2 
and 2*P1/j in ionized helium. 

Figure 21. Excitation of 3S in atomic 
hydrogen, and its decay by different 
routes. 
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so that there exists the possibility of observing radio-frequency resonances between 

it and either of the 2P levels. For our present argument, the direction of spin is 

immaterial ; we will refer to the S and P terms. 
Both 3S and 3P radiate components of the line Ha, A6563A, in their decay to 

2P and 3S respectively, but 3P can decay also to IS, radiating the Lyman /3 line, 

A1026A. Transfer of atoms from 3S to 3P therefore changes the total intensity of 

the Ha complex, and this change is used to indicate radio-frequency resonance. 
Lamb and Sanders (1956) used an interference filter to isolate Ha from the light 

emitted on bombardment by electrons of hydrogen at a pressure of about one 
micron. The glass envelope was situated inside a parallel plate transmission line 
for application of radio-frequency fields at about 3000 and 500 Mc/s. Resonances 
were displayed as a function of magnetic field. 

A more detailed account of this experiment is in course of preparation (see 
Lamb and Wilcox 1958). 

5.2.3. Singly ionized helium : n — 4. 

The method of detection in this experiment is similar to that described above, 
but the ions are excited in a gas discharge rather than by controlled electron 
bombardment. Normal conditions in a gas discharge are such that fhere exists 
statistical equilibrium between the electrons and a set of close-lying energy levels : 
equality of population obtains between the atomic states. In consequence, the 
relative intensities of the spectral lines which derive from these states are in the 
ratio of the transition probabilities for spontaneous decay. In optical investigation 
of the components of the He 11 line A4686A, (n — 4->w = 3), Series (1954) and 
Herzberg (1956) noticed intensity anomalies which they ascribed to over-population 
of the level 42Si/2. Herzberg further found that the anomaly depended on the pressure 
of helium, and on the discharge current, and interpreted the effect in terms of the 
relative magnitudes of the lifetimes of the levels and the mean time between collisions 
with electrons. Lifetimes in excited states of ionized helium are abnormally short. 
If the atoms decay before they collide, statistical equilibrium will not be established. 

If we accept the over-population of the level 42Si/2 as a fact, we are in a position 
to detect radio-frequency transitions to either of the 4P levels by observation of 
changes in intensity of the radiation 4686A. The term diagram is essentially that 
of figure 21, with appropriate changes of the principal quantum numbers and of 
the intervals. Series and Fox (1958) are exploring the possibilities of this experi¬ 
ment. A monochromator is used to separate A4686A from the very strong radiations 

in the helium spectrum which accompany it, and a further interferometric resolu¬ 
tion which will allow the partial isolation of those components affected by the 
radio-frequency resonance is also being attempted. 

The ions in a gas discharge are clearly subject to stronger electric fields, and 
are therefore more likely to be perturbed than would be the case under controlled 
electron bombardment at low density. It is doubtful, however, whether the latter 
method of excitation would give sufficient intensity. 

§6. Atomic Beam Experiments 

In a common form of apparatus for detecting magnetic resonances in atomic 
beams (see, for example, Ramsey 1956), atoms in the ground states are sorted 
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according to their magnetic moments and therefore their rrij values in strong fields. 
Those atoms are detected whose nij value changes in the experimental region, 
which is generally termed ‘ the C field 

Changes in rrij may be brought about through the excitation of atoms by 
optical resonance radiation, and their subsequent decay. The time for this 
process is short compared with the time of flight of atoms through the C field, 
so that changes at the detector occur merely by illuminating the beam in the 
C field. 

If, further, radio-frequency fields cause the excited atoms to undergo transitions, 
there will result further changes in the ground states, and further changes at the 
detector. This is the basis of the radio-frequency spectroscopy of excited atoms 
by atomic beam techniques. 

Excited state resonances, compared with those obtained from beams of atoms 
in ground states, are much broader and much weaker. The breadth is of course 
due to the small lifetime of the excited states, which, in a typical case is about 
1000 times shorter than the time of flight of an atom through the C field. The 
relative weakness is a consequence not only of the smaller number of excited atoms, 
but also of the complicated route through which changes of rrij take place. 

As in experiments on ground states, the C field need not be sufficiently strong 
to make rtij a good quantum number. The rtij value of a state (F, mF) for the 
purposes of atomic beam experiments is that of the pure state (nij, nij) to which 
(F, mF) tends as the field is increased adiabatically. Resonances between ground 
states cannot normally be detected unless this value of rrij changes in the C field. 
In contrast, a change in rrij is not a necessary condition for the detection of 
resonances between excited states. For, as we have remarked, a change in rtij 

in the ground states may accompany the process of optical excitation and decay. 
Such changes may still occur when a radio-frequency transition is induced between 
excited states which do not differ in mj. Radio-frequency transitions between 
excited states whose values of nij are the same or different will generally result in 
a redistribution of the decaying atoms between the different ground states, and 
hence in changes in the signal. 

Rabi and his colleagues have by these means measured hyperfine structures 
in the levels 32P3/2 and 2Pi/2 of 23Na (Perl, Rabi and Senitzky 1955), in 52P3/2 and 
2Pi/2 of 85Rb and in 52P3/2 of 87Rb (Senitzky and Rabi 1956), and in 42P3/2 and 
2Pi/2 of 39K (Buck and Rabi 1957), and from their measurements have deduced the 
nuclear electric quadrupole moments. 

The first paper of this series describes the method in detail. The experiments 
differ in details of technique rather than of principle, and we shall not discuss them 
separately. 

Generally, the steady magnetic field in the C region was so small that the 
Zeeman components belonging to a given hyperfine level F were closer than the 
natural width of the levels. Transitions AF = ± 1 were observed : the Zeeman 
components were quite unresolved. In each case the resonance curves were 
fitted to a formula of the Lorentz type, and the positions of the peaks used to 
determine the hyperfine structure interaction constants. 

It is most valuable to have measurements on the hyperfine structures of the 
alkali metals by the quite independent techniques of atomic beam and double 
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resonance. The measurements up to the present time are largely complementary 

in that the atomic beam work has been restricted to the first excited states while 

double resonance measurements have been made mainly on second excited states 
(§ 4.5.2). There is no reason why double resonance measurements should not 

also be made on first excited states ; this has been done for sodium : the reason 
for the choice of second excited states is that the hyperfine structures, though 
smaller, are larger in relation to line width. On the other hand, resonance radiation 
from the second, is very much weaker than from the first excited states so that 
the signals are weaker. Nevertheless, the signal to noise ratio in these double 
resonance experiments is quite as good as that in the atomic beam experiments 
on first excited states. The scope of the atomic beam work could conceivably 
be extended by electron bombardment of the beam in the C field, if that were 
technically feasible. 

§7. Table of Measurements 

The following measurements have been made by means of the techniques 

described in the preceding sections : 

(a) gj-values and lifetimes. 

Element Level gj ( x 107 sec) Reference 

Hg 6s6p 3PX 1-4838 ±0-0004 1-18( ±0-01) J [Brossel & Bitter (1952) 
Boutron et al. (1957) 

Hg 6s7s3SX (— T9) — Brossel & Julienne (1956) 
Hg 
Hg 

6s6f 3F4 
6s7p 3P2 

1-2477 ±0-0004 
1-4402 ±0-0007 

4-50 ±0-12 
2-10 ±0-07 

1 Pebay-Peyroula et al. 

\ (1957) 
Hg 5d96s26p T>2 1-1203 ±0-0003 16-0 ±0-16 J 
Na 4p 2Pv2 — 0-9f Kruger & Scheffler (1958) 

3p 2P% 1-3341( ±0-0005) -0-15 Dodd (private communi¬ 
cation) 

K 5p 2Pv, 1-34 ±0-02 2*1-5 Ritter & Series (1956) 
Rb 6p 2P»/, — 1-0 Meyer-Berkhout (1955) 
Cs 7P 2Pv, — 2*1-6 Althoff (1955) 

f The value 7-9 X 10 7 sec quoted in the reference is clearly a misprint. 

(b) Hyperfine structure coupling constants. 

(Values in brackets are either given with reserve, or have been estimated from 
the authors’ measurements.) 

Element I 
(Isotope) 

Level Coupling constants 
(Mc/s) 

Q{ x 1024) cm2 Reference 

23Na 3/2 3p 2P a*,t : 19-5 ±0-6 
b : 2-4 ±1-4. 0-1 ±006 ► Sagalyn (1954) 

3p 2P at,t : 19 06+0*36 
b : (2-58 ±0-3) 
ayt : 94-45 ±0-5 

(0-100 ±0-011) Perl, Rabi & 
Senitzky (1955) 

a»,t: 19-0( ±0-5) 
b : 2-3( ±0-3) 

Dodd, J. N. 
>■ (private 

communication) 

4p 2P 

3,4, 5d2D 

(awaiting publication) 

(awaiting publication) 

0-13 ±0-04 Kruger & Scheffler 
(1958) 

Pebay et al. (1957) 
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Element I Level Coupling constants Q( x 1024) cm2 Reference 
(Isotope) (Mc/s) 

3*K 3/2 4p 2P a%tt : 
b : 
ai,t : 

(estimated) 
2-8 ±0-8 
28-85 +0-3 

' Buck & Rabi 
" (1957) 

5p 2P 
b 
ayt 

1-97 ± 0-1 
1-7+0-3 
(9-3 ±0-5) 

0-11 ±0-02 
Ritter & Series 

* (1957) 

8SRb 5/2 5p 2P a*,x 
b : 
dx/t 

25-3+0-2 
24-4 + 1-3 
120-7 + 1-0 

0-27+0-02 
Senitzky & Rabi 

y (1956) 

6p 2P a»/, 8-16+0-06 Meyer-Berkhout 
b 8-40 + 0-4 0-29+0-02 J (1955) 

87Rb 3/2 5p 2P a*/z 
b 

ayx 

85-8+0-7 
11-8+0-6 
409+4 

0-13+0-01 
Senitzky & Rabi 

" (1956) 

6p 2P «>/, 27-63 +0-1 1 Meyer-Berkhout 
b 4-06+0-2 0-14 + 0-01 J (1955) 

133Cs 7/2 7p 2P 
b 

16-60+0-01 
-0-11 ±0-08 -0-003+0002 j 

^Althoff (1955) 

ayt 100-2 + 0-25 Bucka (1958) 
67Zn 5/2 4s4p 3P! A 632-3 +0-15 Bockman et al. 

B -19-4+0-15 + 0-18+0-02 J [ (1957) 
1#9Hg 1/2 6s6p 3PX A 14910+420 Bogle et al. (1957) 

14733-5 +15 Sagalyn et al. 
(1958) 

6s6f 3F4 A 1255 +20 Pebay et al. (1957) 

201Hg 3/2 6s6p 3PX A -5437 + 15 1 Sagalyn et al. 
B -35-4 + 2-4 (0-58+0-18) f (1958) 

6s6f3F4 A 
B 

(520 + 25) 
(-0) 

- 

^Pebay et al. (1957) 

197Hg 1/2 6s6p 3Px A 15934 + 30 Melissinos (1959) 

(c) Isotope shifts, relative to the isotope 198, in the line 2537A. (6s21S0*-6s 6p 3Pj) of 
mercury (Sagalyn et al. 1958, Melissinos 1959). 

Isotope 204 202 200 198 201 201 199 197 

tF (level 3PX) (odd isotopes) 5/2 3/2 3/2 

Shift (Mc/s) -15560 -10160 -4680 0 -14720 -660 +6900 +2730 
The precision of measurement is to ±100 Mc/s. 

t It is not necessary to specify the F value of the level lS# since the hyperfine structure intervals 
are zero when 7=0. 

(d) Multiplet intervals in one- and two-electron spectra. 

Spectrum T ransition Interval (Mc/s) Reference 

H 3(2Pi/, — 2Syt) 315+1 Lamb & Sanders (1956) 
He+ 2(2PVf —2SVi) 14040-2+4-5 Lipworth & Novick (1957) 
He ls2p(3Pa-3P1) 2291-72+0-36 Wieder & Lamb (1957) 
He Is 3p(3P8 — 3Px) 658-55 +0-15 Wieder & Lamb (1957) 
He 1 s 3p(3P! SP0) 8113-78+0-22 Wieder & Lamb (1957) 

(e) Stark effect of the level 6^ in mercury. (Blamont and Brossel 1956, Blamont 
1957.) 
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For electric fields X between 10 and 70 kv cm-1 the difference AE between 
the displacements of the energy levels mT — 0 and mT = + 1 is given by 

AE = (21-3 ±0-5 Mc/s)J2 where X is measured in units of 105 v cm-1. 
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Optical Pumping and Related Topics 

G. W. Series 

I. A PRELIMINARY SURVEY 
« 

1. Introduction 

We propose to give an account of work which is commonly included under 
the titles: 

(i) optical-radio frequency double resonance experiments, 

(ii) level-crossing experiments, 

(iii) optical pumping experiments. 

For the most part, such experiments have been performed on free atoms, 
and the results that have been obtained are of interest in atomic spectroscopy 
in particular, and in atomic physics more widely, but the methods have also 
been applied to molecules and to ions in solids. 

The experiments have in common that all the techniques are based on the 
interaction of light with the atoms, either in absorption or in emission or both. 
There are close connections with experiments in which electrons are used for 
excitation. 

• The light fields we encounter are weak: we shall not be concerned with 
non-linear effects, nor shall we be concerned with the statistical properties of 
the fields. 

Historically, the experiment which introduced this whole field of work was 
the optical radio-frequency double resonance experiment of Brossel and Bit¬ 
ter/1} This showed how it was possible to apply to excited atoms the tech¬ 
niques of magnetic resonance which had already been worked out for atoms 
in their ground states (atomic beam resonance methods). 

We shall find it convenient to take the Brossel-Bitter experiment as our 
starting point, then to discuss level-crossing experiments, and then optical 
pumping. This is not the historical development. In the first section we shall 
aim to introduce the whole field, by discussing at length some simple examp¬ 
les. In later sections we shall take up subtle points and elaborate on techniques 
used in other experiments of the same types. 
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V 

R.F. coils 

Fig. la. Schematic apparatus for performing the Brossel-Bitter experiment. 

2. The Brossel-Bitter Experiment 

The Brossel-Bitter experiment measured the Zeeman splitting of the excited 

state 6s6p 3P1 in mercury by magnetic resonance. The atoms are present in 

the form of a vapour at very low pressure in the horn-shaped vessel and 

irradiated by light from a mercury lamp (Fig. la). They undergo the process 

known as resonance fluorescence which can be described (crudely, but well 

enough for our immediate purpose) as the absorption of a photon, followed 

by the emission of a photon. The atoms remain in the excited state for a time 

determined by the probability of spontaneous emission (Einstein coefficient 

A). The mean lifetime is t = A*1. This is the time available for the magnetic 

resonance transition. 

In order to secure an unequal distribution of atoms over excited states 

m (Fig. lb) the incident light is polarized. Magnetic resonance is stimulated by 

an oscillating magnetic field Hr cos co0t produced by a current in the coils 

shown in Fig. la. The oscillating field is at right angles to the static field H 

which produces the splitting of levels shown in Fig. lb. This geometrical ar¬ 

rangement stimulates transitions Am = +1. 
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Fig. lb. Resonance fluorescence in mercury stimulated by 7r-polarized light. 

m 

Fig. lc. Change of polarization of fluorescent light resulting from radio-frequency 
transitions. 
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Atoms undergo these transitions: 

(a) if the amplitude H1 is sufficiently strong, and 

(b) if the frequency co0 is sufficiently close to the splitting in the field H. 

The resonance is detected by making use of the profound effect which the 

transitions have on the polarization of the emitted light: compare Figs, lb and 

lc, and notice how, as a result of a transition, the polarization is changed from 

K to cr. These have different spatial distributions. A photomultiplier in a fixed 

position registers the change. Thus the absorption or emission of a quantum 

of energy at the radio-frequency determines the polarization of an emitted 

quantum of vastly greater energy at the optical frequency. That is why this 

optical method of detection is so much more efficient, when one comes to con¬ 

sider questions of signal-to-noise ratio, than a direct measurement of the 

absorption of radio-frequency energy. 

Figure 2 is an oscilloscope display of a Brossel-Bitter resonance. It was 

Main resonance 

Fig. 2. Double resonance signal in the 63P1 state of mercury. 
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obtained by keeping the frequency fixed at about 6 MHz and sweeping the 

magnetic field through the resonance region. It is worth noticing that this 

curve was obtained with very simple methods of detection: wideband am¬ 

plification of the voltage developed across a resistor in the output of the 
photomultiplier. 

The curve is double-peaked because the transitions Am = +1 are closely 
coupled. It is similar to the resonance curve of two over-coupled resonant 

circuits. The curve becomes single peaked when the radio-frequency field 
strength is reduced. 

We shall shortly show how the shape of such resonance curves can be cal¬ 
culated. First, we make some remarks on the properties of the oscillating field 

required to stimulate the resonances. Our considerations here are not limited 
to the Brossel-Bitter experiment in particular; we have in mind this type of 
experiment in general. 

2.1 AMPLITUDE'OF OSCILLATING FIELD 

It is important to consider what amplitude of radio-frequency field is necessary 
to induce transitions. A classical interpretation of magnetic resonance sug¬ 
gests that the field should be strong enough for the excited atom to precess 
through an angle of about one radian within its lifetime, t . Recalling that the 
precessional velocity in the field Hx is yHu where y is the gyromagnetic ratio, 
we have for the required condition 

(yHj) t « 1 rad. (1) 

More formally, we find the factor <J, M\JX ± iJy\J, M + 1) on the left- 
hand side. Using typical values for r (10~8sec) and a value of y corresponding 
to the Bohr magneton (1-4 MHz/G) we arrive at « 10 G. Actually, this is 
an over-estimate because we can detect changes of angle smaller than 1 rad, 
but it is clear we must think in terms of amplitudes of the order of a few gauss. 
Moreover, in order that the Zeeman levels be non-degenerate, we must think 
in terms of frequencies of the order of 108 rad sec-1, i.e., in the range 10-100 

MHz. 
Clearly, in order to drive such a resonance we need high frequency oscil¬ 

lators with power amplifiers. These requirements stem immediately from the 
fact that we are dealing with excited states. At a later stage, when we come to 
consider resonances in the ground states, we shall find that the longer life¬ 
times allow the use of fields of the order of milligauss, and that kilocycle 

frequencies are often appropriate. 
The use of high power, high frequency fields in studying resonances in exci¬ 

ted states often raises technical problems which we shall discuss later. 
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2.2. WIDTH OF RESONANCE CURVES 

An important characteristic of a resonance curve is its width. In the present 

case we can derive a minimum figure for the width by thinking in terms of 

Fourier transforms. The time available for the oscillating field to interact 

with the atom is limited by the mean lifetime of the excited state, hence the 

width of the resonance must be of order t” In quantum terms the point to 

notice is that the excited energy levels of Fig. lb are broadened by radiation 

damping, so that the width of a resonance between a pair of levels cannot be 

less than the sum of their widths, 2F = 2t“ *. 
This is a minimum width. It may be increased by radio-frequency power 

broadening (shortening of the lifetime through transitions induced by the oscil¬ 

lating field) or by inhomogeneous static fields. The latter is not a serious 

problem for excited state resonances, though it is for ground states. 

Of course, a precise definition of the width of a resonance curve rests upon 

knowledge of the profile. 

2.3. ANALYTICAL EXPRESSION FOR THE LINE PROFILE 

The following is a version of the calculation given by Brossel and Bitter. In the 

interests of simplicity, let us make the system effectively two-level by suppos¬ 

ing that we are detecting the light through a circular polarizer (er+) in front of 

the photomultiplier. Then we are concerned only with transitions 0 to -f 1. 
Suppose an atom is excited at time t0. (This is the “pulse” approximation. 

It is valid if the spectral distribution of the exciting light is much greater than 

the natural width of the excited states. We shall frequently use this approxi¬ 

mation, and discuss it in a later section). 

Let P(t, t0) be the probability that, at time t, the atom has made a transi¬ 

tion. This can be calculated from the theory of magnetic resonance. The result 

is 
P(t, t0) = (b2/p2) sin2 ip(t~i0), (2) 

where 

b = yHx; p = yKH-Ho)2*#!2]*; H0 = co0ly; 

H is the static field and Hr { = 2Ht cosco0 t the oscillating field. (Only one 

rotating component of Hr f is effective: we are ignoring the counter-rotating 

component). 
The probability that the atom has survived in the interval (t — t0) is exp 

[ — r (t — /0)], where T is the decay constant for the excited states (the same for 

both). To find the probability of emission of a photon of different polariza¬ 
tion, eqn (2) must be multiplied by this exponential factor. 

If atoms are excited at the uniform rate R, the number excited in time dt0 is 

R dt0. Hence, finally, if the atoms are excited independently of one another, 
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the steady-state intensity of light reaching the detector is 

!(H) OCJ (*v> sin2 ip(t-t0) exp [- T(?-/0)] dt0 

cc b2i{p2+r2) 

= (y«i)2/{r2+[y(H-//0)]2+(rH1)2} (3) 

This is a Lorentzian curve of full width at half-intensity, 2[H12 + (T/y)2]*. 
As Hl tends to 0 the width tends to 2T (in radians sec-1). The power¬ 
broadening is thus quantitatively expressed. 

In Brossel and Bitter’s paper the probability P(t910) of equation (2) is re¬ 

placed by the more complicated expression representing a transition out of the 
state 0, leading to a more complicated version of (3). 

2.4. DOUBLE RESONANCE LINE WIDTH COMPARED WITH OPTICAL LINE WIDTH 

The quantitative remarks we made earlier about line widths are borne out by 
these calculations and exemplified by Fig. 2. The line width of a few gauss in 
that figure corresponds to a frequency of the order of 1 MHz and a lifetime of 
order 10-7sec. This line width should be compared with the line width in 
optical studies of the Zeeman effect—typically, several hundred gauss. The 
Brossel-Bitter experiment therefore allows the measurement of Zeeman in¬ 
tervals in excited states with a precision orders of magnitude better than 
optical measurements. 

The method is not limited to the measurement of Zeeman intervals. We 
shall indicate in the next section how it has been applied to determine hyper- 

fine structures. 

3. Double Resonance Method: Hyperfine Structures 

The basis of the double resonance method is to make use of the changes of 
polarization of fluorescent light which result from magnetic resonance transi¬ 
tions AM = ± 1. This selection rule stems from the existence of matrix ele¬ 
ments of the (x-y) component of the magnetic moment operator 

(i = (/?/&)(!+ 2§). 

In the Brossel-Bitter experiment the states were the eigenstates |M> of 
jz = tz + 2§z and flxy has non-vanishing matrix elements between these states. 

The static magnetic field was used only to remove the degeneracy of the |M>. 
In an atom having hyperfine structure with weak field quantum numbers 

F, MF, the operator fixy has matrix elements between states | F, MF> and 
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| F\ Mf ± 1), where F' - F = 0, ± 1. The polarization of the light is determined 

by the value of MF, irrespective of whether levels of different MF are de¬ 

generate, Hence, the double resonance method may be applied to measure 

hyperfine intervals in zero field (Fr — F — ± 1). It is also, of course, still appli¬ 

cable in fields strong enough to decouple / and J, and in intermediate fields. 

We shall illustrate this by reference to an experiment of Ritter and Series(2) 

on an excited state of potassium. 

3.1. HYPERFINE RESONANCES IN ZERO FIELD 

The apparatus is shown in Fig. 3. It is, in essentials, the same as that used by 

Brossel and Bitter, but differs in points of experimental technique. Most signi¬ 

ficant is that the potassium is introduced into the resonance region in the form 

of a crude atomic beam. The use of a hollow cathode light source is also 

noteworthy. 

The excited states of interest here were the second excited P states 52P3/2 
whose hyperfine structure allows a determination of the nuclear electric quad- 

rupole moment. The level scheme is shown in Fig. 4a. A blue filter eliminates 

Fig. 3. Double resonance experiment to study the hyperfine structure of 52i>3/2 of 
potassium. (After Ritter and Series.(2)) 

132 



OPTICAL PUMPING AND RELATED TOPICS 403 

the much stronger fluorescence from the 42P states. Fluorescence from 52P1/2 

passes the filter but its intensity is unchanged by the magnetic resonance un¬ 
less circular polarizers are used (see later). 

The hyperfine structure of 52P3/2 is shown in Fig. 4b. Magnetic resonance 

curves obtained by varying the frequency while keeping the amplitude Hx 

fixed are shown in Fig. 5. The interpretation of these curves is not easy without 
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Fig. 4a. Resonance fluorescence of the second excited state in potassium. 
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Fig. 4b. Hyperfine structure of 52P3/2, showing the double resonance transitions. 
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additional information (based partly on the known h.f.s. of the ground state 

and partly on analysis of double resonance curves in strong magnetic fields). 

With this information one can be confident that the curve at 7-5 MHz repres¬ 

ents the complex of transitions between the various MF levels belonging to 

F = 3 and F = 2. Notice that the width of the line at half intensity is about 
2 MHz. 

Fig. 5. Experimental curves corresponding to the transitions marked in Fig. 4b. 
(After Ritter and Series.(2)) 

The resonance curve at 1*4 MHz is obviously narrower and its interpreta¬ 

tion is not immediately obvious. It is, in fact, identified by its width and posi¬ 

tion as a double-quantum transition between the levels F = 0 and 2. Such 

transitions are found when the separate resonances 0—1 and 1 — 2 overlap 

and the r.f. field is sufficiently strong. We shall discuss these multiple-quan¬ 

tum resonances later. 

3.2. HYPERFINE STRUCTURE OF RESONANCES IN STRONG FIELD 

“ Strong field ” is, of course, a relative term. The fact that 25 G is a strong 

field in this context (decouples I and J) emphasises the smallness of the hyper- 

fine structures which the method is capable of measuring. 

6 8 2 2 8 6 

Fig. 6. Fine structure of the transition 42St/2 - 52P3/2 showing Zeeman components and 
elative transition probabilities. (After Ritter and Series.(2)) 
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With I and J decoupled, both the optical and the radio-frequency inter¬ 
actions are with the electron, leaving the orientation of the nucleus unchanged. 

The interactions, showing the changes in My, are indicated in Fig. 6. The 

resonances corresponding to transitions between the four values of Mj would 

Mi 

Fig. 7. Hyperfine structure of Zeeman components of 52j°3/2 showing the radio-frequency 
transitions detectable by the experimental arrangement shown in Fig. 3. The figure has 
been drawn for a value of the electric quadrupole coupling constant b approximately equal 

to that of the magnetic dipole constant a. (After Ritter and Series.(2)) 

be coincident were it not for the hyperfine coupling which produces the split¬ 
tings indicated in Fig. 7. 

The corresponding resonance curve is shown in Fig. 8. The frequency was 

fixed at 41 MHz and the curve obtained by varying the magnetic field. A low- 
frequency modulation was added to the field in order to allow phase-sensitive 
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detection. The curve is therefore the derivative of the true resonance curve. 

The structure is hyperfine structure. Analysis of this curve allowed the deter¬ 

mination of the hyperfine interaction constants—magnetic dipole and electric 

quadrupole. 
A recent analysis (Pegg(3)) has shown that the quadrupole constant ob¬ 

tained from these curves was seriously in error owing to perturbation of the 

resonances by the strong radio-frequency fields. These perturbations will be 

discussed in a later section. 

Fig. 8. Experimental resonance curve at 41 MHz (derivative curve). The structure represents 
the eight incompletely resolved transitions shown in Fig. 7. (After Ritter and Series.(2)) 

3.3. BACKGROUND SIGNAL 

In Fig. 9 are compared two signals, one obtained with an oscillating field at 

19 MHz and the other with this field turned off. In the first curve the magnetic 

resonance with hyperfine structure is seen, as in Fig. 8, but a background sig¬ 

nal is present which the second curve shows to be independent of the radio¬ 

frequency field. There are two contributions to this background signal: 

(i) It occurs in the region where the I-J coupling is being broken down. In 

this region the atomic wave functions are field-dependent, and the optical 
transition probabilities are also field-dependent. (In the early days of reson¬ 

ance fluorescence, attemps were made to determine nuclear spins by measur¬ 

ing these changes: Heydenburg et a/.(4)) 

(ii) In this region (and also near zero field) there afe degeneracies of energy 

levels. This gives rise to interference effects which are now known as level¬ 

crossing and anti-crossing effects. (The changes of intensity in Fig. 9 are due 

to anti-crossings because n radiation was used to excite the fluorescence). 

These interference effects form the basis of what has proved to be a most 

important spectroscopic technique. They were not recognised when the 

experiments on potassium were performed: the changes of intensity were 

ascribed to the effect (i). Recent studies (Schmieder et a/.(5)) of level- 
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crossing effects in these hyperfine states of potassium have led to values of 

the coupling constants free from the error introduced by the strong 
radio-frequency fields. 

The next sections will be devoted to these interference effects. 

Fig. 9. Fluorescence signal in the range 0-15 G. (After Ritter and Series.(2)) 

a. With radio-frequency field at 19 MHz. 

b. With no radio-frequency field. 

4. Level-Crossings 

4.1. THE PHENOMENON 

First, I should like to show the phenomenon and indicate its usefulness, and 
then discuss its interpretation. 

A sketch showing the essential parts of the apparatus, can be seen in Fig. 10. 
There is no radio-frequency field. Notice that the exciting light is linearly 
polarized perpendicular to the magnetic field, and that the fluorescent light 
(consisting in this case of two circularly polarized components emitted along 
the direction of H) is taken through a linear analyser before reaching the photo¬ 
multiplier. I emphasise that, for the exciting light and for the fluorescent light 
we are using one mode of polarization (linear polarizers), but that two differ¬ 
ent atomic transitions are involved (AM = +1), both in excitation and in 

decay. 
The experiment is performed by recording the intensity of fluorescent light 

as a function of magnetic field. Figures 11a and lib show results for fluores¬ 
cence from an excited state of thallium ((6s26d)2D3/2)S6) In this particular 
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experiment, low-frequency modulation of the magnetic field was used for 
phase-sensitive detection, so the figures show dl/dH. 

In Fig. 11a you see strong changes of the intensity in the neighbourhood of 
zero field. In 1 lb you see changes at higher fields. These are superimposed on 

Fig. 10. Geometrical arrangement for studying the level-crossing phenomenon 

_]_ 1 --1--—I- 

-20 ”10 0 10 20 

H (G) 

Fig. 11a. Resonance fluorescence from (6s26d) 2D3/2 state of thallium in the vicinity of 
zero magnetic field. (After Gough and Series.(6)) 
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Fig. lib. The signal extended to higher values of magnetic field. The sensitivity has been 
increased. The broken line shows the tail of the curve of Fig. 1 la. (After Gough and Series.(6)) 

the tail of the zero-field curve which is shown by the broken line, and the gain 
has been substantially increased. 

Now look at the energy level diagram, Fig. 12, and notice that energy levels 
having AM = 2 intersect at zero field and at two other places in finite fields. 
The degeneracy of levels is held to be responsible for the changes in intensity 
of the fluorescent light. Experimentally, one measures the value of the magnetic 
field at the centre of the anomaly and calculates the hyperfine constants with the 
help of the Breit-Rabi formula . 

Measurement of the line width is also important. This is generally done for 
the anomaly at zero field. One can easily calculate the mean lifetime of the 
excited state from the measured line width. 
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i_i-1-1 

0 12 3 

x = gj /3H / 2a 

Fig. 12. Decoupling of hyperfine structure by the magnetic field. The vertical bar marked 
r represents the radiation width of the levels, a is the magnetic dipole constant. The signals 

of Fig. lib are attributed to the intersections of levels marked with circles. 
(After Gough and Series.(6)) 

4.2. INTERPRETATION OF THE PHENOMENON 

It is essentially an interference phenomenon. When the levels are degenerate 

and under the geometrical conditions specified above, the atoms are excited co¬ 

herently in two modes and by virtue of this, can radiate coherently in two 

modes. The interference results in a redistribution in space of the fluorescent 

light, compared with the distribution when the modes are excited incoherently. 

The decay rate of the atoms is unaffected: there is no change in the intensity 

of the fluorescent radiation integrated over space. Notice that the redistribu¬ 

tion of light is attributable here to interference whereas in the double resonance 

experiments it was attributable to the radio-frequency field. 

The possibilities for interference are apparent from Fig. 13. The important 

points are: for the atoms—one initial state, one final state, two intermediate 

states; for the light—coherence in the incident beam and at the detector. 

We can write simple equations based on the notion of pulse excitation which 

we used before. Suppose an atom is excited at time t0 by a pulse of polarized 
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light which allows transitions from a common initial state \g) to either of two 

excited states |a> or |/?>. The wave functions for |a> and |/?> develop ac¬ 

cording to exp — i{kt — iiTjX* — t0) (j = a, /?), where kt is the eigenfrequency 
and Tj the damping constant. In many applications (for example, in cases of 

hyperfine structure), we have Ta = Tp. The state vector at time t for those 
atoms excited at t0 is (to within a constant), 

Mo> = Z A,exp-i(*,—i/r) (t-t0) |/>, (4) 
i = ct,P 

where is the (time-independent) matrix element of the electric dipole op¬ 
erator between the ground and excited state. (This is written as a plausible 
equation: it can be justified in a number of ways.) The intensity of the light 
emitted at time t in such a direction and polarization as to reach the detector 

will be proportional to \ (f\P'\t, f0>|2- Thus 

I(t, t0) cc [|F/aP„|2 + |P>#P,,|2]exp-r(t-t0) 

+ P’fa P.gP’efPgf exp - j(<5 - iT)(? -10) 

+ complex conjugate, (5) 

where <5 = ka — kfi. 

Fig. 13. Resonance fluorescence by two paths from initial state g to final state/. 

In a steady-state experiment we integrate, as before, over t0 from 0 to t and 

obtain 

T (Ci2 + C22) , , 
1 oc-—- + A + B r2+<52 r2+<5 
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Fig. 14. Zero field level-crossing signals (Hanle effect) for 63P1 in mercury. The four curves 
correspond to rotation of a polarizer in successive steps of tc/4. (After Kibble and Series.(7)) 
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where C, = \P'faPJ9 C2 = \Pff({PPg\, and A +iB = P'faPagP'BfP gf}. (7) 

The first term of (6) is a constant. The second and third are Lorentzian bell¬ 

shaped and dispersion functions of <5. These are the interference terms, which 

vanish when <5 |> F. By suitable orientation of polarizer and analyzer one 

can make either A or B vanish. These results are illustrated in Fig. 14,(7) which 

shows a set of experimental curves obtained for the zero-field level-crossing in 

63Pi states in mercury—the states studied in the Brossel-Bitter experiment. 

4.3. DETERMINATION OF LIFETIME 

The width at half intensity (the bell-shaped curve) and the distance between 
the peak and the dip (dispersion curve) is equal to 2T. For the mean lifetime, 
t, we have 

r(sec) = F “1 (radians per sec) “1 (8) 

The method of studying the zero-field level-crossings is, in principle, very 
attractive for the determination of lifetimes because the sole perturbation on 
the atoms is the incident light, which is a negligible effect in comparison with 
spontaneous emission. But in practice there are a number of difficulties: 

(i) admixture of the bell-shaped and dispersion curves, 
_ * 

(ii) multiple scattering of resonance radiation. This leads to an anomalous 
narrowing of the curves called “coherence narrowing” 

(iii) distortions caused by non-uniform spectral distribution of the incident 
light. 

We shall discuss these problems in a later section. In practice, the method 
can be applied to measure lifetimes to a precision of 1 % in favourable cases. 

5. Anticrossings 

There is nothing in the above analysis which requires the levels to be of dif¬ 
ferent M—the interference terms still exist if the levels have the same value of 
M. But, in time-independent perturbation theory, “levels of the same M never 
cross”. If we are considering the breakdown of I-J coupling, for example, the 
hyperfine interaction a\. J, which has non-vanishing matrix elements between 
states of the same value of M = (Mj + Mj), causes repulsion of such levels. 
Nevertheless, a pair may approach one another to within their natural width, 
and in this case the interference effect is not negligible. Such a situation is 

called an “ anticrossing”.(8} 
In the region of an anticrossing the wave functions of the perturbing states 

are changing rapidly. For this reason it is easier to base an analysis on the 

unperturbed states, say \a) and |Z?>. The optical matrix elements to |a} and 
|b} vary only slowly through the anticrossing. Calculation of the change in 
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intensity of the fluorescent light shows that the interference effect has its great¬ 

est value when either |a) or \b) alone are populated. The interference signal 

has the analytical form \2V\2/(y2+d2+ \2V\2), where \2V\ is the interval be¬ 

tween the levels at their closest approach (a measure of the perturbation en¬ 

ergy). This expression should be compared with eqn (3) which describes a 

double resonance curve. The two have exactly the same form. An anticrossing 

signal is the same as a double resonance signal, but in the one case the pertur¬ 

bation is internal (|2F|), and in the other, external (yH1). (See Fig. 15) 

Fig. 15. An “anti-crossing” of energy levels and the corresponding fluorescence signal 
whose analytical form is given in the text. Here, y is the damping constant. 

It is to be noticed that anticrossing signals are broader than crossing signals, 

and are not suitable for the measurement of lifetimes. On the other hand, they 

can be analysed to yield the hyperfine interaction constants. 

6. Ground States: Optical Pumping 

We have described methods which allow the study of excited states of atoms. 

To complete our preliminary review we describe some typical experiments in 

which the ground states of atoms are the focus of interest. Therefore we must 

choose as a suitable substance one whose atoms have structure in the ground 
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states. (The even isotopes of mercury, which served as an example before, 
have a ground state without structure.) 

The alkalis have the required structure. Rubidium serves as an excellent 

example because its vapour pressure at ordinary room temperatures is about 

right for the experiments we shall describe. 

6.1. THE PUMPING PROCESS 

Consider an assembly of atoms which have undergone resonance fluorescence 

by anisotropic excitation followed by spontaneous emission, which is an iso¬ 
tropic perturbation. In principle, we have injected anisotropy into the system; 

that is, we have altered the distribution of atoms over the ground states. We 
have, therefore, prepared the system for magnetic resonance experiments. 

Points of detail will emerge by considering a simple experiment. (See Fig. 16) 
The bulb contains rubidium vapour at a pressure of about 10”6 torr. (It 
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also contains a noble gas at a pressure of a few torr for a reason we shall 

shortly explain). It is illuminated with light from a rubidium lamp which pas¬ 

ses through a circular polarizer. The mounting allows a magnetic field to be 

applied in the direction of the incident light, and also enables this direction to 

be aligned with the Earth’s field, since this is by no means to be ignored. 

The optical transitions are indicated in Figs. 17a and b which, for the sake 

of simplicity, ignore hyperfine structure. It is clear that, if the atoms are excit¬ 

ed by <7+ light and decay by spontaneous emission without any other pertur¬ 

bation, the net result of one cycle will be to transfer atoms from the ground 
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Fig. 17a. Resonance fluorescence of the principal doublet in rubidium. 

Di D2 

Fig. 17b. Transitions induced by excitation with circularly polarized light. The numbers 
indicate relative transition probabilities. 
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state |— i> into |+^>. This may be expressed quantitatively. Starting from 
equal populations of the two states, the D1 light alone will produce a 20:40 

mixture, while the D2 light alone will produce a 10:50 mixture. The two effects 

are additive. (We shall reconsider this point when we investigate the effect of 
the noble gas.) 

6.2. RADIO-FREQUENCY RESONANCE 

Having established a difference of population, we can now contemplate a 

resonance experiment. Coils, as shown in Fig. 16, provide an oscillating field 
at right angles to the direction of the light beam. The required field amplitude 
is only of the order of milligauss, since the atoms have lifetimes of the order 
of milliseconds (we discuss this below). The frequency may be of the order of 

kHz if we are studying transitions between Zeeman components, or of the 
order of 10 to 103 MHz if we are studying hyperfine transitions. Signal genera¬ 
tors will frequently provide enough power. 

6.3 MONITORING THE RESONANCES 

The r.f. field alters the populations of the levels, and this may be detected 

(i) by its effect on the fluorescent light (but this method will not be applic¬ 
able if the bulb contains a gas), or 

(ii) by its effect on the absorption coefficient of the vapour. 

This latter method has been most commonly used, and is illustrated in Fig. 16. 
The same light which does the pumping also monitors the resonance. Refer¬ 
ence to Fig. 17 shows that the amount of circularly polarized light absorbed 
depends on the distribution of atoms between the ground states. The resonance 
is indicated by changes in the current of the photocell placed behind the 

resonance vessel. 

6.4. DISCUSSION OF THE RESONANCES 

Fig. 18 is an oscilloscope trace of resonances obtained with apparatus of this 
sort. It is rather a crude picture, but it brings out important points. Notice the 

following: 

(i) stray fields have been compensated to about 2 mG. The only remaining 
field is the longitudinal field shown on the scale; 

(ii) R.f. frequency: 5 kHz. Amplitude: a few mG; 

(iii) there is a peak at zero field which needs to be explained; 

(iv) resonances at ± 10*7 mG are due to 85Rb, at ±7 0 mG due to 87Rb; 
(natural abundances 72%, 28%; nuclear spins 5/2, 3/2; gF, 1/3, 1/2; 

respectively); 
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(v) resonance line-widths are ^2mG (85Rb)~ 1 kHz, so that t ~ 10 4 sec 

(assuming the line is homogeneously broadened); 

(vi) the small wiggles are due to pick-up from the mains, showing that the 

time for traversing the sweep was of the order of seconds. This is 

necessary in order to avoid distorting the resonances, and emphasises 

the relatively large value of t. 

Consider point (iii). Near zero field the energy levels are degenerate or near¬ 

degenerate. There are stray transverse static fields and also transverse, low- 

frequency oscillating fields from the electrical mains. These can stimulate a 

resonance at zero frequency (or 50 Hz). These stray fields can account for the 

peak at zero field. 

Some conceptual difficulty may still remain. While it is easy to use quantum 

labels MF for non-degenerate levels, and to understand transitions between 

them, can one still use such language when the levels are degenerate? The 

answer is yes, for one can choose a quantum axis arbitrarily, and describe any 

experiment thereby, provided one takes proper account of the perturbations. 

Here, we choose an axis along the light beam and describe the optical transi¬ 

tions with reference to that axis. We notice that the magnetic field may be 

skew to the axis and we use a formalism which takes account of that, namely, 

magnetic resonance transitions at zero frequency. We could equally well 

Fig. 18. Oscillogram demonstrating radio-frequency resonances in the ground state of 
rubidium studied by optical pumping. Resonances at ±7mG correspond to 87Rb; those 

at ±10.7mG to 85Rb; for other features see text. 
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Fig 19a. Optical pumping signal in rubidium. No r-f field. 

Fig. 19b. Resonance at a frequency of 3 kHz. 
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describe these transitions by writing equations for rotating the axis from the 

longitudinal to the skew direction. Alternatively, we might choose an axis in 

the skew direction and describe the optical transitions with reference to such 

an axis, but we would have to remember that, on account of the degeneracy, 

there may be coherence between different optical transitions. 

The fields of work opened by resonances such as shown in Fig. 18 are: 

(a) precision measurement of ^-values of atoms in ground states, (and, cor¬ 
respondingly, of hyperfine intervals); 

(b) measurement of nuclear spins. (The values of gF may be determined 

from the measurements. Then, if gj is known, / may be deduced); 

(c) precision magnetometry and atomic clocks; 

(d) studies of relaxation processes by measurement of the line width under 
different conditions. We shall elaborate on this. 

6.5. MULTIPLE QUANTUM RESONANCES 

We now illustrate in Fig. 19 an effect which can arise very easily in ground 
state optical pumping experiments, and can lead to mistaken identification of 

resonances. This is the occurrence of what appear to be harmonic resonances. 
The magnetic field sweep is the same as in Fig. 18, but the zero has been 

displaced to the right. The radio-frequency has been reduced from 5 to 3 kHz. 
The figures a, b, c, d are taken with increasing r.f. power, starting from zero. 
Curve (a) is the zero-field resonance. In (b) is seen the resonance of 85Rb, as 
in Fig. 18 but at a field H0 about 6-4 mG. The resonance of 87Rb is unresolved. 

Increasing r.f. power, Figs. 19 (c) and (d), brings up resonances at approxi¬ 
mately 2H0 and 3H0. (They are not exactly at integral multiples of H0, but the 
small displacements are not our present concern). These might have been due 
to harmonics in the oscillator, but this possibility was excluded. They are 

3H0 2H0 H0 0 

Fig. 20. The resonances interpreted as multiple quantum transitions. 
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Fig. 21a. Resonance at 5 kHz produced by rotating field. (The zero field signal is also 
present). 

Fig. 21b. Effect of increasing r-f power. The dominant resonance is undisplaced but 
greatly broadened. Numerous subsidiary resonances appear; the zero field signal is dis¬ 

placed slightly to the left (see Fig. 42). 
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interpreted as multiple quantum transitions between a pair of levels having 

AM = +1, and require for their interpretation the existence of components of 
the r.f. field other than the rotating field which is responsible for the primary 
resonance at H0(o+ : AM = + 1 in absorption). 

Figure 20 shows how a component of the oscillating field parallel to the static 
field (n: AM = 0), combined with cr + (AM = +1), can satisfy the conserva¬ 

tion of energy and of angular momentum at a field 2H0, while the counter¬ 

rotating component cr~(AM = — 1 in absorption) can combine with 2cr+ to 
satisfy the conservation laws at 3H0. 

In Fig. 21a. is a resonance curve taken with an arrangement of coils design¬ 

ed to produce a rotating field (<r+ alone). The frequency is now 5 kHz and 
zero field has been shifted to the centre. The zero field resonance is seen as well 
as the resonance at about 10 mG due to the rotating field. This should be 
compared with Fig. 18 where the resonances appear on both sides of zero 
because an oscillating field was used. 

In Fig. 21b. the r.f. field strength has been greatly increased. A variety of 
resonances appear at fields up to 5H0 on the left and 4H0 on the right. These 
are due to small cr~ and n components arising from the non-uniform field of 
the coils, and acting with the <7 4 component to generate the resonances. 

These multiple quantum transitions should not be confused with the multi¬ 
ple quantum transitions described above (Section 3.1 and Fig. 4b). In the 
present case we have transitions between atomic eigenstates induced by dif¬ 
ferent components of the r.f. fields, acting coherently. In the former case we 
had transitions via non-resonant intermediate states of the atom induced by 
one particular component of the field. 

These multiple quantum transitions have been studied by a number of 

authors/9,10) 

6.6. WIDTH OF RESONANCE CURVES: RELAXATION TIMES 

We have been concerned with the occurrence of resonances. We now return to 

the question of their width. 
One might expect the width to be determined by the inverse of the time of 

flight of atoms across a resonance cell (~10-4sec, for example). In fact, 
resonance curves are frequently studied whose width corresponds to times of 
the order of 1 sec. This is generally achieved by using wall coatings or buffer 

gases. The important fact is that, in many cases of interest, it is possible for 
atoms to undergo many thousands of collisions either with gas molecules, or 
with the coated wall, without losing their orientation. This is generally true for 
atoms whose ground states are S states (such as the alkalis). Their orientation 
arises from the electron and nuclear spin, but the spherical symmetry of the 

distribution of charge isolates the spins from the effects of collision. 
Substances chosen for wall coatings are chemically inert materials such as 

153 



424 G. W. SERIES 

paraffin hydrocarbons. Similarly, noble gases at pressures from a few torr up 

to atmospheres are used for buffer gases. 

6.7. PUMPING CYCLE WITH BUFFER GASES 

The use of buffer gases has important consequences for the mechanism of the 

pumping process, since excited states (which will be P states if the ground 

states are S) are not inert under collisions with buffer gases. When the pressure 

of the gas is raised to the point where the time between disorienting collisions 

is comparable with the radiative lifetime of the pumped atoms, the changes of 

population induced by optical pumping are radically changed. The situation is 

usually analysed by assuming that collisions result in the random orientation 

of excited atoms—equal population of the states |MF> or |My>. This is an 

oversimplification, but it gives useful qualitative results. 

If all excited states are equally populated and decay at the same rate, then 

all the ground states are replenished at the same rate (whatever the coupling 

scheme). It follows that differences of population between ground states can 

only be established through different rates of excitation and this raises a dif¬ 

ficulty when the ground states are S states. The intensity sum rules guarantee 

that if the absorption from an S state is summed over a multiplet (e.g. S1/2 to 

Pl/2 and P3/2), the transition rates from all components of the ground state 

are equal. (This may be verified by adding the transition probabilities in Fig. 

17). Therefore, in order to achieve differences of population one must have 

light whose spectral distribution over the fine structure components is non- 

uniform. This is commonly achieved by the use of interference filters or absorp¬ 

tion cells. Under some conditions the required change of spectral profile oc¬ 

curs as the pumping light traverses the vapour in the resonance vessel. 

6.8. HYPERFINE PUMPING 

Hyperfine pumping is another variant of the optical pumping method which 
relies on non-uniform spectral distribution of the pumping light. Suppose the 

hyperfine components in an absorption line are optically resolvable (reson¬ 
ance lines of rubidium, for example), it is then sometimes possible to find a 

lamp (often an isotope of the same element) whose spectrum covers the hyper¬ 

fine components unequally (85Rb (lamp) and 87Rb (sample)). In such a case, 

light of any polarization will produce an inequality of population between 

hyperfine states of the ground level. The hyperfine intervals in zero field can 

now be studied by magnetic resonance, just as for the excited states. The re¬ 

laxation mechanisms for hyperfine transitions may be different from those for 

Zeeman transitions. The intensities of the resonances are a measure of <I.J>. 

6.9. SPIN EXCHANGE 

We have described how atoms can be oriented by light. An important exten- 
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sion of the technique due to Dehmelt was the discovery that atoms of one 

species can be oriented through collisions with atoms of another species which 

themselves have been oriented by light. Thus, for example, with a mixture of 
sodium and rubidium vapours in a vessel, the sodium can be oriented by il¬ 

luminating the bulb with rubidium light. Moreover, r.f. resonances in the sod¬ 

ium may be monitored with the rubidium light because the sodium atoms 
which have interacted with the radio-frequency field themselves interact with 

the rubidium atoms. 
An important application of this spin-exchange technique is in the study 

of substances which cannot themselves be oriented by light, or for which there 
are technical difficulties. Among the substances so studied are atomic hydro¬ 

gen (and its isotopes) and free electrons. 

6.10. METASTABILITY EXCHANGE 

Closely related to spin-exchange is metastability-exchange, first studied by 
Colegrove et We shall illustrate this and the following sections by refer¬ 

ence to the experiments of Greenhow/12) 
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Fig. 22. Term diagram of 3He showing optical pumping from the metastable state 23Sj. 
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Optical pumping is performed from the metastable state 23Sl which is popu¬ 

lated (with random orientation) in a discharge in helium gas at a pressure of a 

few torr (see Fig. 22). Illumination with circularly polarized light at 10,830 A 
or 3889 A from a helium lamp produces polarization of the metastable atoms 

through the intermediacy of the excited states 23P or 3 3P respectively. The 

polarization is reflected in the population of the hyperfine states of 23SU and 

if the I-J coupling is not broken down by an external field, the nuclei will 

also be polarized. When these metastable atoms collide with the much more 

numerous atoms in the ground state, 11S0, there is a probability that the exci¬ 

tation energy will be transferred without affecting the nuclear polarization. 

Such collisions establish a nuclear polarization in the ground state. 

Fig. 23a. Nuclear resonance at a frequency of 1 kHz in the ground state of 3He (this 
curve was taken with modulated light: see Section III 6.3). 

(After Partridge and Series. Proc. phys. Soc. 88, 983 (1966).) 

F = 3/2 F = 1/2 H=0 F=1/2 F=3/2 

\ 

Fig. 23b. Resonances at 1 MHz in the metastable state. It is to be noticed that the line 
width is nearly two orders of magnitude greater than in (a). 
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It should be appreciated that this nuclear polarization is in a state in which 
the electronic angular momentum is zero: the magnetic moment of the atoms 

resides solely in the nuclear magnetisation. (For the metastable states, the 
electronic angular momentum is non-zero). 

He atoms in their ground states have extremely long relaxation times. (Ten 

hours has recently been measured by Cohen-Tannoudji et al.(13)). In the gas 
discharge, relaxation times are of the order of minutes. The resonances and 
the relaxation times can be studied by measuring the absorption of light by the 
metastable atoms, though these are not the only methods available. 

Figure 23a shows a nuclear resonance in 3He at a frequency of 1 kHz. 
(Actually, this curve was taken with modulated light, but it demonstrates the 
characteristics of the resonance). The ^-factor, about 2-3 x 10“3, shows that 
it is a nuclear resonance. 

For comparison, Fig. 23b shows a set of resonances, also monitored by 
absorption of light by the metastable atoms, where the applied frequency is 
1 MHz. The resonances occur at values of the field about J and \ G respec¬ 
tively, whereas that in Fig. 23a is at about j G. Yet the frequencies in the 
two cases differ by a factor 103. The resonances in (23b) are Zeeman reson¬ 
ances in the hyperfine states F — 1/2 and 3/2 of 23Sl5 where the ^-factors, 8/3 
and 4/3, are of electronic magnitude. 

7. Relaxation Processes 

In many applications of optical pumping it is of interest to study relaxation 
processes, for this gives information about the interactions between the optic¬ 
ally pumped material and the collision partners. Methods available are static 
methods (e.g., measurement of resonance line width) and the study of trans¬ 
ients. The number of time constants required to interpret the measurements 
depends on the complexity of the system and the symmetry of the environ¬ 
ment. For a spin-^ system in an anisotropic environment two times are 
sufficient: the longitudinal (Tj) and transverse (T2) relaxation times which are 
familiar from the Bloch equations of magnetic resonance. 

The relaxation times will often be measured in a situation where the optical 
pumping process itself contributes to the relaxation: atoms are suddenly per¬ 
turbed, either by optical excitation, or by collisions, according to the mechan¬ 
ism of pumping. The time constants measured will then be functions of the 
mechanism. These times we call tx and t2. They are related to Tx and T2 by 

equations of the form 

Tt 
+ 

Kn 
+ ... 

+ ... 
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where Ta... are time constants for the pumping mechanisms, and Ka, Ka'... 

are numerical constants depending on these mechanisms. 

We give examples of the measurement of t1? 7\ and t2. 

7.1 RELAXATION WITH THE PUMPING LIGHT: T1 

Interpose a shutter between the pumping lamp and the cell. Suddenly with¬ 

draw the shutter and record the exponential change of intensity towards its 

equilibrium value (Fig. 24a). The time constant is Tj. 

7.2. RELAXATION IN THE DARK! Tx 

When equilibrium has been reached, interpose the shutter for a definite time 

(*i “*o)* During this time the sample has relaxed in the dark with time con¬ 
stant 7\. On removal of the shutter one obtains again the pumping curve 

(Ti), but the initial point gives the polarization after the lapse of time (t1 —10). 

From the locus of these points (Fig. 24b) one obtains T1.(14) 

Fig. 24a. Exponential growth of optical pumping signal. (Time constant ti). 

Fig. 24b. To illustrate the method of obtaining points on the curve for relaxation in the 
dark. (Time constant Tx). 
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I-1 

40 msecs 

Nutation at resonance 

/2t7= 17 Hz 6 - 85 msecs 

Fig. 25. Nutation at resonance of 3He in the ground state. 
a. Weak r.f. field. 

I- 

40 msecs 
Nutation at resonance 

w1 /2rr = 375 Hz <9 = 64 msecs 4 
i'C 

b. Stronger r.f. field. 

The time constants for relaxation can be obtained from the damping of these curves. 
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7.3. MONITORING LAMP 
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An alternative procedure is to use separate lamps for pumping and monitoring. 

The latter should be weak enough so that its pumping and relaxing effect is 

negligible. If such a lamp is used the indirect technique described above is 

unnecessary. The relaxation curve (Tx) can be observed directly. 

7.4. nutation: measurement of t2 

The transverse relaxation can be studied by observing the nutation as in Fig. 

25. The sample is pumped to equilibrium and the r.f. field, previously adjusted 

to the resonance frequency, is suddenly switched on. The longitudinal mag¬ 

netization nutates—i.e., precesses round the effective field which is rotating in 

the x-y plane (classical picture of magnetic resonance). This nutation is damp¬ 

ed at the rate 6~1 = i(Ti_ 1 +t2~ 1). 
Figures 25a and b relate to 3He pumped by the process of metastability 

exchange and monitored via the metastable state. The relaxation time con¬ 

stants in these examples are 64 and 85 msec. The frequency of nutation, 375 Hz 

in the one case and 17 Hz in the other, is, at resonance, proportional to the r.f. 

field strength, and measurement of this frequency is a good method for deter¬ 

mining this field strength. 

8. Frequency Shifts 

Associated with the relaxation processes we have mentioned are dispersive 

effects which may be manifested as frequency shifts. Thus, there is a frequency 
shift which arises from the irradiation of atoms by light, and one which arises 

through collisions between the optically pumped atoms and buffer gases. It 
will be appreciated that such shifts may give rise to serious errors in the preci¬ 

sion spectroscopy to which optical pumping lends itself. On the other hand, 
the shifts allow a study of interaction processes. 

8.1. PRESSURE SHIFTS 

Figure 26 shows the shift of the zero-field resonance line of 133Cs as a func¬ 
tion of pressure of foreign gas. It will be noticed that both positive and nega¬ 

tive shifts occur. With an appropriate mixture of gases, the shift may be eli¬ 

minated. 

8.2. LIGHT SHIFTS 

Figure 27 shows the shift of the Zeeman resonance, M, = \ -*> — ■£, in the 

ground state of 199Hg. The central curve is the resonance obtained under 

ordinary optical pumping conditions (irradiation with circularly polarized 

199Hg resonance radiation). The curves on either side show the displacement 
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obtained t>y irradiating the vapour in addition with <r+ or <7" light from a 
different isotope, 201Hg. 

Fig. 26. Pressure shift of zero field hyperfine resonance line of 133Cs for different buffer 
gases. (After Arditi and Carver/83)) 

Resonance intensity 

Fig. 27. Resonance curves in the ground state of 199Hg demonstrating light shifts. (After 
Cohen-Tannoudji.(82)) 
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One chooses light from a different isotope because the spectral components 

of 201 Hg do not coincide with the absorption region of 199Hg. The signifi¬ 

cance of this is the following. The dispersion curve which is associated with 

Fig. 28. The light shift is obtained by folding the spectral profile of the lamp with the 
dispersion curve of the sample (Section 1.8.3). 

absorption is antisymmetrical about the mid-point. The displacement of the 

energy level is given by folding the spectrum of the lamp with the dispersion 

curve and integrating over frequencies (Fig. 28). The result is zero if the lamp 

spectrum is symmetrical with respect to the absorption, but non-zero if it is 

asymmetrical. 

The displacements seen in Fig. 27 are not the total displacements of the 

levels, but the differential displacements between the levels M7 = \ and — 

It might appear that light shifts could be avoided by using, for irradiation of 

a sample, only light from the corresponding lamp, but this is not necessarily 

true. The spectra of pumping lamps are rarely simple lines which fall symmet¬ 

rically across the absorption spectrum of the sample. Any structure in the lamp 

which might arise, for example, from hyperfine or isotope effects, is potentially 
a source of light shifts. On the other hand, the shifts themselves are small, and 

of significance only in precision measurements. 

8.3. SEMI-CLASSICAL INTERPRETATION OF LIGHT SHIFTS AND RELAXATION 

A detailed account of the optical pumping cycle has been given by Barrat and 

Cohen-Tannoudji.(15) But the following semiclassical interpretation of light 

shifts and relaxation, due to Pancharatnam(,16) is helpful. 

The energy acquired by an atom of polarizability a in an electric field E is 

— jCcE2. This holds also for an oscillatory field. For the complex oscillatory 

field EkQxp — ikt we have ak = (e2l2mk0)fl(k0 — k — %ir), where k0 is a reson¬ 

ance frequency, T the corresponding damping constant, and / the oscillator 
strength. 
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The (complex) energy of interaction with radiation of energy density p(k) is 

— r °° 
AV/ = -LotJfjl2 = -2k <xkp(k)dk. (9) 

k Jo 

If we give this classical expression a quantum interpretation, the real part of 
AW jh gives a level shift <5 and the imaginary part, the damping due to the in¬ 
cident field. (This is the damping constant for the amplitude i the damping 
constant for the energy, F, is twice this value). F should be distinguished 
from T, which is the damping constant for spontaneous emission from the 
excited state. 

For the simple case of a transition between states |a} and |b), we have 

and 

fba = (2™lhe2)k0\Pba 

^ba — \Pba\2lh(k0 —k -\iT), 

where Pba is the matrix element of the electric dipole operator. Thus 

* -2*\Pba\2 P (k0~k) 

and 

I 2 r oo IT -p/ _ ^^\Pba\ J i - A1 

h2. Jop( ) (k^w + (in2 dlc’ 

(10) 

(11) 

(12) 

(13) 

which are essentially the formulae derived by Barrat and Cohen-Tannoudji, 
illustrated in Fig. 28. 

9. Level-Crossing in Ground States 

An essential ingredient of the level-crossing effects in excited states (Section 4) 
was the preparation of atoms in superposition states. This is the condition we 
must look for if we wish to study level-crossing effects in ground states. 

It can be achieved in the following way. Suppose we set up an optical pump¬ 
ing experiment to produce a polarized system. This can be done by illuminating 
a sample with circularly polarized light in zero field (Fig. 29). 

If the system is space-quantized with reference to the direction of the light 
(Ox), there exists a population difference between the states, but there is no 
correlation between them. Flowever, if we space-quantize with respect to an¬ 
other direction (Oz), each of the new states is to be expressed as a superposi¬ 
tion of the former states, so that optical pumping along Ox has produced a 

superposition of states defined with reference to Oz. 
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If now a magnetic field is applied along Oz, the states defined with respect to 

Oz are energy eigenstates. They are degenerate in zero field, but the field 

removes the degeneracy. This is precisely the level-crossing situation we met 
in Section 4. 

It remains to monitor the effect of removing the degeneracy. This is done 

by measuring the absorption of the pumping beam in the system. (It may also 

be done by using a separate, weak beam in the Oy direction, or by measuring 

the fluorescent light). One can obtain curves similar to the level-crossing curves 

of Fig. 14, for example, but of width corresponding to the relaxation time in 

the ground state. 

H 

Light 

Fig. 29. Geometrical arrangement for studying the Hanle effect in absorption. 

The situation we have just analysed in terms of superposition states and 
interference effects is sometimes described in terms of the transverse magnetis¬ 
ation of the system. The pumping beam creates a magnetisation along Ox. If 
a field H exists, the magnetisation precesses around Oz. Since different atoms 
are brought into the field at different times, the net magnetisation is spread 

out like a fan in the x-y plane. Between the extreme situations—(a) H = 0; 
magnetisation along Ox, and (b) H > (yr)_1; magnetism uniformly spread in 
the x-y plane—is the transition region which is precisely the region where the 

degenerate Zeeman levels are becoming resolved—the level-crossing region. 

10. Description of Optical Pumping in Terms of 

Irreducible Spherical Tensor Operators 

It should be remarked, in conclusion, that a description of the interaction of 
atoms with light in terms of magnetisation, though often extremely illuminat¬ 

ing, is not capable of representing all the phenomena. It can represent only 
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those phenomena which can be analysed in terms of spherical tensors of 
multipole order 1. Optical interactions by electric dipole transitions can also 
monitor atomic properties described by tensors of multipole order 2, for which 
the appropriate model is a precessing and pulsating ellipsoid. Such a model has 
been described by Pancharatnam. The limitation to order 2 stems from the 
selection rule AM = ±1 for electric dipole transitions, and may be under¬ 
stood with reference to Fig. 13. Tensors of higher multipole can, in principle, 
be monitored by transitions of higher multipole or by dipole transitions with 
more intermediate steps. 

It is becoming increasingly common to analyse optical pumping experiments 
by means of irreducible spherical tensor operators, but no account of this work 
will be given in this chapter.*17,18,19) 

II. EXPERIMENTAL DETAILS AND POINTS 

OF TECHNIQUE 

We describe here further experimental details and points of technique. 

1. Experimental Details 

1.1. THE SAMPLE 

Two methods are in common use for containg the sample, sealed-off cells and 
crude atomic beams. 

a. Sealed-off cells 

Pyrex or silica cells are commonly used, of linear dimensions between 1 and 
5 cm. Spherical or cuboid shapes are used. Sometimes the cells are extended 
in the form of a horn for a light trap. Good optical quality is not essential. 

The vapour under study is normally at a pressure of the order of 10“5 or 
10“6 torr. 

Details of the application of wall coatings have been given by Bouchiat and 
Brossel.(20) 

The vapour pressure of the sample is commonly controlled by the use of a 
side arm and thermostat. Special methods have been used for reactive mater¬ 
ials. (See, for example, Minguzzi et alS21)) 

When foreign gases are used in optical pumping experiments a wide range 
of pressures varying from, say, 10“2 torr up to pressures of the order of 1 
atmosphere may be used. (Optical pumping of rubidium in argon buffer gas 
at pressures up to 30 atmospheres has recently been reported.(22) It is impor¬ 
tant to take account of the broadening and displacement of the absorption 
lines of the sample when high pressures of foreign gas are used.) 
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b. Atomic beams 

The sample is used in the form of a beam when there is reason to fear conta¬ 

mination in sealed-off cells, or when it is desired to study materials which can¬ 

not conveniently be maintained as a vapour in quartz vessels. The object of 

the beam is not to secure collimation. Beams have been used in all-glass sys¬ 

tems/2} or in metal systems with windows/23* 

1.2. LIGHT SOURCES 

The main requirements are that the light sources should be stable and produce 
a high flux in the spectral absorption region of the sample. In practically all 

cases this has been achieved by using a lamp whose output is a line rather than 

a continuous spectrum. The energy density per unit spectral range is generally 

insufficient in sources with a continuous spectrum. Notwithstanding this, 

optical pumping with white light has been performed under circumstances 

when the absorption line was strongly pressure-broadened,(22)and resonance 

fluorescence from metastable states of neon using sunlight is described by 

Wood in his book on Physical Optics.(24) While certain accidental coinci¬ 
dences of spectral lines sometimes allow the optical pumping of one element 

by a lamp made from another, it is most common to use in the lamp the same 
element that is to be studied in the sample. Use is frequently made of sepa¬ 

rated isotopes to secure differential pumping of hyperfine or Zeeman com¬ 
ponents. Very little use has been made of lasers in this field. 

Insofar as the sample needs to be irradiated by light which can be absorbed 
by atoms in their ground or in metastable states, it follows that the spectral 

lines emitted by lamps of the same element are very commonly self-reversed. 
That is to say, the outer layers of vapour in the lamp may absorb from the 

broadened spectral line emitted from the core of the lamp, just those regions 
in the middle of the spectral profile which are needed in the sample. Much 
effort has gone into the production of lamps free of self-reversal though it 

should be appreciated that a high degree of self-reversal can be tolerated, 
provided there is still sufficient energy at the centre of the spectral line. Thus, 

many forms of commercial sodium lamp show a high degree of self-reversal in 
their spectrum but have nevertheless often been used for optical pumping. 

The disadvantage in irradiating the sample with a large flux of light out¬ 
side its absorption region (as is the case when a strongly self-reversed lamp is 
used) is that the stray light scattered from the walls of the resonance vessel is 
unnecessarily increased. This is objectionable since the main source of noise in 

optical pumping experiments is normally photoelectric shot noise. 
The different types of lamp which have been successfully used in optical 

pumping experiments include hollow cathode lamps, (internal electrodes) and 

sealed off electrodeless lamps excited by radio-frequency or microwave oscil¬ 
lators. A discussion of light sources in general has been given by Budick, 
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Novick and Lurio.(25) Bell et al.S26) describe the production of small but ef¬ 
fective alkali metal lamps. Efficient alkali metal lamps of larger surface area 
have been described by Atkinson, et Burling and Czajkowski(28) and by 
Berdowski et alS29) The lamp described in the latter paper is suitable for use 
in high magnetic fields. 

Hollow cathode lamps of advanced design, carrying high current and al¬ 
lowing the application of high magnetic fields, are being used at Heidelberg by 

Otten and zu Putlitz.(30) 
When sealed-off lamps are prepared for excitation by microwave sources 

the cells are normally flattened in order to reduce self-reversal. A typical cap¬ 
sule much used by the group in Paris is about 2 cm in diameter and 1 mm thick. 
Such capsules are placed near an antenna from a microwave oscillator which 
may typically be a magnetron delivering 100 watts at 2-5 GHz, (such units are 

Fig. 30. Some ^typical light sources: sealed-off cells. 

a. Disc excited by antenna from microwave oscillator. 
b. Flattened cylinder forming part of co-axial line. 
c. Cylinder with re-entrant window in coil of oscillator 
d. Cylinder in coil of oscillator at about 10 MHz. 

at about 100 MHz. 
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produced for medical purposes). Alternatively, if the capsules are prepared in 

the form of a squashed cylinder a few centimeters long and a millimeter thick 

they may be incorporated as part of the central conductor in a co-axial line 

driven by a similar oscillator. Capsules used for these purposes will contain a 

noble gas at a pressure of about 1 torr together with the material whose spec¬ 

trum is to be excited. It is sometimes necessary to provide a thermostat so that 

the pressure of the vapour may be controlled independently of the current in 
the lamp. 

A microwave-excited lamp suitable for exciting calcium and magnesium 

ions has been described by Smith and Gallagher/3(See Fig. 31). 

1.3. MAGNETIC FIELDS 

It is rarely necessary in optical pumping experiments to use high magnetic 

fields; the requirements are generally to produce relatively small magnetic 

fields of high homogeneity. The amount of non-homogeneity which can be 

tolerated depends on the line width of the resonance being explored. For zero 

field level-crossing experiments in excited states, for example, where typical 

line widths might be of the order of a few gauss, stray fields in the laboratory 

are often a significant perturbation. For optical pumping experiments in 

ground states it is essential to compensate stray fields. This is commonly done 

i 
i i 

Fig. 31. Flow lamp excited by microwave antenna. (After Smith and Gallagher/3 *>) 
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with orthogonal pairs of Helmholtz coils of diameter of the order of 30 cm. 
Difficulties in obtaining circular formers of this size may be avoided by wind¬ 
ing rectangular coils with formers made of channelled material. 

The design of coils and solenoids to produce uniform magnetic fields has 
been discussed by Garrett(32) and Franzen.(33) 

It is possible without too much difficulty to reduce stray static magnetic 
fields to a few milligauss by the use of large Helmholtz coils. Oscillatory 
magnetic fields (at the frequency of the A-C mains) are commonly present in 
the laboratory with amplitude about 2 mG. Attempts to compensate such 
fields by servo-mechanisms have been rather unsuccessful. More commonly 
these stray fields have been reduced by shielding. 

In a recent experiment Dupont-Roc et alP4) studied resonances of width 
about 1 fiG for which the sample was enclosed within four concentric cylin¬ 
ders of Mu-metal. 

1.4. DETECTORS 

Photocells and photomultipliers are commonly used together with electric 
amplification and recording, although in some of the early work sensitive 
galvanometers were used very successfully. Many investigations have been 
successfully performed with a single photodetector. This is possible only when 
one can rely on the stability of the lamp. 

Compensation for drifts in the lamp can often be effected by taking fluo¬ 
rescent light into two photodetectors in such positions that the two signals are 
in opposite senses. By the use of an optical bridge or by some other arrange¬ 
ment, the signal can be doubled and the effects of drifts eliminated to a first 
approximation. 

In simple cases level-crossing and double resonance signals can be a sub¬ 
stantial fraction of the total fluorescent light. In such cases the signal can be 
displayed on an oscilloscope with wide-band amplification. More commonly 
narrow band methods of detection are used to rescue the signal from noise: 
a typical system would use phase sensitive detection with time constants of a 
few seconds, but in the more complicated cases which are currently being 
studied the signal is a very small fraction of the fluorescent light and signal 
averaging methods are increasingly being used. 

A novel method of detection, applicable to short-lived radioactive elements, 

is described in a later section (II 6.4). 

1.5. FILTERS AND POLARIZERS 

It has been explained that optical pumping is sometimes more advantageously 
carried out by filtering some of the components of the light from the lamp. 
Interference filters are commonly used to separate the alkali doublets, for 

169 



440 G. W. SERIES 

example. Lyot (polarization) filters are also used for this purpose. Hyperfine 

components can sometimes be suppressed by introducing into the pumping 

beam a cell of a different isotope of the element concerned, to act as a differ¬ 

ential absorber. 

Sheet polarizers (linear and circular) are often adequate but there are oc¬ 

casions when more complete polarization is required and in such circumstances 

crystal polarizers are used. While one-beam polarizers (e.g. Gian prisms) are 

attractive, greater aperture can be achieved with two-beam prisms (e.g. 

Rochon). The unwanted beam is focussed and rejected by a stop. 

2. Spectrum of the Lamp 

Our analysis, in Section I, of double resonance and level-crossing experiments 

was based on the assumption that the spectrum of the lamp was uniform 

across the whole of the absorption region of the sample. There are occasions 

when this approximation is no longer valid, in particular when the absorption 

spectrum is being shifted by the application of magnetic fields. In such cases 

the profile of the resonances may be distorted. This is particularly serious when 
line profiles are being studied with a view to measuring lifetimes. The reson¬ 

ance line profiles may then be calculated by an analysis based on resolution of 

the spectrum of the lamp into its Fourier components. The signal due to mono¬ 

chromatic components interacting with stationary atoms is then to be inte¬ 

grated over the spectrum of the lamp and the Doppler absorption profile of the 

sample/35, 36) 

3. Excitation by Electrons and other Particles 

There are sometimes advantages to be gained by exciting atoms with electrons 

or other particles rather than by light. So long as some departure from the 
statistical population of excited states can be achieved by such methods of 

excitation, radio-frequency resonance and level-crossing phenomena can be 
monitored by changes in the fluorescent light. 

3.1. electrons 

Electron excitation has been developed particularly by Pebay-Peyroula and 

his colleagues/37} An account of recent work in this field is given in the Pro¬ 
ceedings of a Conference held recently in Grenoble/38) 

A greater variety of excited states can be reached by electron excitation as 

compared with optical excitation, but there are two major difficulties in the 
use of electrons. One is that the fluorescence being detected is often affected 
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by decay from higher levels in cascade. The other is that the electron trajec¬ 
tories are perturbed by the applied magnetic fields which by the nature of the 

experiments are required to be varied. Very pronounced resonance effects 
occur when the cyclotron frequencies of the electrons in the static field ap¬ 
proach the frequency of the oscillating field. In order to avoid these effects it 
is arranged, where possible, that the electrons should travel parallel to the static 
field and that the path length should be such that off-axis electrons are unable 
to perform a complete cycle of cyclotron motion in the course of their flight. 

Level-crossing experiments require that the electron beam be transverse to 
the magnetic field (this is a symmetry requirement corresponding to the optical 
arrangement in which the incident light is polarized at right angles to the mag¬ 
netic field). Here the deflection of the beam by the magnetic field is particu¬ 
larly serious. The change in deflection as the field is varied gives rise to distor¬ 
tion of the level-crossing line shape. 

While most experiments with electron excitation have been performed with 
a heated filament as a source of electrons, some recent work has been per¬ 
formed in sealed-off vessels where the electrons have been generated in a gas 
discharge at low pressure. The vessel is placed between condenser plates at 
the end of Lecher wires. The motion of the electrons under these circum¬ 
stances is dominantly an oscillation, perpendicular to the plates.(39) 

3.2. HEAVY PARTICLES 

The use of heavy particles rather than electrons reduces by many orders of 
magnitude the difficulties connected with the deviation of electrons by the ap¬ 
plied magnetic fields. Level-crossing experiments in helium excited by H2 + 
have been successfully carried out by Kaul.(40) A quantitative study of the 
polarization of fluorescent light from helium excited by protons has been 

made by Krause and Soltysik.(41) 
Selective excitation can also be achieved in beams of fast particles which 

have traversed a thin foil. 

4. Coherence Narrowing, Pressure Broadening and Depolarization 

Our discussions of double resonance and level-crossing experiments have 
hitherto supposed that the signals correspond to the single scattering of light 
by atoms. If the vapour pressure is low enough the experimental results do, 
in fact, correspond to single scattering, but as the vapour pressure is increased 
the light in the resonance vessel may undergo multiple scattering. The first 
consequence of this is that the light becomes depolarized with consequent loss 
of signal. But strong signals may nevertheless still be obtained and it is found 
that, contrary to expectations, the resonance curves and level-crossing curves 
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become narrower with increase of vapour pressure. As the pressure is increased 

still further the curves begin to broaden owing to the reduction in lifetime of 

the excited atoms through collisions. 

The narrowing was discovered by the group in Paris and interpreted by 

them as a consequence of the coherent diffusion of light through the vapour. 

The phenomenon is called “coherence narrowing”. A detailed experimental 

and theoretical study was made by Barrat.(42) It has since been discovered 

that the coherence narrowing is accompanied by a shift in the magnetic reson¬ 

ance frequencies/43, 43a’ 44) 

It is necessary to be aware of the phenomenon of coherence narrowing when 

experiments are undertaken to determine the lifetime of excited states from 

level-crossing curves. Such curves are taken at a range of vapour pressures and 

the width, plotted as a function of atomic density, extrapolated to zero density. 

The broadening at higher vapour pressures allows a study of interatomic 
interactions. (See, for example, Happer and Saloman(17); Omont and 

Meunier.(18)) 

5. Comparison of Double Resonance and Level-Crossing Experiments: 

Modulation Techniques 

While double resonance experiments have been extensively applied in studies 
of excited atoms, they suffer from serious disadvantages which arise from the 
need to use a strong oscillating field on the sample. 

(i) It is not always a simple matter to achieve the necessary amplitude of 

magnetic field at the high frequencies required. 

(ii) The oscillating field perturbs the resonances in two ways; first by 
broadening them and secondly by shifting their positions. (See Section 

IV). 

(iii) The strong oscillating fields sometimes set up gas discharges in the 
resonance vessels and the light from such discharges, though weak, is 

sometimes sufficient to swamp the fluorescent light. 

For these reasons level-crossing experiments are to be preferred. The sole 
externa] perturbation on the excited atoms is then simply the beam of light 
used for excitation. Level-crossing experiments can give values for lifetimes of 
excited states accurate to 1 or 2 % in favourable cases. Measurements to this 

precision demand a careful study of the line profile, which is of the pure 

Lorentzian shape only for certain well-defined geometrical conditions. The use 
of finite light cones may introduce some mixture of the dispersion shape—a 
point which must be carefully studied. 
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Measurements of the position of level-crossing curves yield values for the 
hyperfine interaction constant which are fundamentally limited only by the 
natural width of energy levels. However, calculation of these interaction con¬ 

stants from the measured magnetic fields at which the level-crossing signals 
are found depends on a knowledge of the ^j-factor of the states, and if this is 
not known from optical measurements it must be determined by a double 
1 esonance experiment. Indeed, the determination of gj-factors is now the most 
important application of the double resonance method. 

An alternative to the double resonance method presents itself in the use of 
modulated light. If a level-crossing experiment is performed with modulated 
light the level-crossing signals are displaced to the position where the modula¬ 
tion frequency matches the interval between the levels.(45) From the measured 
fields and frequencies the g-value can be deduced. This is a type of double 
resonance experiment which requires no oscillatory field to be applied to the 
sample. The curves obtained are identical with level-crossing curves—that is 
to say they suffer neither from radio-frequency broadening nor from displace¬ 
ment of the resonances. The technical difficulties are now transferred to the 
means of modulating the light. Because of these difficulties the method has 
not been widely applied. It has, however, been used to verify the physical 
reality of the frequency diagram—a representation of combinations of the 
nutational and precessional frequencies in the motion of atoms under oscil¬ 
lating fields (See Section III). The frequency diagram for the excited 3Pl state 
of mercury has been explored in this way.{46,47) 

6. Some Typical Results and some Recent Applications of Optical 

Pumping, Double Resonance and Level-Crossing Techniques 

No attempt will be made here to give a complete account of work in this field. 
Some recent compilations have been made by zu Putlitz,(48) by Budick,(49) and 
Major/50) The experiments described in the following sections have been 
chosen to illustrate a variety of applications. 

6.1. HYPERFINE STRUCTURE OF HYDROGEN 

As an example of the application of optical pumping to measure quantities of 
fundamental importance in atomic physics, the series of experiments by Pipkin 
and his colleagues(51) on the hyperfine structure of hydrogen, deuterium and 
tritium may be cited. The measurements of the hyperfine intervals were made 
to a precision of a few hertz, the intervals themselves being of the order of 
109 Hz. Knowledge of these intervals is of the greatest importance in verifying 
theories of atomic structure and radiation interactions and in determining the 
value of the fine structure constant. 
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6.2. PRECISION MEASUREMENT OF ATOMIC 0-FACTORS 

As an example of more recent precision measurements in optical pumping we 

refer to the work of White et al.(52) on the ^-factor ratios for free rubidium 

atoms. Precision measurements of such quantities were formerly made by the 

methods of atomic beam resonance spectroscopy. Optical pumping methods 

offer an alternative technique. In the work of White et al. the ratios grlgj were 

measured for 85Rb and 87Rb to a few parts per million and the ratios^j(87Rb)/ 

gj(85Rb) to a precision of a few parts in 109. These results were obtained from 

evacuated wall-coated cells. Distortion of the Lorentzian line shape was found 

for cells filled with buffer gases. The results were corrected for shifts arising 

from the pumping light. 

6.3. RELAXATION STUDIES BY OPTICAL PUMPING 

An extended series of experiments on the relaxation of optically pumped 

rubidium has been carried out by Mme Bouchiat. A recent report(20) gives an 
account of the relaxation of rubidium on paraffin coated walls. The results are 

compatible with other measurements on the interaction of rubidium atoms 
with buffer gases. 

6.4. DETECTION OF OPTICAL PUMPING BY RADIOACTIVE EMISSION 

A variation of the optical pumping method has recently been used to find the 
nuclear spins and moments of certain short-lived radioactive isotopes/5 3) It is 
applicable to isotopes which can be produced by the bombardment of a gas by 
particles from an accelerator and whose lifetime is short enough for them to 
decay before they have had time to diffuse through the gas to the walls of the 
containing vessel. 

The isotopes produced in this way are polarized by circularly polarized 
light, either directly or through spin-exchange. Their polarization is monitored 
by measuring the asymmetry in the ^-emission. The polarization is destroyed 
by a radio-frequency field at resonance with the Zeeman or hyperfine inter¬ 
vals and the signal is detected by a change in the counting rate. 

6.5. LEVEL-CROSSING EXPERIMENTS ON HYDROGEN 

The fine structure of excited states of atomic hydrogen is no less important 
than the hyperfine structure in atomic physics. By the application of magnetic 
fields of a few thousand gauss the spin-orbit coupling is broken down and 

Zeeman levels of 2P3/2 intersect those of 2P1/2. A measurement of the crossing 

point allows a determination of the P1/2 —P3/2 interval and of the fine structure 
constant. A level-crossing experiment to determine these quantities was re¬ 
cently reported by Metcalf etalPA) Similar studies have also been undertaken 

by Fontana and colleagues/55,56) The sharpness of the resonances is less than 
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in the measurement of hyperfine structure because it is limited by the short 
lifetime of the excited P-states. The fine structure constant is determined to a 
precision of about one part in 105. 

6.6. LEVEL-CROSSING EXPERIMENT ON MANGANESE 

An example of an experiment in which a weak signal from a complicated 
structure was analysed to determine the hyperfine structure is the level-crossing 
experiment of Handrich et al.,(51) on the Mnl spectrum. The modulation 
necessary for phase sensitive detection was achieved by rotating a polarizer in 
the fluorescent beam. The signal was retrieved from noise by the use of an 
Enhancetron. 

6.7. HYPERFINE STRUCTURE OF EXCITED ATOMS 

As an example of a recent application of double resonance methods to the 
measurement of a hyperfine structure, we cite the work of Feiertag and zu 
Putlitz.(58) This study of the 72F1/2 term of 85Rb was of value in assessing the 
contribution of core polarization to the magnetic hyperfine structure. 

6.8. MEASUREMENT OF 0J-FACTORS OF EXCITED STATES 

The structure of levels of excited atoms is of interest not only from the point 
of view of hyperfine structure but also because measurements of z/j-values 
allow one to assess the degree of breakdown of L-S coupling, for example, 
and to determine whether or not configuration interaction needs to be taken 
into account. In this context the double resonance method was used by Ma 
et al.y{59) to measure the 0-factors of low-lying 3P1 states of strontium and 
barium. The 0-factors were measured to a precision of a few parts in 105. 

7. Application of Optical Methods to Molecules and Ions in Solids 

We conclude this section with a brief reference to work on systems other than 

atoms. 

7.1. MOLECULES 

A detailed analysis of the possibilities for molecular level-crossing spectro¬ 
scopy has been given by Zare.(60) Crosley and Zare(61) applied this method to 
nitric oxide. The width of the zero field level-crossing curve for the state investi¬ 
gated was about 0 • 4 G, but this cannot be interpreted as a lifetime until the 
g-value is known. A double resonance experiment on the same state allowed 
the determination of the 0-factor and hence the lifetime/6 2) 
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In the case of molecules far more than in atoms, accidental coincidences of 

wavelength allow the excitation of the molecule by line radiation from a lamp 
of a different substance. 

7.2. PARAMAGNETIC IONS IN SOLIDS 

As an example of the application to ions in solids, we refer to a recent paper 

by Imbusch et j/.(63) on excited states of V2+ and Mn4+ in A1203. This work 

allowed the measurement of hyperfine structure and spin-lattice relaxation of 

excited ionic states. References to earlier work in this field are given in the 
paper. More recently it has been shown by Chase(64) that double resonance 

applied to excited states of ions leads to modulation in the fluorescent light, 

just as in the case of free atoms. 

in RADIO-FREQUENCY INTERACTIONS 

(a) COHERENCE AND OPTICAL MONITORING 

1. Distinction Between Optical Fields and Radio-Frequency Fields 

There is an important distinction to be drawn between the interaction of atoms 
with fields of extended spectral range (broad-band) on the one hand and of 
sharp frequency on the other. In the context of optical pumping experiments 
the interactions with light (including spontaneous emission) come under the 
former heading and with radio-frequency fields under the latter. For broad¬ 
band interactions the transition probabilities are independent of time and the 

absorption and emission processes can be represented by exponentials. Such 
processes are called “rate processes”. In the Einstein treatment of the inter¬ 
action of radiation with atoms, absorption, stimulated emission and spontan¬ 

eous emission are treated as rate processes. For monochromatic fields on the 
other hand the transition probabilities are time-dependent, leading to a sinu¬ 
soidal oscillation of population between two states connected by the perturba¬ 
tion. This sinusoidal oscillation is formally called nutation, but in the context 
of magnetic resonance one commonly speaks of spin-flipping. It is important 

to recognise the existence of two distinct frequencies in the context of magnetic 
resonance: the driving frequency whose phase is determined by the phase of 
the laboratory oscillator, and the nutational or spin-flip frequency for which 

the phase depends on the moment at which the system is introduced into the 
field and which in steady state experiments is a random variable. 
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It is, of course, possible to obtain the result for fields of extended spectral 
range by integrating over the results for monochromatic fields. It is not diffi¬ 
cult to show analytically—and, indeed, the conclusion is very plausible—that 
the response of the system is exponential rather than sinusoidal if the ampli¬ 
tude of the initial state (in the interaction representation) does not change 
appreciably in the coherence time (reciprocal of the spectral range) of the 
exciting radiation. From this result one may deduce the following condition 
for the exponential response : the spectral range of the exciting radiation must 
be greater than the perturbation (measured in frequency units) applied to the 
final state of the transition. This perturbation may be that which arises from 
the exciting field itself or it may be some other purturbation such as an addi¬ 
tional relaxing process. 

2. Monochromatic Fields: Semiclassical or Quantized Field 

Treatment? 

In the semiclassical treatment one describes the field classically and the matter 
quantum mechanically. The field variables are treated as ordinary algebraic 
quantities (onumbers) in the analysis, but operators are used to describe 
dynamical variables of the atoms. 

In the quantum field theory the radiation is quantized as well as the matter 
and the field variables are operators. The state functions are functions both of 
the field and of the matter. 

The important difference between the two approaches lies in the treatment 
of the spontaneous emission. This needs no special consideration in the quant¬ 
ized field method, but needs supplementary assumptions in the semi-classical 
method. We shall state these assumptions in due course when we need to use 
them. All we need at the moment is to know under what circumstances the 
two treatments are equivalent. 

They are equivalent (if properly formulated) when spontaneous emission 
can be ignored. This is ordinarily true in magnetic resonance or in other situa¬ 
tions when the field is monochromatic and the mean photon-number is large 
compared with unity, for in this case the probability for spontaneous emission 
is much less than the probabilities for absorption and stimulated emission. 
This is an example of the normal condition under which quantum theory goes 
over into classical theory, namely that the contemplated change in a quantum 
number (in this case the photon-number) is large in comparison with the value 
of that number. But it is worth noticing that the quantized field and semi¬ 
classical theories are also equivalent for absorption processes treated by first 
order perturbation theory even when the optical fields are weak, (mean 
photon-number per mode much less than unity) for when one is dealing with 
absorption the possibility of spontaneous emission is irrelevant. 
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In the quantized field theory, as normally written, the basis states are 
energy eigenstates of the system (atoms + optical field), and the radio-fre¬ 
quency field is treated classically. In a recent formulation, Cohen-Tannoudji 
and Haroche(65) have taken (atoms + radio-frequency field) as the closed 
system whose energy eigenstates form the basis states. Time-dependence is 
treated by using superposition states. 

In the semiclassical theory, time dependences, both of the optical and radio¬ 
frequency fields, appear as c-numbers, and it is very easy to follow phase 
factors from the fields to the atomic wave function and back to the fields. 

We shall use the semi-classical treatment in this account. Detailed analyses 
will be restricted to studies of the radio-frequency interactions. We shall avoid 
difficulties connected with spontaneous emission by making use of the “pulse 
approximation”, and we shall generally use the pulse approximation also in 
dealing with the absorption of light. 

3. Monochromatic Fields: Semiclassical Treatment 

Two cases can be solved exactly: 

(i) rotating field in the plane perpendicular to a static field. 

(ii) field oscillating parallel to a static field (provided that the atomic coupl¬ 
ing is not broken). 

The methods of solution are different for these two cases. We shall treat the 
first fairly thoroughly and the second briefly, in Section III.7. We shall be 
thinking of magnetic fields, though much of the work will be applicable to 
electric fields also. 

3.1. A FIELD ROTATING IN THE PLANE PERPENDICULAR TO A STATIC FIELD 

(This is the standard arrangement for magnetic resonance. The problem and 
its solution are well known but we wish to establish a notation and to derive 
some results for reference.) 

Let the field be Hk+H1 (cos a>0t i + sin co0t j), (14) 

where i, j, k form a set of Cartesian unit vectors. Let us write for the Hamil¬ 
tonian of the system u where includes all time independent and 
isotropic interactions in addition to the interaction with the static field H and 

x describes the interaction with the transverse field 

The method of solution is: 

(i) make a transformation to eliminate the time dependence; 

(ii) integrate the equation of motion and write in the time development; 
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(iii) Diagonalize the transformed Hamiltonian; 

(iv) transform back to the initial frame. 

This sequence of operations yields the operator which gives the development 
in time of the state vector or density matrix of the atomic system (time- 
displacement operator). The matrix elements of the operator are easily found 
and the transition probabilities readily obtained. 

Let us study the steps (i) to (iv) in turn and then apply the method to a simple 
case. 

(i) The operator which removes the time dependence is exp (ijh) Jz co0 t 
where Jz is the operator representing the component of angular momentum J 
along the direction of the static magnetic field (z-axis). As is well known this 
operator transforms the Hamiltonian to 

jr = jro+*i-voJz, (15) 

where J0V — exP LQI^)JZ <*>0 t] i exp [ — (i/h)Jz co0 t\. 

We shall apply this transformation first at the particular time t = t0 at which 
the atoms begin to experience the field, and secondly at the later time t at 
which we sample the system. For a simple spin system the transformation is 
equivalent to changing the field given by eqn (14) to the effective field 

Heff = (H—CQ0ly)k+H1 i (16) 

(y is the gyromagnetic ratio). 

(ii) The equation of motion is 

ih4-\'t> = (17) 
ot 

where |7> is the state vector at time t in the transformed frame. Since Jtf' is 
independent of time the equation integrates to 

I'O = exp[-(i/ft)jT(f-f0)]l%>- (18) 

We can most easily apply this equation if Jf' is diagonalized. This leads us to 

the next step. 

(iii) Diagonalization of the transformed Hamiltonian is easily accomplished 
for the simple spin system by choosing a representation in which the axis of 
quantization is along Heff, i.e., by a rotation of Oz through the angle /? about 
the x~axis from the direction off/ to the direction of Heff. 

P = tan" The operator is the rotation matrix ^(J)(0, /?, 0). 
In a more complicated system where the fields are strong enough to intro¬ 

duce some decoupling of spins we suppose that the Hamiltonian is diagonal¬ 

ized by an operator SS66) 
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In either case let us suppose that the eigenvalues of the diagonalized Hamil¬ 

tonian are that is to say the A, are the eigenvalues of Sjf'S'1 or of 
0(j8)jT 0(- fi). 

We now make use of the relation 

exp= S'1 {exp-ii/IOSjr'S-'it-to)} S, (19) 

and notice that the time development of jf?' has been replaced by the time 

development of whose eigenvalues will appear as the frequencies in 

the periodic motion. These eigenvalues are the nutational frequencies. 

(iv) The final transformation is to apply exp— which takes us back 

to the laboratory frame at time /. 

By this sequence of operations we have found the form of the time-dis¬ 

placement operator U(/, /0) defined by 

\0 = U(t,t0)\t0>. (20) 

We have 

U(t, t0) = {exp-(ilh)jzco0 t} S'1 {exp-(/7fi)S^f'S_1(/-r0)} 

x S{exp (;i/h)Jz co0 r0}. (21) 

a. Example 

A particle with spin-J. In the field H alone, let the eigenstates be | + >, | — ). 

The energy eigenvalues are ±%ha>, with co = yH. Probability amplitudes are 

a+ , a_. Suppose we are given a + = 1 , a_ = 0 at time t0. The problem is to find 
the values of a+ and a_ at later time t. 

The state vector at time t0 is (J). Using (20) and (21) we can immediately 

write down 

/a+(0\ / exp-i/co°r o \/s;1+s;L\ 

\a_(/)/ \ o exp + ^mv / \ SI+ SlL/ 

x / exp - \ip{t -10) 0 

\ 0 exp + iip(t — t0) 

/S++ S+_\/exp + i/a)0/0 0 \/1\ 

\S_+S__/\ 0 exp -\im0 tQ / \0 / 

We have used the values ±\\x for the eigenvalues of Jz and X± = ±\\ip for the 
eigenvalues of Sj^'S~ *. If for this case, we identify S with (/?), we have 

/S++S+_\ / cos£/2 sin/i/2 \ _ / c s\ 

\S_+S_ J ” V-sin^/2 cos/i/2 / \-s c). 
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Performing the matrix multiplication we find 

/«+(0\ = /exP-i'Wo<[c2exp-i(>(r-r0)+52exp + i;>(/-f0)]\ 

\a- CO/ lexp + iiw0 f[> exp - \ip(t -10) - sc exp + \ip(t - /„)] ) 

x exp + i;'cu0?0, (24) 

whence l«+(0l2 = l~i sin20[-cosp(f-fo)], (25) 

l«-(0l2 = isin2)8[l-cos p(t-t0)], (25a) 
and 

a+a_* - i sin /?{c2[ 1 -exp-ip(f-f0)] - ,y2[l -exp+ />(/-/„)]} exp-»co0 t. 

(25b) 
tan p = HJ(H—H0), where //0 = co0/y. 

Equations (25) and (25a) give the populations of the states. Notice the sinu¬ 
soidal variation with frequency p. Notice also that the driving frequency co0 
does not appear in these equations. 

Equation (25b) gives the correlation between the states. The driving fre¬ 
quency appears in this equation as well as the nutational frequency, p. Notice 
that p occurs with the time interval (t —10), whereas co0 occurs with the time t. 

b. Frequency diagram 

Let us study the periodic terms which occur in equation (24). Firstly, the com¬ 
mon factor exp + ^ico0t0 is irrelevant. It represents an arbitrary phase factor 
common to both states. Next, we see the factors exp + jico0t. These are periodic 
functions at frequencies mco0, where m is the space quantum number with 
respect to the direction of the field H. But each of these terms is multiplied 
also by periodic terms with frequencies ±ip. The ±i in these factors is the 
space quantum number with reference to the direction of Heff. 

These frequencies and the corresponding quantum labels can be given a 
convenient diagramatic representation. 

Figure 32a shows the energy levels of the states | + ), | — ) as a function of 
the magnetic field H. The levels are described by the equations co = ±iyH. 
(It is convenient to speak of the energy at this stage although the equation we 
have written is for the corresponding Bohr frequency). 

Figure 32b shows the energy levels seen in the rotating frame, still plotted 
against the laboratory field H and supposing that the transverse field H{ has 

not yet been applied. 
Figure 32c shows the energy levels for a finite value of Ht. These are the 

eigenvalues X± of '&>(-$). They are described by the equation 

p = + iytf eff = ±iyl(H-H0)2+Hl2li. (26) 
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But we must remember that the eigenstates are now described with reference 
to the rotated axis. In order to emphasise this the states have been labelled 
© © These states are superpositions of the original states as follows: 

|©> = cos /?/2 | + >4 sin /?/2 | — >, 

|©> = -sin/?/2 | + > + cosp/2 |->. (27) 

Figure 32d shows the energy levels after the transformation back to the 
laboratory frame. The level labelled © gives rise to two levels displaced by 
±^a>o, corresponding to the eigenvalues ±1 of Jz for the states | + >, | — ). 
Similarly the level labelled © in Fig. 32c gives two levels in Fig. 32d. In Fig. 

Fig. 32a. Energy of spin-1 system as function of magnetic field. 

b. Energy of spin-1 system in rotating frame (angular frequency co0: rotation 
parallel to H). 

32d the interval between the pairs of levels labelled +, © and —, © or 4-, © 
and —, © is co0, whereas the interval between a pair labelled +, © and +, © 
or —, © and —, © is p. 

Diagrams such as Fig. 32d are generalizations of ordinary term diagrams. 
An ordinary term diagram is a representation of the energies of different 
modes of a system where the Hamiltonian is time independent. The frequency 
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diagram shows the side bands which appear when a periodic perturbation is 
applied. The levels have the same physical reality as do the energy levels in an 
ordinary term diagram. They may be explored, as we shall see, by suitable 
monitoring of the system. 

Fig. 32c. Energy in rotating frame: addition of transverse field Hx. 

d. Frequency diagram in laboratory frame. 

In general the nutational frequencies do not appear in steady state experi¬ 
ments but may be found in pulse or modulation experiments. 

4. Application to Double Resonance Experiments 

In such experiments the considerations of the previous section apply to the 
.excited states. Atoms are excited by broad band irradiation, experience the 
interaction with the magnetic fields, and decay by spontaneous emission of 
light. In a steady state experiment the irradiation with light is continuous and 
one needs to justify the separation of the interaction into the three parts: exci¬ 
tation, radio-frequency interaction, and spontaneous emission. The justifica¬ 
tion lies in a comparison of the coherence times of the optical and radio¬ 
frequency perturbations with the mean lifetime of the excited atoms. For 
broad band irradiation the coherence time of the light is typically 10~10 sec, 
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whereas the mean lifetime is typically 10“8 sec. Thus, phase continuity under 

irradiation is lost in a time short compared with the mean lifetime and it is a 

good approximation to consider the excitation as a random sequence of pulse 

processes. The coherence time of the radio-frequency interaction, on the other 

hand, is, for a continuous wave oscillator, the period for which the oscillator 

is switched on, so that continuity of phase of the radio-frequency perturba¬ 

tion is something that cannot be ignored. As for spontaneous emission, it is 

convenient to think of this as the result of a perturbation stimulated by random 

fluctuations having the spectrum of black body radiation at the absolute zero. 

For such a spectrum the coherence time needs careful definition, but it suffices 

here to think of the coherence time as the reciprocal of the frequency which is 

being stimulated. The time we have to consider therefore is of order 10~15 sec 

which allows spontaneous emission also to be treated as a pulse process. 

Our model is therefore as follows: 

(i) an atom is excited at time t0; 

(ii) its wave function evolves in the excited state under the influence of the 

magnetic fields. It is nearly always true in double resonance experi¬ 
ments that the wavelength of the radio-frequency field is large compar¬ 
ed with the size of the experimental vessel, so that for different atoms 

we may ignore the dependence of the phase of the radio-frequency 
field on position and take account of the time variation only; 

(iii) it decays at time t later than t0. We need make no distinction between 
the time of emission of light and the time of arrival at the photo¬ 
detector since the time of flight is negligibly small compared with the 
lifetime of the excited atoms and with the period of the radio-frequency 

field. However, since the atoms are distributed at random in the experi¬ 
mental cell, there can be no interference between light from different 
atoms. The net photo-electric signal is given by summing the effects of 

single atoms; 

(iv) to describe a steady state experiment the signal at time t is found by 
summing over random times of excitation t0. That is, if the rate of exci¬ 
tation is constant, R, the number of atoms excited in the interval d/0 is 

jRd/0 and the net effect is found by integrating over t0. (This approach 
neglects the statistical fluctuations). 

The problem is reduced, therefore, to calculating the light emitted at time t 
by an atom known to have been excited to a particular state (or superposition- 

state) at time t0. The calculation of the last section has enabled us to calculate 
the state function at time t and we need now to write an expression of the in¬ 
tensity of the emitted light. We shall see in a later section that it is of interest 
also to consider the state vector of the atom after the emission of light. 
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4.1. EMISSION OF LIGHT 

In the semi-classical theory applied to emission from atoms in energy eigen¬ 
states, the well-known procedure is to suppose that each excited atom will 
radiate like a set of independent oscillators whose dipole moments are given 
by the matrix elements of the electric dipole operator between a specified exci¬ 
ted state and all lower states which connect with it. We need to generalize this 
procedure for the present situation where the atoms are being subjected to a 
time-dependent perturbation (the r-f field). We must now take dipole matrix 
elements between eigenstates of the perturbed system, and if we express these 
in terms of the energy eigenstates of the system without the radio-frequency 
field we shall find superposition-states and time-dependent phase factors both 
in the excited states and in the ground states. Moreover, the levels concerned 
are those of the frequency diagram rather than the time-independent term 
diagram. But we should notice that the transition amplitudes are very small if 
the system is far from resonance, (e.g. if the angle p is small in eqns (23, 24, 
25) the amplitude a+ remains very close to unity and the amplitude is 
always extremely small). 

We generally meet one of the following two cases: 

(i) the ground state is single (J = 0), in which case the question of radio¬ 
frequency mixing does not arise; 

or (ii) if the ground state has structure the intervals are generally so different 
from the intervals between the excited states that when the radio¬ 
frequency field is near resonance for the latter, it is far from resonance 
for the former. 

The conclusion is (so long as either (i) or (ii) above is true) that the required 
electric dipole matrix element is between a superposition-state for the excited 
states and an energy eigenstate of the unperturbed system for the lower state. 

a. Example 

Let the two-level system which we formerly discussed now represent the excited 
state of an atom. We shall use m or m' to label the two eigenstates. We may use 
the equations of Section III 3.1.a for this case, provided we take account of 
radiative damping. This we do by multiplying the amplitudes a+ and of 
the eqn (24) by exp -^T(t-t0), supposing that both states decay at the same 

rate. 
Suppose that the atom in its ground state is also a two-level system labelled 

by p9 n'. Then the electric dipole matrix elements which we need are 0|P|/>, 
where p can be 4- or -. The component of the radiation which passes an 
analyser parallel to the unit vector e depends on (p\e. P|0> an^ the intensity 
of light passing this analyser will be proportional to the modulus squared. 
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This will be the intensity at time t emitted by an atom excited at time t0. We 
thus have 

/(r,O = ^Zl</i|e.P|0l2, (28) 

where K is an unimportant constant. (In the quantum field theory, this equa¬ 

tion gives the probability of finding a photon at time t). 
Using the expansion 

10 = MOI + > + MOI-X (29) 

with a+, a _ given by (24) we have 

Kt, t0) = K X </de • P|w> . P|/i> am am>* (30) 

m, m’ 

The intensity at time t resulting from excitation at the uniform rate R is 
given by 

1(0 = KRAmm.\ am(t, t0) am.*(t, t0) exp-T(t - t0)dt0 (31) 

KR Tr(Ao). (31a) 

In writing eqn (31a) we regard A as a matrix whose (m, m’) element is given 

Amm' = £ <^|e . P|m><w'|e* . P|/i> , (31b) 

and (7, whose (m, m') component is given by the integral in eqn (31), as the 
steady state density matrix for the excited atoms. 

The elements of <r are: 

(32a) 

* b S + iT 
<T+- = ^-+ = yf- f2+p2 eXP 

where b = yHl9 d = y(H-H0)9 p = yl(H-H0)2+H12^. 

(32b) 

By suitable choice of the type and orientation of the analyser which trans¬ 
mits the light, the elements of the matrix A can be given real or imaginary 
values or zero. Thus the intensity of the light will be represented by a sum of 

elements of the matrix a weighted by factors which are under the control of 
the experimenter The diagonal elements of a will contribute time-independ¬ 
ent terms, but for those configurations of analyser which yield non-vanishing 
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values for the off-diagonal elements of A, we shall find in the sum terms of the 
form 

and (33) 

The intensity of the light will therefore be given as a sum of resonance 
functions of the Lorentzian type with denominators (T2+p2). The width at 
half intensity is 2[(r/y)2+H12]* Arising from the off-diagonal elements are 
terms modulated at the driving frequency. The amplitudes of modulation are 
resonance functions of the bell-shaped type, F/(r2+p2), or the dispersion¬ 
shaped type, <5/(r2+/?2). It is worth noticing that the terms which arise from 
the diagonal elements of cr are proportional to b2 whereas those arising from 
the off-diagonal element are proportional to b. 

The resonance functions which we have found are precisely those which 
arise in the Bloch theory of magnetic resonance. Their occurrence here and in 
that theory may be traced to the fact that the signal which is being described 
is to be associated with a multipole of order 1 in the expansion of the density 
operator; in other words they are characteristic of the polarization of the 
system. If we were to look into the detail of the type of polarizer required to 
bring out the off-diagonal elements of a we should find that of necessity we 
must use a circular or elliptical analyser; a linear analyser would not suffice. 
Similarly, in order to excite the system as we have supposed at time t0 into 
the state | + ), that is to say, to excite, a polarized system, we would have 
required a circular or elliptical polarizer. 

Had we studied a spin-1 system it would have been possible to contemplate 
alignment as well as polarization. Alignment can be generated and monitored 
by linear polarizers and analysers. In this case the resonance functions are 
slightly more complicated. They are given by Dodd and Series.(67) The moni¬ 
toring of the density matrix by various means has been discussed by Carver 

and Partridge/68} 

5. Modulation in Double Resonance and Optical 

Pumping Experiments 

5.1 modulation in fluorescent light 

We have shown how the effect of a radio-frequency field on a system near 
resonance is by no means completely described in terms of its effect on the 
populations of the states. The field injects coherence into the atomic system, 
which may formally be described in terms of the off-diagonal elements of a 
density matrix. We have shown how this coherence might be expected to give 
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rise to modulation in the fluorescent light in a double resonance experiment. 
These expectations have been fully borne out by experiment. Figures 33a 

to d show resonance curves for the amplitude of modulation of light in the 
Brossel-Bitter experiment.'(69) Here we are monitoring a spin-1 system, so the 

H/H0 

H/Hq H/Hq 

Fig. 33. Resonance functions for amplitude of modulation in the Brossel-Bitter experiment. 

a, b. In-phase and quadrature components at the fundamental frequency. The curves are 
derivatives with respect to magnetic field of the amplitude of modulation. Experimental 
curves on the left: theoretical curves on the right. (After Dodd, et al}69)) 

curves are not the simple Lorentzians but the more complicated functions 
referred to in the last section. In fact, the curves were taken by imposing on 
the system a low frequency modulation and by phase-sensitive detection so 
that the curves are, in fact, derivatives of the resonance functions. 
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H/H0 

0-6 0-8 1*0 1-2 1*4 

H/H0 

H/H0 

Fig. 33. c, d. In-phase and quadrature components at the second harmonic. 
(After Dodd et al.i69)) 

5.2. MODULATION IN ABSORPTION 

Our calculation of the radio-frequency interaction holds also for atoms in the 
ground states (provided an inequality of population has been achieved by 
optical pumping). Just as coherence between the excited states is shown by 
modulation in the fluorescent light, so also one might expect coherence be¬ 
tween ground states to be shown by modulation in absorption. This too has 
been studied experimentally. Figure 34 shows modulation in absorption from 
the metastable state 23St in helium/70) 

6. Transfer of Coherence 

6.1. transfer of coherence by excitation 

Consider now a system in which coherence has been generated by a radio¬ 
frequency field, for example, the ground states in an optical pumping experi- 
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Fig. 34. Experimental and theoretical resonance curves for modulation in absorption from 
the metastable state 2in helium. In-phase and quadrature components at the second 
harmonic. These are to be compared with figures 33c and d. Experimental conditions: no 
polarizer, linear analyser, co0l2n = 0 5 kHz, T = 26 kHz, b/T = 0*515. 

(After Partridge and Series/7 0)) 

ment as in the last section (23SX helium). Suppose, for preciseness, we consi¬ 
der the coherence between the states | +1) and | — 1 > and ask what would be 
the effect of illuminating the atom with light polarized parallel to the magnetic 
field (7r-light; Am = 0). There exist dipole matrix elements between 23Si and 
23Pj; the states | +1) of 23Si connect with | ± 1) of 23P1 respectively. There¬ 
fore, provided the spectrum of the light spans both these transitions in absorp¬ 
tion, one might expect that the coherence between |±1> in 23S1 would be 
transferred to | ± 1) in 23PU and this indeed takes place. (See Fig. 35.) 

We need however, to consider this possibility a little more carefully. While 

it is true that the coherence can be transferred by a single pulse process, it is 

not necessarily the case that such coherence will be transferred in a steady- 
state experiment. We can think out this question by analogy with the theory 
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of electric circuits. The coherence we are trying to inject into the upper state is 
represented by a periodic function at a specified frequency. The upper state 
(described by its density matrix) is to be thought of as a receiver through which 
the coherence is to pass. We know it will pass if the applied frequency matches 
the tuned frequency of the receiver to within its bandwidth. In our analogy the 

tuned frequency of the receiver is given by the interval between the eigenstates 
I ± 1> selected by the optical transitions. The bandwidth is given by the excited 

+ 1 +1 

-1 

+ i 

Modulation 
at Zwq 

Fig. 35. Transfer of coherence from ground states to excited states and resulting modula¬ 
tion of the fluorescent light. The intervals between the levels are at the second harmonic of 
the driving frequency co0. They are not the same as the intervals in a static magnetic field. 

state damping constant. In a practical case we might be trying to inject a 
frequency of some kilohertz or megahertz into excited states separated by an 
interval of a few megahertz but with a damping constant of several hundred 
megahertz. Because the bandwidth is so large the frequency mis-match is 
irrelevant in many actual cases. It is very easy to transfer coherence from the 
ground states to excited states in optical pumping experiments. 

The coherence thus transferred is, of course, shown up in the fluorescent 
light. For this reason it is possible to monitor optical pumping signals both 
for modulated as well as unmodulated components by studying the fluorescent 

light. 
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6.2. TRANSFER OF COHERENCE IN DECAY 

The possibility of transferring coherence exists for spontaneous decay as well 

as for excitation by light. We must consider two significant differences: 

(i) spontaneous decay is an isotropic process whereas absorption can be 

anisotropic; 

(ii) the restrictions imposed by the bandwidth of the receiver are very severe 

in the case when the receiving states are ground states. 

Let us consider the consequences. 

Fig. 36. Demonstration of circulation of coherence in optical pumping in helium. Experi¬ 
mental recordings compared with theoretical.curves of the amplitude of modulation at 4co0. 

Experimental conditions: linear polarizer, no analyser, co0/2t7= 0-5 kHz, F = 20-3 kHz. 
b/F=0-5. (After Partridge and Series/70)) 

(i) Although spontaneous emission is isotropic we may still resolve the 

perturbation into modes of sharp frequency and specified polarization. The 
integration over frequencies gives the result for a steady-state broad-band 

process which we analysed in the last section. It remains to perform the addi¬ 
tion over the three orthogonal modes of polarization. This eliminates the pos¬ 
sibility of transfer of coherence through the agency of different modes, (e.g. a 
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^-transition cannot couple with a <r+ transition), but there remains the pos¬ 
sibility for transfer by the same mode acting in both transitions (n with n, 
o + with o+ and o~ with o~). 

(ii) Turning now to the bandwidth of the receiving states, this may be of the 
order of a few kilohertz or even a few hertz. Therefore, the frequency to be 
injected must match the interval between the ground state energy levels to 
within that tolerance. The levels we are here concerned with are those appro¬ 
priate to the system perturbed by the radio-frequency field, namely, those 
which appear in the frequency diagram, rather than the energy levels appro¬ 
priate to the system in a static field alone. The condition of matching finds math¬ 
ematical expression in factors such as {TM + /o)0[(//1 — n^) — (/t2 — ^2')]}-1 
which govern the probability for transfer of coherence from the (jUl5 /V) com¬ 
ponent of the density matrix to the (/t2, ^2 ) component via absorption fol¬ 
lowed by spontaneous decay(71). For co0 ^ TM, the probability is very small 

unless [(^1 — /V) — (^2-^2')] is zero. 

In Fig. 36 are shown resonance curves for the amplitude of modulation at 
4co0 in the optical pumping experiment in 23S1 of 4He we referred to earlier. 
Evidence from the line-shape proves that the signals are due to coherence 
which was injected into the ground state, carried into the excited state and 

m1 = -1 m= 1 

Fig. 37. Diagram showing the generation of coherence at 4co0 by the following sequence 

of processes: 
(i) coherent absorption of cr+ and 0 light, 

(ii) transfer of coherence by n mode of decay, 
(iii) radio-frequency mixing. 
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back to the ground state by absorption followed by spontaneous decay, and 

monitored in the ground state by another absorption process. One of the 

sequences of transitions which contributed to this signal is represented in 

Fig. 37. It was shown that the strength of the signal was indeed frequency- 

dependent as is predicted by denominators of the form indicated in the last 
paragraph. 

6.3. TRANSFER OF COHERENCE BY COLLISION 

We have hitherto been speaking of processes taking place in individual atoms. 

We now consider the possibility of transferring coherence from one atom to 

another in collisions. 

The process of spin exchange which we mentioned in an earlier section 

(I 6.9) may be represented as a transfer of longitudinal polarization by colli¬ 

sion. The transfer of transverse polarization may be described as the transfer 

of coherence. There is no objection of principle, therefore, to the notion of the 

transfer of coherence by collisions. In fact, it takes place subject to the general 

rule that the frequency mis-match between the driving and receiving systems 
be not greatly in excess of the damping constant of the receiver. 

An example illustrates what, at first sight, might appear to be surprising 

features of the phenomenon. 

In a previous section we discussed the polarization of 3 He in the ground 

state 1% by collisions with optically pumped 3He atoms in the metastable 
state 23Sl. Magnetic resonance of the 3He nuclei is monitored by detecting 

changes in the light absorbed by the metastable atoms. If one studies the ab¬ 

sorption with the appropriate geometrical arrangement one finds modulation 
at the frequency at which one is driving the nuclear resonance. This is evi¬ 

dence that coherence injected into ground states has been transferred to meta¬ 

stable states of the atoms by collisions. The resonance curve (Fig. 23a) has a 
line-width of the order of a few hertz. It is to be noticed that such curves are 
obtained by measuring the absorption of light from atoms whose lifetime is of 
the order of milliseconds. 

7. Appendix 

We now return to the second case mentioned in Section III 3. 

7.1. FIELD OSCILLATING SINUSOIDALLY PARALLEL TO A STATIC FIELD 

The interaction Hamiltonian is 

cosft) 

= y JZ(H+Ht cos ft). (34) 

We assume that the field is not strong enough to break down the internal coupl- 
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*nS (gyromagnetic ratio y independent of the field). J z is an operator. The 
Hamiltonian is readily diagonalized by choosing the z-axis for space quantiza¬ 
tion and it is possible to integrate the equation of motion directly, without first 
eliminating the time-dependence. 

Thus: 

ihs;\t>=*\t> (35) 

yields 

|f> = [exp(-mJV(0df'l |/0> = U(t,t0)\t0y, (36) 

with 

j ^(t')dt' = Jz[yH(t -10) + (yHJf)(sm ft-sin /f0)] . 
Jto 

(37) 

co 

Use the expansion exp - iaJz sin ft = £ Jr(aJz) exp - irft (38) 
r— — co 

Then 
(Jr is the Bessel function of order r). 

Im,ty = | exp —imco(t — t0) £ Jr(am) exp — irft j 

Rearranging, we have 

x [ Jfam) exp - w//0 J j |m, r0> (39) 

(<o = yH; a = yHJf). 

\m,t) =| £ J,(am) Js(am)[exp - i(r- $)/<] [exp - i(mco+sf) (t - t0)]' |m, t0>. 
1,1 * 1 (40) 

The periodic terms in the expansion are: 

(i) the precessional term with frequency (r—s)f phase-locked to the driv¬ 
ing field, and 

(ii) the nutational term with frequency (jnco+sf) associated with the time 
interval (t — t0). 

For steady state excitation the phase of this nutational term, as before, is 
random. However, under certain conditions this random phase disappears 
from the density matrix, whose (m,m') component is: 

<rmm. = £ Jr(am) Jfam) Jr,(am') Js.(am') exp-i(r-s-r'+s')ft 
r. s 

r', s' 

x exp — i(mco+sf—mfCD—s'f)(t—t0). (41) 
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The condition for elimination of the random phase is: 

— 

a> = (integer) x f\(m — m!). (42) 

This is simply the condition for the degeneracy of certain levels in the fre¬ 

quency diagram. Degeneracy occurs when certain integral multiples of the 

driving frequency match multiples of the Larmor precessional frequency. 

The frequency diagram for the case J = 1 is illustrated in Fig. 38. At H = 0 
(co = 0) the levels m = ± 1 are degenerate, but there exists a family of such 

degenerate pairs. The oscillating field splits each level into an infinite set label¬ 

led by integers r. Associated with each such level is a Bessel function whose 
order is the corresponding integer and whose argument is am — myHJf. The 

degeneracy at zero field is removed by the static field H. 

m 

_I_1__I_1_ 
— 2f/2 — f/2 0 f/2 2f/2 

w =jH 

Fig. 38. Frequency diagram for system with J=l: magnetic field oscillating at frequency 
/ parallel to static field H. Levels having 0 are not shown. 

The degeneracies at zero and at non-zero fields given by eqn (42) are a type 
of level-crossing similar to that discussed in a previous section. If account is 

taken of the actual width of excited levels the degeneracy extends over a re¬ 
gion T. If atoms are excited from some initial state by light of polarization 

such that two different states m, m' can be excited, we find in the fluorescent 
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light an interference effect which we may describe as a resonance between the 
driving frequency and the Larmor frequency. These resonances have width T 
and suffer no radio-frequency broadening. The relative intensity of different 
resonances is given by a product of Bessel functions. The radio-frequency 

field strength governs these relative intensities. Resonances of this sort have 
been studied by Geneux and Favre,(72) Aleksandrov et and by Chapman 
and Series.(74) It will be appreciated that modulation phenomena are associ¬ 
ated with the resonances. Figure 39 shows an example of resonances in the 
63Pj state of mercury. The curves show the amplitude of modulation of the 
fluorescent light at the second harmonic of the driving frequency which in this 
case was 5 MHz. This is the interval between resonances, and was chosen so 
that the resonances were resolved against their width (2 MHz). The occurrence 
of the outermost resonances indicates that the Bessel function J5 was signifi¬ 
cantly different from zero, which implies that was a substantial fraction 
of 5 MHz. 

Fig. 39. Level-crossing in 3Pi state of mercury subjected to parallel static and oscillating 
magnetic fields. Excitation by light polarized perpendicular to the fields. 

IV RADIO-FREQUENCY INTERACTIONS 

(b) PERTURBATIONS 

We took as an example in the last section the case of a two-level system inter¬ 
acting with a rotating field. The resonance functions were symmetrical or anti- 
symmetrical about the field H = Hq, which is the field where the applied fre¬ 
quency (Oq exactly matches the interval between energy levels in Fig. 32a, i.e., 
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the field where the levels cross in Fig. 32b. This is true also for multi-level 

systems where the levels are equally spaced as, for example, a spin-system 

having J>^, in a magnetic field. But it is not true for a rotating field inter¬ 

acting with a system where the levels are unequally spaced as, for example, in 

the case of a coupled-spin system which is being broken down by the magnetic 

field. In such a case the peaks of the resonances are displaced by an amount 

depending on and the resonance functions are no longer symmetrical. 

Such displacements are found, not only for the three-level system interacting 

with a rotating field, but also for a two-level system interacting with an oscil¬ 

lating field applied perpendicular to the static field. We shall consider these 

two cases. 

1. System of Three Unequally Spaced Levels Interacting with 

Rotating Magnetic Field 

Let us first apply the transformation which removes the time dependence and 
consider the energy levels in the rotating frame as a function of co0. Consider 

the example shown in Fig. 40a where the states are quantized with respect to 

the axis of rotation and the energy levels have been displaced from their posi¬ 
tions in the laboratory frame by mco0. The transverse field H1 is supposed zero. 

In Fig. 40(b) is shown the effect of applying the transverse field. The energy 

Fig. 40. System of three unequally spaced levels. 
a. Energy in rotating frame, as function of co0. 
b. Perturbation introduced by transverse field Hx. 

levels are perturbed, and we must recall that the original quantum numbers 
are no longer good quantum numbers. The levels in this diagram are the 

eigenvalues of the transformed Hamiltonian Stf'S'1 referred to in III 3.1 

(iii). 

1.1. DISPLACEMENT of the resonances 

The centres of the resonances we shall take to be at the positions of closest 
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approach of the levels of the diagonalized Hamiltonian, though some argu¬ 
ment is needed to justify this assumption/75^ These positions do not necessarily 
coincide with the intersections of levels in Fig. 40a. The intersection (0, -1) 

for example is displaced because matrix elements of the perturbation exist 
between 11 > and |0> but not between 11 > and | -1 >. 

As a first approximation to the correction we apply to the level 0 the pertur¬ 
bation it experiences from 1, A10. The resonance condition is then given in 
terms of A10 and the Bohr frequencies Q, as follows: 

^10 — + COq 

Second order perturbation theory yields 

^io — 
1^10 

b10 is the matrix element of the perturbation. The denominator in (44) is 
the difference between the levels in Fig. 40a. 

Since |610|2 is proportional to H^2 the theory in this approximation pre¬ 
dicts a displacement of the resonances proportional to H^. This correction has 
been widely quoted in the literature (Salwen, for example)/76) It is customary 
to plot the position of the peak of the resonance against and to make a 
linear extrapolation to zero to obtain the unperturbed position. However, the 
approximation on which this procedure is based breaks down if A10 is com¬ 
parable with the interval between the interacting levels. It is clear that a better 
solution is obtained by using for the energy denominator in eqn (44), the 
interval between the perturbed levels, Fig. 40b. An analytical solution has 
recently been given by Pegg who finds that in the case studied the displace¬ 
ment of the resonance was a function of | JTJ, not of H^. 

1.2. MULTIPLE QUANTUM TRANSITIONS 

In the last section we concentrated on resonances corresponding to intersec¬ 
tions of levels for which Am = ± 1, since the perturbation due to was sup¬ 
posed to have non-vanishing matrix elements between such states and no 
others. But the perturbation in second order connects levels with Am = ±2, 
so that weaker resonances are to be expected for such intersections also. Thus 
a weaker resonance will occur for the intersection (1,-1) in Fig. 40b. The 
characteristics of the resonance may be read from the figure: 

(i) the position at which it occurs (the position of closest approach of the 
levels of the diagonalized Hamiltonian) will be approximately half-way 
between the intersections of (0, — 1) and (1, 0) in Fig. 40(a); 

(ii) the width of the resonance will be one-half that of the Am = ± 1 re¬ 
sonances because the levels intersect twice as steeply. 
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Such resonances are called multiple-quantum resonances because they cor¬ 

respond to an exchange of two radio-frequency quanta. Their occurrence in 

double resonance experiments was described in Section I 3.1. 

2. Two Level System with Oscillating Field Perpendicular to Static 

Field 

This case, though apparently quite different from the preceding case, never¬ 

theless has much in common with it. 

2.1. DISPLACEMENT OF THE RESONANCES 

Figure 41a shows the energy levels as a function of H in the laboratory 

frame. Resonances at +H0 and —H0 are induced by the clockwise and coun¬ 

ter-clockwise rotating fields into which the oscillating field may be resolved. 

Each of these resonances perturbs the other so that their peaks do not fall 

exactly at the field ±H0. The shifts are known as Bloch-Siegert shifts. They 
may be understood by reference to the frequency diagram. (See Fig. 41b). 

Fig. 41a. Resonances for spin-i system at positive and negative values of the field. 

Consider first that component of the field which gives rise to the resonance 
at — H0. The frequency diagram, Fig. 41b, shows levels in the region of +H0 

separated by approximately the interval co0. The equations for the levels are: 

&mn = rn(-cD0) + n[(co + CQ0)2 + \b+_\2']it 

« —mcoQ + nfat + coo) [1 +i|^+_|2/(ft) + co0)2] , (45) 
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where m, the quantum number along the static field, takes the values as 
does n, the quantum number referred to Heff. co = H, and b+ _ = ±yH1 is the 
matrix element of the perturbation. 

The resonance near H0 is stimulated by the other component of the rotating 
field. This resonance occurs at that value of the field for which the interval 
between £2+ + and Q_ _ is equal to co0, i.e. when 

co0 = Q+ + -Q__ = -w0 + (cores + co0) [l + }\b+_\2/(cores + co0)2], 

where cores = - j\b+ _|2/(cores + co0) = yH0 - <5. (46) 

S is the Bloch-Siegert shift. 

Fig. 41b. Bloch-Siegert shift illustrated by means of the frequency diagram. 

2.2. MULTIPLE QUANTUM RESONANCES 

Consider now the frequency diagram for the component of the field which 
stimulates the resonance at +H0 (Fig. 42). We see the possibility of a reson¬ 
ance near 3H0, since here the pair of levels —I- and + — (upper and lower, 
respectively) are separated by co0. Since the quantum numbers (laboratory 
frame) are inverted, this resonance needs the counter-rotating component of 
the field. The amplitudes of the interacting levels depend on the first rotating 
field, and are given by b+ _\p (eqn (24)). The transition matrix element is pro¬ 
portional to 6+_, so the amplitude of the resonance is proportional to 
|Z?+_|26+_, and the transition probability to |6+_|6. 

The position of the resonance is not exactly at 3H0 but is displaced by an 
amount equal to the Bloch-Siegert shift. 

From Fig. 42 we may construct a further frequency diagram corresponding 
to the resonance near 3H0 by transforming to the counter-rotating frame 
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(Fig. 43a) and back to the laboratory frame (Fig. 43b). We now see the 

possibility of a resonance near 5H0 induced by the first rotating component. 

The process may be continued indefinitely. 

Fig. 42. Possibility of resonance near 3H0 illustrated by means of the frequency diagram. 

Each new diagram contains two new levels. For each successive resonance 
a new factor \b+ _|4 appears in the transition probability. If the resonances are 

studied with increasing values of 6+_ (proportional to Ht) successive reson¬ 

ances appear in turn. The diagrams represent a treatment by successive approx¬ 
imation. 

Fig. 43a. The frequency diagram of Fig. 42 transformed to the counter-rotating frame. 
The perturbation due to the transverse field Hi (counter-rotating component) is shown. 

202 



OPTICAL PUMPING AND RELATED TOPICS 473 

A formal treatment which is equivalent to the foregoing approach has been 
given by Shirley(77) and has been adapted by Pegg(75) in the work previously 
quoted. 

-H 

Fig. 43b. Frequency diagram in the laboratory frame representing the effects of rotating 
field and counter-rotating field in first approximation. The diagram shows the possibility 
of a resonance near 5H0< 

3. Two Level System with Oscillating Field: Hanle Effect 

Figures 41b and 42 show frequency diagrams for the two rotating fields 
separately, and in each case they are valid in the region H = 0. In Fig. 43b, 
representing the case of both fields acting together, the levels near H = 0 have 
not been drawn since, in this region, the perturbations due to both fields are 
comparable in strength and neither may be regarded as a perturbation on the 
other. The symmetry of the situation argues for a diagram which is symmetri¬ 
cal about H = 0, whereas both 41b and 42 are asymmetrical. 

The situation near H — 0 may be analysed by regarding the static field as a 
perturbation on the oscillating field, treating the latter by the method given in 
Section III 7. 

Consider the oscillating field Hj cos/f, together with the small, static trans- 
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verse field H acting on our two-level atomic system (Fig. 44). Choose an axis 

of quantization parallel to the oscillating field (Oz). Let Ox be the direction of 

the static field. 

.z 
i 

H 

H1 cos ft 

Fig. 44. Hanle effect with an oscillating field. The interaction with the transverse field H 
is regarded as a small perturbation on the interaction with the oscillating field Hi cos ft. 

The Hamiltonian is 

= (CDicosft)Jz + a>J 

— t7v q "T“ i* (47) 

The equation of motion under above may be solved exactly to find the 

states \ t, t0, ± ) which develop at time t from the states | ± ) at t0. We have 

\t, to, + > = X Jrda) exp - irft X J,(ia) exp isft0 | + > 
r s 

\t, t0,-y = X JAia) exp ir'ft X JAia) exp - is'ft0 \ - >. 
r' s' 

The following is also a solution: 

\U to, - >* = x JAia) exp ir'ft X JAia) exp isft0 \ - >. 

(48) 

(49) 

(50) 

This state, which develops from 

l'o> to, - >* = X J«(a) exP *«/*0 I - >■ (51) 

at time t0 differs from 11, t0,~y by an arbitrary phase factor. We shall find 

11, t0)* more convenient than 11, t0,— ) because its phase is more conveni¬ 
ently related to that of |t0, -F ) than is the phase of \t, t0, — ). 

Notice that linear superpositions of the states we have written down are also 
solutions of the equation of motion under 

The complete problem requires the addition of x to 0, so we try to find 

linear superpositions which are also eigenstates of 
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We notice that there are degeneracies in the /-dependence of \t, /„, + > and 
\t, namely, when r' = -r. 

Now consider the superposition states: 

l*> — 0/a/2) [|/, /<>> + ) ± I/, t0, 

= (1/V2) E JA$a) exp isft0 

->*] 

E exp -i>//| + > 

± E •/r'(ia)exP*>'//!-> 
f 

For those terms for which r' = - r we can take out the common factor 
Jr(\a) exp -(>//, using Jr(\a) = (~\ )r J^r(\a). 

We obtain 

U> + >* = (l/V2) E Js(?a) exp isfio E ^(2^ exP - irfi 
s lr even 

x [| + > + |->] + E Jr(ia)exP -irfii 1 + ) - I-)]} +,— 
r odd ' (53) 

and similarly for 11, t0, — >x. 

The states (l/>/2) [|T) + | —)] are eigenstates of with eigenvalues 
±iha>. Thus the states 11, t0,± >x have the following properties: 

(i) th.ey satisfy the wave equation under ; 

(ii) with neglect of terms r' ^ — r, the even and odd parts of the wave 
function are separately eigenfunctions of 1 for all t, since 

JTi[| + > ± |->]/V2 = ±i*a>[| + > ± |->]/V2. 

Thus the states \t,t09 ± >x are convenient zero-order states on which to base a 
small perturbation J-f l. 

Let us calculate the matrix of j in this basis. For the diagonal elements 
we have: 

KU Jt, t0, +>• 

= +ihco 

x 

E ■//!«) exp -irft £ Jr.(ia)exp -/>'// 
L r 

E 7s(|a) exp w//0 X 7s,Ga)exp - w'//0 + C.C. 

= J] Jp(^)exp —ipft + c.c. 
p 

= ±ihco X Jp(a) cospft (54) 
p 
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(We have used a Bessel function contraction theorem, with p = r + r'; by the 

same theorem the second square bracket is identically unity.) 

OO 

= ±^hw Jo(a) + E 2 Jp(a) cos pft (54a) 
P= 2 

even integers 

For the off-diagonal elements, 

*<Mo> + I^iMo>±>* = ±ift® Z Jp(a)exp -ipft -c.c. 
P 

= ±iihco E Jp (a) sin pft 
P 

00 

E 2 Jp(a) sin pft 
- P= 1 
odd integers 

(54b) 

Thus, for the time-independent component, and for the even harmonics, 

the matrix is diagonal. For the odd harmonics the matrix is diagonalized by a 

rotation of n/2 about Oz. The diagonalization removes the factor i from (54b). 
If the oscillating field were absent (= 0), the matrix would be diagonal 

with elements E0 = ±ihco. In the presence of the oscillating field we find 

diagonal elements, 

Eo Jo(a) + E 2J„(a) cos pft 
even 
harmonics 

and off-diagonal elements 

E 2 J„(a) sin pft 
_ odd 

harmonics 

Thus the oscillating field has the effect of modifying the g-value of the spin 
system. Measured in the x-direction the g-value is predicted to be 

9x — 9 o 

and in the ^-direction, 

9y — 9o 

JqUi) + E 2J„(a) cos pft 
even 
harmonics 

E 2Jp(a) sin pft 
odd 
harmonics 

(57) 

(58) 

In the z-direction the ^-value remains unchanged. 
The results have been obtained by finding the matrix of the perturbation 

in a representation based on the eigenstates of 34?0, and are valid only for 

co <^f. A more elegant treatment has recently been given by Pegg and 

Series.(77o) 
The time-independent part of this result was obtained by Cohen-Tannoudji 

and Haroche,(78) and has been verified experimentally by them. Their deriva¬ 

tion was based on the notion of “dressed atoms”—they derived the stationary 
states of a closed system consisting of (atoms 4- radio-frequency field), and 
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used the coherent state formalism of Glauber(79) to form superposition-states 
representing the oscillating field. The experimental study was by means of a 
level-crossing experiment for ground states. 

V. REFRACTIVE INDEX AS A MONITOR OF 
OPTICAL PUMPING 

1. Interaction of Light with Individual Atoms 

Our discussion of the interaction between light and atoms has been based 
on the interaction with individual atoms. Thus, in III, eqn (31a), we derive an 
expression for the intensity of fluorescent light: 

I(t) oc Tr(A&) , (59) 

where A is a matrix whose (m, m!) element is 

Amm’ = Z <JM|e . P|m><m'|e* . P|/z> (60) 

and a is the density matrix of the assembly. 

Equation (59) is obtained by summing the intensities of light from the dif¬ 
ferent atoms in the assembly. 

Equations similar to (59) have been used also for absorption. 
We shpuld not lose sight of the fact that contributions to the intensity, either 

in emission or in absorption, may arise from the off-diagonal elements of the 
density matrix as well as from the diagonal elements. 

2. Coherence Between Radiation from Different Atoms 

The basis of eqn (59) must be re-examined when there is a possibility of inter¬ 
ference between the light from different atoms. Such a possibility arises in the 
case of forward-scattering. The classical theory of refractive index interprets 
the dispersion of velocity of light in a medium as due to interference in forward 
scattering. Moreover, absorption is intimately related to dispersion and we 
monitor optical pumping by measuring the amount of light absorbed when a 
beam of light traverses the gas. We need to consider therefore, whether a 
theory of absorption based on the propagation of light through a medium 
(theory of dispersion) would lead us back to eqn (59), and whether this ap¬ 
proach might not disclose other topics of interest. We shall see that the notion 
of an optically pumped vapour as a macroscopic medium having an aniso¬ 
tropic, time-dependent, complex refractive index is indeed useful. 

2.1 ABSORPTON, REFRACTIVE INDEX, ELECTRIC POLARIZABILITY 

The absorption coefficient of a medium is related to the imaginary part of the 
refractive index n(i\ This may be obtained from the bulk polarization and this, 

207 



478 G. W. SERIES 

in turn, from the polarizability of individual atoms. We start from an expres¬ 

sion for the polarizability tensor, a(/s of the jth atom, where r and s refer to 
the base vectors. 

e±1 = T(i±/j)/2i, e0 = k. (61) 

(i, j, k, are Cartesian unit vectors). 

We have: 

a[i\k, t) = 7 
I Ars(n', Him) 

where 

T=m-s Wm-kn-k-^irj 

Ars(n\ n; m) = <y |e* . P|w><m|er. P|^> , 

k is the frequency of the incident light, m, m! ... are excited states p, p! ••• are 
ground states, km, k^ are Bohr frequencies, Tm is a damping constant. (Details 
of the calculation are to be found in Series.(80)) 

The bulk polarizability tensor, ars, is calculated by summing (62) over the 

N atoms per unit volume. These have a distribution of resonance frequencies 

kmfl = km-kll given by 

dN = (N/An*) exp [ — {(<%rm(I)2/A2}]d&m)J, 

where A is a measure of the Doppler width of the distribution, and 

$km)t = kmil-(kmfl)0 , with (km„)0 the peak. 

In making the sum we replace ajj) cP^t) by its value o^{t) averaged 
over atoms in ground states. The result is 

ars(k, t) = M 
m = n + r 
H' = m~s 

NAJjl, h' ; m) 

hA 
Gnn' (0 Z(xmtl+iy), mu (63) 

where Z(x + iy) is the plasma dispersion function 

Z(x + iy) 
J-CC t — 

exp ( — t2) 

(x + iy) 
d t x 

k ~ (kmfl) o 
mu y - 

m 
2A 

(64) 

(We have ignored the contribution to refractive index which arises from excit¬ 

ed atoms since, in optical pumping experiments, the bulk of the population is 

in ground states.) 

a. Absorption 

The absorption coefficient, /, is related to the bulk polarizability, a, by 

Xrs = (4 nklc)a^s (65) 

where a(l) is the imaginary part of a. The imaginary part of a arises from the 

imaginary part of Z (eqn (63)). 
Now, in exploring a resonance between ground states we are concerned 

with changes in the density matrix which occur over relatively small varia- 
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tions of magnetic field, in the course of which Z remains practically constant. 
(The variation of Z is given by the variation of xmii with magnetic field, so we 
have to compare changes in the Zeeman splitting of the ground states, 5k . 
with the Doppler width, A). 

If we can treat Z as constant, the absorption coefficient is proportional to 

Z A(^ #0m) <v(0- 
n,n' 

m 

This is equivalent to eqns (59) and (60) (with m, m' and n, /j,' interchanged, 
because these equations refer to emission from excited states). 

We have shown, therefore, that an analysis based on the classical theory of 
the propagation of light in dielectrics gives the same result for absorption, in 
optically thin vapours, as an analysis based on the interaction of light with 
individual particles. 

b. Dispersion 

We may expect that this approach would be rewarding if we considered the 
region away from absorption. We should then study the real part of eqn (63). 
The equation predicts that manifestations of optical pumping in ground states 
(resonances, modulation effects, etc.) could be studied by any technique which 
measured refractive index, since the optical pumping effects are described 
analytically by the density matrix, which is linearly related to the refractive 
index. Many such studies have indeed been made. The Faraday effect and 
magnetic birefringence, which measure various combinations of the tensor 
components of the anisotropic refractive index, have proved particularly 

useful. 
For these dispersion studies it is advantageous to use monitoring light whose 

spectrum is displaced in frequency from the absorption region of the medium. 
This light does not then contribute to the optical pumping, and the effect of 
the pumping beam itself can be studied free from perturbations due to the 

monitoring. 

2.2. emission: resonances in excited states 

- Our discussion has been based on the constancy of the function Z over the 
region of magnetic resonance. While it is true that this is constant to a high 
degree of approximation for ground- state resonances, Z is not constant for 
excited state resonances. These resonances appear in eqn (63) as changes in 
the value of the function Z itself, since it is only through changes in (kmil)0 
that the effect of the magnetic field on excited states shows itself. is 
simply the frequency of the (ju, m) Zeeman component of the absorption line). 
Now, changes of (kmfl)0 are significant only if they are comparable witji the 
Doppler width. A detailed study of the consequences of this shows that curves 
of magnetic resonance in excited states, as explored by techniques which 
measure refractive index, are Doppler-broadened. This is in sharp contrast 
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with such curves as ordinarily studied (e.g. in the Brossel-Bitter experiment), 

where the great advantage of the technique is the elimination of Doppler 

broadening. 

The difference between our present analysis and the earlier study of the 

Brossel-Bitter experiment is that we are now, for the first time, taking account 

of the possibility of coherence between light radiated by different atoms. In the 

Brossel-Bitter experiment, as in conventional experiments on resonance fluo¬ 

rescence, one studies the laterally-scattered light where there is no such co¬ 

herence. In our present analysis of refractive index the coherence in forward¬ 

scattering makes itself felt by Doppler-broadening of the resonance curves. 

There remains a further important point to be made in connection with 

forward-scattering. In optically thick vapours the transmitted light suffers 

multiple scattering and its intensity is not linearly related to the refractive 

index. A consequence of the multiple scattering is that the magnetic resonance 

curves experience coherence narrowing to a degree far in excess of coherence 

narrowing in the laterally scattered light. Indeed, zero-field level-crossing 

curves in sodium have been obtained by Hackett(81) which are actually nar¬ 

rower than curves obtained in lateral scattering. The analysis of this situation 
is complicated, and we shall not pursue it here. 

The important points are: 

(i) the result for emission is very different from that for absorption; and 

(ii) coherence narrowing of excited state resonances is very marked in 
forward scattering. 
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Thirty Years of Optical Pumpingf 
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Abstract. This article traces the development of optical pumping from the 
ideas first elaborated by Kastler in 1950. It deals with the general characteristics 
of optical pumping, the optical ‘magnetization’ of gases and vapours, spin 

exchange, metastability exchange, orientation by collision, multiple quantum 
resonances, atomic coherences, quantum beats, and dressed atoms: and concludes 
with a note on laser spectroscopy. 

1. Introduction 
Spectroscopy is, shall we say, experimental Fourier analysis. We study the 

relative intensities, frequency by frequency, in a beam of light to discover the kind of 

motions in atoms or molecules responsible for emitting or absorbing the light at those 

particular frequencies. 

Optical pumping is, to put it crudely, spectroscopy without a spectroscope. 

Optical pumpers are not very interested in the frequency of the light. They study the 

changes in intensity or polarization of light when they disturb atoms in some way—by 

applying magnetic fields, for example. The changes of intensity or polarization tell 

them about atomic motions in fine detail; Zeeman effects, hyperfine structures, and 

so on. In optical pumping the light is used as a handle with which to turn the atoms 

over. It is surprisingly efficient. This article surveys what has been done by its 

practitioners since ‘pompage optique’ was introduced into physics over thirty years 

ago. The story has been one of continual surprises. The sophisticated young physicist 

of today will see it as a disclosure of the obvious: that is a measure of the importance 

and success of the subject. 

2. Light and atoms 
It was in May 1950 that Kastler’s paper to the Societe Francaise de Physique was 

delivered and the term ‘pompage optique’ used for the first time in public. It may 

come as a shock to the reader to realize that when, nine years later, the first 

international conference on optical pumping was held at Ann Arbor, Michigan, no 

laser beam had ever carved its coherent path through ruby rod, nor was stimulated 

emission much talked about outside microwave laboratories. Nevertheless, optical 

pumping was well enough established at that time for the production of a 

bibliography of some 102 items. Lasers (known then as optical masers) were, indeed, 

under discussion at the conference, for the seminal paper by Schawlow and Townes 

had just been published. But a sensitive government had cast a security blanket over 

the formal communications, and our American colleagues at Ann Arbor were in 

t This article contains the substance of a lecture delivered at the 12th annual conference of 

the European Group for Atomic Spectroscopy, held at Pisa in September 1980. 

213 



488 G. W. Series 

frantic dispute with Washington over the question whether such delicate topics as 

optical transitions in caesium vapour could properly be permitted to be talked about 

in an international scientific gathering. 

Kastler himself tells us when the seeds of optical pumping were sown. In his 

Nobel Lecture (he was awarded the Prize in 1966) he takes us back to the early 1930s, 

to the observation that light scattered in studies of the Raman effect had been found 

to contain a depolarized as well as a polarized component: the depolarization had 

been ascribed to the effect on the scattered light of vibrational motions within the 

molecules. He refers also to the work of Rubinowicz on selection rules in atomic 

spectra—rules that were derived from considerations of conservation of angular 

momentum between atoms and light. And, finally, he refers to his own work of that 

period on the stepwise excitation of fluorescence from mercury vapour. In all this he 

saw how the polarization of light could control, and be controlled by, the angular 

momentum of atoms. Light was a handle with which one could take hold of atoms 

and turn them over (Kastler 1967). 

This is all very obvious to physicists today, but we should recall the psychological 

barrier which Kastler had to overcome before he could create a whole new branch of 

physics out of this simple observation. We must remember that the interaction 

between light and atoms is very, very weak. Remember that, when we work out our 

theories of atomic structure, we write in our Coulomb forces and our Lorentz forces, 

we work out the energies of stationary states, and only then do we say—oh yes, of 

course, and there is a correction of a few parts per million arising from the fact that 

atoitis are potential sources of electromagnetic radiation. Indeed, when we use light 

to turn atoms over, the handle is exceedingly flimsy. 

3. Magnetic resonance 

This was another ingredient in the development of optical pumping. In the years 

immediately following World War II there had been a great development in the 

application of magnetic resonance to atoms and molecules in beams, and the first 

coupling of these ideas with Kastler’s notions concerning light and the orientation of 

atoms were expressed in relation to excited states, The pioneer experiment was 

carried out at MIT by Brossel (then a young colleague of Kastler) and Bitter (1952); 

the change in polarization of fluorescent light from an atomic vapour was to act as 

monitor for magnetic resonance in the excited state. 

The material chosen was mercury vapour, enclosed in the cell shown in fig. 1. The 

vapour pressure of the element, at room temperature, is low enough so that the 

atoms, as they cross the cell, hardly ever collide with one another. They are 

irradiated with light from a mercury lamp whose emission lines exactly correspond 

with the absorption lines of the atoms in the cell. In particular, the atoms absorb the 

strong line at 254 nm which excites them from the ground state, ^o, to the excited 

state 3Pj (fig. 2). This excited state actually has three Zeeman levels ra = 0, + l, 

separated by the application of the static magnetic field B indicated in fig. 1. Of these 

three levels, only m— 0 is populated because the light is linearly polarized, its electric 

vector being parallel to B (7r-polarization). If the atoms were allowed to radiate 

without further perturbation, they would emit light of the same polarization, 

indicated by the broken line in fig. 2. A detector placed as shown in fig. 1 would not 

record this radiation since it is emitted in an American doughnut pattern, the axis of 

which lies along the magnetic field direction. But now, suppose that the atoms are 
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\ 

Fig. 1. Scheme of the Brossel-Bitter experiment. The large coils round the cell carry a 
current to generate the static magnetic field B. 

perturbed before they radiate. This can be accomplished by a magnetic field 

oscillating at radio-frequencies, established by circulating an alternating current 
through the smaller coils, provided it is strong enough and of the right frequency. 

Such an oscillating field causes the atoms to be transferred to the Zeeman levels 

m + 1, as indicated in fig. 2. This is magnetic resonance, and occurs most strongly when 

the quantum energy of the oscillating field, hco0, exactly matches the Zeeman 

splitting, AE. The process of spontaneous emission now results in radiation whose 

frequency is slightly different from what it was before (which is not important) and 

whose polarization has been changed (which is of the utmost importance). Emissions 

in which the m-quantum number changes by one unit (as in this case) are labelled <r + 

or o~, and the intensity has a dumbbell-shaped distribution in space, the axis being 

along the direction of the magnetic field. In this direction the light is circularly 

polarized: seen perpendicularly to the field it is linearly polarized with its j^-vector 

perpendicular to the magnetic field, and intermediately it is elliptically polarized. 

This contrasts with the polarization of the unperturbed emission, n, in which the 

change in the m-quantum number was zero. This is linearly polarized irrespective of 

the direction of emission. The fact that magnetic resonance has occurred is therefore 

easily detected by the use of polarizers or simply by relying on the changes in the 

spatial distribution of the intensity of the spontaneously emitted light. A typical 

resonance curve is shown in fig. 3. 
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Fig. 2. The transitions in the Brossel-Bitter experiment. 

Fig. 3. Experimental magnetic resonance curve obtained in the Brossel-Bitter experiment. 

Intensity of light is plotted against magnetic' field, the r.f. resonance frequency being 

held constant (o>0). At the middle of the curve the Zeeman splitting AE satisfies the 

equation AE = hco0. 
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The outcome of the Brossel-Bitter experiment was—superficially—simply an 

accurate determination of the Zeeman structure of a particular excited state of 

mercury: not a very exciting piece of information. But its greater importance lay in 

its demonstration of the possibilities for the manipulation of atoms by means of light. 

4. Optical pumping: ground states 
It was very soon realised that, if the ground states of the atoms possessed Zeeman 

or hyperfine structure, then the cycle of resonance fluorescence—excitation of atoms 

by light followed by spontaneous, radiative decay—would alter the relative numbers 

of atoms occupying each of these ground states. Now, inequality of population 

between Zeeman levels amounts to magnetization, so we arrive at the intriguing 

conclusion that one can magnetize an atomic vapour simply by shining light into it. 

Figure 4 shows how this works out for the alkali atoms whose ground states have 

electronic spin (In fact, all the alkalis have hyperfine structure, which we ignore in 

this discussion. The hyperfine structure complicates the story but does not 

invalidate the principle.) In the figure we represent the two Zeeman components of 

the ground state, 2S1/2, by spots separated horizontally and labelled (the 
ra-quantum number) indicating the two possibilities for the orientation of the 

angular momentum. Likewise the excited state 2P1/2 is reached from the ground 

state by absorption of the yellow line Dl5 A = 589-6nm. Sodium vapour, in thermal 

equilibrium in a cell, consists of atoms equally distributed between the 

components of the ground state. The vapour is unmagnetized. Now suppose we 

irradiate it with circularly polarized Dj light to induce the <r+ transition. Only the 

atoms in the component state — ^ are able to absorb this light: those in + \ are unable 

to absorb the angular momentum carried by a + light since there is no component + f 

in the excited state. When the excited atoms decay to the ground state, it may be to 

the component —j, which would restore the original situation, or it may be to the 

component +J. The latter possibility results in a net transfer of atoms from — 2 to 

+ \, and this is magnetization. The direction of magnetization is that of the axis of 
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circular polarization of the light, which is its direction of propagation. What we have 

described here is one cycle of optical pumping. The term ‘polarization’ which we have 

hitherto used only for the light is commonly used also for an assembly of atoms in 

which the angular momentum component states are unequally populated. 

‘Polarization’ and ‘magnetization’ are often used indiscriminately, but for some 

purposes it is necessary to be more specific, and one speaks of ‘orientation’ (of a 

dipole) and ‘alignment’ (of a quadrupole). 

5. Characteristics of optical pumping experiments 
Following Kastler’s paper in 1950 there was a great explosion of activity in 

optical pumping: in Paris, of course, but also particularly in North America. The 

great attractions of the work were (i) its conceptual simplicity, (ii) that the apparatus 

was simple, and (iii) that it offered the possibility of making spectroscopic 

measurements of enormously increased accuracy. 

The conceptual simplicity was founded on the well-known selection rules and 

principles of conservation of energy and angular momentum governing the 

interaction of light, on the one hand, and radio-frequency fields, on the other, with 

free atoms. And, indeed, there was scope for much more sophisticated theoretical 

work which, as we shall see later, turned out to be richly rewarding, and was carried 

through with great subtlety. 

The apparatus required for many experiments was table-top size (fig. 5). The 

excited state work was carried out from the first with atomic vapours in sealed cells. 

For the ground state work, it was not known in the early days whether the effects of 

optical pumping would be destroyed by collisions between the atoms and residual 

gases, so the first experiments were carried out in atomic beams. But it soon became 

clear that ground state experiments, too, could be carried out in sealed cells. 

As to the accuracy of measurement, the most obvious attraction here was the 

promise for excited states, because the magnetic resonance curves that were 

obtained gave Zeeman and hyperfine intervals free of Doppler broadening, whereas 

these intervals as measured by conventional spectroscopic methods are subject to 

this nuisance, and are typically a hundred times broader than the magnetic 

resonance curves of free atoms, with consequential problems of unresolved 

structures and imprecise measurement. But this article is more concerned with 

ground-state work, and it was not at all obvious for such states that magnetic 

resonance based on optical pumping techniques offered any advantage at all over 

‘conventional’ atomic beam studies. What we shall see is that the ground-state work 

prospered rather on account of the surprises it had in store than because of the 

possibilities that were foreseen at the outset. But some applications were rather 

straightforward, and these we shall appraise briefly. Later on we shall look more 

closely at the surprises. 

Let us first recall the essentials of an optical pumping-magnetic resonance 

experiment. One may distinguish three processes: the pumping, the magnetic 

resonance, and the monitoring of the resonance. The essential feature of the pumping 

process is that the atoms are redistributed over the ground states (fig. 4). With an eye 

on the monitoring process we see (fig. 6) that this redistribution reduces the amount 

of light that the atoms are able to absorb. In the region of magnetic resonance, the 

oscillating radio-frequency field (applied by means of an oscillating current in the 

small coils round the bulb seen in fig. 5) is effective in restoring the equality of 
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Circular polarizer 

Detector- 

Fig. 5. Scheme of an optical pumping experiment. The function of the components 
described in the text. The physical processes are indicated in fig. 6. 
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[a) (b) • (c) 

Fig. 6. The two functions of light: optical pumping and monitoring magnetic resonance. 
(a) The original distribution of atoms, three in each state. Circularly polarized light is 

absorbed by atoms in the upper state but not from those in the lower, leading to optical 
pumping. (b) After one cycle of optical pumping (transfer of two atoms) the vapour is 
more transparent, (c) The radio-frequency field restores atoms to the upper state, most 

efficiently at resonance, when AE = ha>0, and this results in a restoration of absorption. 
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population between the two levels: the absorption is then restored. The resonance 

may be monitored, therefore, by looking for changes in the absorption of light by 

atoms in the cell. The light beam may be the same as is used for the pumping, or it 

may be a beam set up separately. This latter arrangement gives more control. Under 

some circumstances the absorption from the monitoring beam is modulated at the 

same frequency as the applied r.f. field—the depth of modulation being a maximum 

at the peak of the resonance. If the modulated, transmitted light is used to generate a 

photocurrent, this may be amplified and used as the oscillator which drives the r.f. 

current through the coils. The apparatus is then self-adjusting. The frequency of the 

oscillator locks itself to the peak of the resonance whose angular frequency co0 is 

given by the equation 

hoj0 =A E 

where AE is the energy gap between the levels. 

If the energy gap AE is a Zeeman interval it is under the experimenter’s control 

by varying an external magnetic field. In this case AE — gfiB, where B is the magnetic 

flux density, /? is the Bohr magneton (9*27 xlO-24JT-1) and g is a numerical factor 

known as the Lande g-factor. Optical pumping experiments are frequently 

undertaken in order to determine these (/-factors. With simple apparatus hardly 

more elaborate than is illustrated in fig. 5 it proved possible to accomplish this for 

many atoms: the alkalis and the odd isotopes of mercury were particularly 

favourable objects of study. 

When AE is a hyperfine interval no external field is necessary. Each hyperfine 

level, generally labelled F, consists of one or more Zeeman components, labelled mF. 

These all have the same energy. Optical pumping transfers atoms between levels of 

different F and the r.f. field restores them. For a detailed analysis one needs to 

consider which of the mF are involved, but this is unimportant if one is only 

concerned with the position of the peak of the resonance, which again is given by 

hco0 = AE = EF — Er, the energy difference between levels of different F. Hyperfine 

intervals also have been determined by optical pumping for many atoms. 

Optical pumping experiments are quite suitable for undergraduates to perform, 

and allow fundamental quantities to be determined. For example, the nuclear spin I 

of alkali atoms may be deduced from even a 10% determination of the (/-factor of the 

ground state hyperfine levels, gF. In this case a small external field of the order of 

10~ 4 T is applied to separate the Zeeman components mF of the hyperfine levels. The 

required r.f. field may be provided by a signal generator operating below 1 MHz. I is 

determined from the relation gF = gj/{I + j), where gd — 2 (the Lande factor for the 

ground state, 2S1/2). Of course, stray laboratory fields need to be cancelled out; this is 

normally done with sets of Helmholtz coils about 40 cm radius. For measurements of 

high precision, special care has to be taken in the cancellation of stray fields and in 

the avoidance of inhomogeneities in the additional fields that are applied. 

6. Resonance line-width: buffer gases and wall coatings 
The precision of measurement depends on the resonance linewidth. The early 

ideas suggested that the linewidth would be limited by the time-of-flight of atoms 

across the cell, say 10~4s, this being the time for which the atoms would interact, 

without interruption of phase, with the r.f. field. The resonance linewidth, the 

inverse of the interaction time, would then be about 10/27ckHz (fig. 7). But it was 

soon discovered that this interaction time could be lengthened by two devices, 
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Fig. 7. Resonance curve. Either co or B may be varied, the other being held constant. The 
width at half-dip, Sen, is equal to the reciprocal of the interaction time. Longer 
interaction times lead to narrower resonance curves and increased precision in the 
determination of line-centre. (If B is varied, SB = (h/gf)Sco.) 

appropriate in varying degree to different kinds of atom: (a) the use of buffer gase-s, at 

pressures of the order of a few torr, and (b) the use of wall coatings. 

6.1. Buffer gases 

It was realized that oriented alkali atoms might undergo many thousands of 

collisions with inert gas atoms without losing their orientation, that is to say, 

without reverting to their equal distribution between the Zeeman states. This is at 

first sight surprising, but it is understandable when one recalls that, for alkali atoms 

in their ground states no less than for noble gas atoms, the electrons are distributed 

round their respective nuclei with spherical symmetry and zero orbital angular 

momentum. The orientation of the alkalis arises solely from the intrinsic spin of the 

valence electron, and this is perturbed hardly at all in the collisions, where the 

dominating forces are electrostatic and exert no magnetic torque. 

Alkali atoms, then, mixed with a much greater proportion of buffer gas, find their 

progress to the wall of the cell impeded by collisions but do not lose their orientation. 

The interaction time with r.f. fields can be lengthened to the order of seconds, with 

corresponding reduction of resonance linewidth—provided the static fields can be 

made sufficiently homogeneous. A remark made in this context at the Ann Arbor 

Conference bears on this: ‘Surely at some point, you have to worry because of the 

nails in your shoes’. ‘0 yes: we leave our shoes outside the laboratory: what really 

worries us are the hinge-pins in our spectacle-frames. 

6.2. Wall coatings 

It was found that a number of wax-like materials—the saturated paraffins— 

applied to the walls would also allow thousands of collisions of oriented alkali atoms 

without loss of orientation. (Polish candles worked especially well but eicosane works 

well outside Poland.) Again, resonance line-widths could be drastically reduced and 

high precision gained. 
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The use of buffer gases and wall coatings brought their own particular difficulties 

and opportunities. On the one hand, it was not correct to suppose that collisions with 

these inert objects brought no change to the atoms. The cumulative effect of many 

collisions induces gradual phase changes in the precession of the atoms, which are 

equivalent to frequency shifts. Many studies were made of such pressure shifts, and 

wall shifts, both because it was necessary to apply corrections to the measured 

resonance frequencies, and also for the interest of studying the collisions themselves. 

Figure 8 shows some examples. 

Fig. 8. Variation of resonance frequency with pressure for optically-pumped caesium atoms, 
for a variety of buffer gases. The resonance being studied here is the hyperfine interval in 
the ground state of caesium, which is used for the SI standard of frequency (that is, to 
define the second). (Arditi and Carver 1961.) 

7. Relaxation 
The determination of relaxation times—spin lifetimes—under various conditions 

provided a rich field of study. The relaxation time is simply related to the inverse of 

the measured linewidth. The lifetime was different, for example, for walls coated with 

ordinary paraffins and with deuterated paraffins. This emphasized the importance of 

the interaction between the alkali and the atomic nuclei in the wall coatings. Again, 

as a result of very detailed studies of relaxation times for alkalis in collision with inert 

gases, Mine Bouchiat was able to demonstrate the formation of alkali-rare-gas 

molecules having a substantial association time before the partners separated. 
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Chemists turned to this field to measure reaction rates between alkalis and 

reactive molecules. The linewidth now became a measure of chemical activity. 

8. Magnetometers and frequency standards 
In the context of magnetic resonance curves of very narrow linewidth, with the 

potentiality, therefore, of exploiting the resonance condition hco0 — AE with very 

high accuracy, two cases of special interest have been developed commercially: one 

as a magnetometer, the other as a frequency standard. 

For the magnetometer, AE is the splitting of levels resulting from an ambient 

magnetic field. The energy difference is (to a first approximation) proportional to the 

field, so if the apparatus is made self-oscillating, and if the frequency of the oscillator 

is measured (and this can be done with exceedingly high accuracy), and if the 

constant of proportionality is known (as it is for the substances commonly used), we 

can determine the value of the field. Magnetometers using this principle have been 

flown in satellites, and are routinely used in geophysical observations. 

The second commercial application of self-oscillating optically pumped cells is in 

the production of secondary standards of frequency. In this case AE is an energy 

interval characteristic of the atom in zero fields: the interval between two hyperfine 

levels in the ground state of rubidium proves to be suitable. The electrical oscillator 

(which may be used to control a clock) is, by means of the optical pumping, magnetic 

resonance and photoelectric detection, actually locked to the precessional motions of 

electrons in rubidium atoms about their nuclei, the hyperfine interaction. The 

frequency is, of course, liable to be influenced by the pressure of buffer gas in the 

bulb, but a mixture of gases can be chosen to make this effect very small. The 

frequency is also influenced by the intensity of the pumping light, so the rubidium 

clock is not suitable for a primary standard. But it serves very well if one is content 

with timekeeping to an accuracy of 1 second in 1011' 

9. Spin exchange 
We now turn to a most important effect, spin exchange. It was introduced into 

optical pumping by Dehmelt, and was well known before the Ann Arfior conference. 
If you have a mixture of two different alkali metal vapours in a vessel, orientation in 

the atoms of one of them can be transferred to those of the other by collisions—so- 

called ‘spin exchange’ collisions. 

Thus, if you have sodium and rubidium, and pump with sodium light, you can 

magnetize the sodium directly, and the rubidium indirectly by collisions. Then you 

can carry out magnetic resonance on the rubidium, the effects of which will be 

reflected in the orientation of the sodium atoms, and the monitoring can be by 

sodium light. Thus, with sodium light, one can display a magnetic resonance signal 

from the ground states of rubidium. 

Many substances were studied in this way—N} P, Cu, Ag, Eu, Li—but surely the 

most impressive studies were those of the free electron. The ingredients of the 

experiment were a gas discharge, to produce electrons, sodium vapour enclosed in 

the same cell, and a sodium resonance lamp. The free electron g-factor was 

determined by looking at changes in the absorption of sodium light. Unfortunately, 

other methods ultimately proved superior, but the spin-exchange method was 

ingenious and well worth the trial it was given. Dehmelt, Franken and their younger 

colleagues worked at it for many years. 
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A great story also attaches to optical pumping measurements of hyperfine 

structure in the ground states of hydrogen XH, deuterium 2H and tritium 3H by 

Pipkin and his colleagues. Of course, it will be realized that hydrogen atoms cannot 

be pumped directly with their own resonance radiation because of the inconvenience 

of working with radiation in the far ultraviolet. Pipkin used the spin-exchange 

method to improve on the atomic beam and other direct studies, but the work was 

superseded by the invention of the hydrogen maser, it is fair to say that the use of 

wall coatings in the hydrogen maser was inspired by the use of wall coatings in 

optical pumping. 

10. Metastability exchange 
An important variant on the transfer of orientation by spin exchange was the 

discovery that one could orientate atoms in the ground states^ by collisions with 

optically-pumped atoms in metastable states; a technique introduced and explored 

by L. F. Schearer. The atomic species originally studied, and much studied since, was 

3He. In a gas discharge the metastable state (1s2s)3S1 is heavily populated. This can 

serve as a ‘ground' state for optical pumping with light from a 3He lamp. But the 

nucleus of 3He spirdr, and the orientation of the metastable state achieved by 

optical pumping with circularly polarized light implies that the atomic nuclei in this 

state, strongly coupled to the electrons, be themselves partially oriented. 

Now consider collisions between oriented, metastable atoms and unoriented, 

ground state atoms (fig. 9). In the break-up of the unstable molecules that are formed 

there is a substantial probability that the oriented nuclei will be associated with the 

ground state electronic structures, while the non-oriented nuclei will be associated 

with the metastable structures. In the assembly, after averaging over many 

collisions, one finds a substantial orientation of nuclei in the atomic ground states. 

Fig. 9. Collision between an oriented metastable atom, 3Sl5 and an unoriented ground state 
atom, CSq, leading to an exchange of nuclear orientation (transfer of nuclear angular 
momentum) between the two atoms. In ground state atoms the angular momentum 
resides entirely in the nuclei. Before the collisions the nuclear spins are in random 
directions (up and down equally probable, indicated by the small arrows). After the 
collisions there is a substantial probability that they are oriented (arrow up only). 
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Fig. 10. Precession of oriented 3He nuclei in the gas at low pressure with continuity of phase 
over nearly 12 hours. (Cohen-Tannoudji and Haroche 1969.) 

But this is very remarkable, because the ground state itself is ^q, that is to say, it has 

a tight, spherically symmetrical distribution of electric charge, and both the orbital 

and spin components of the electronic angular momentum are zero. Inside this 

protective structure lies the oriented nucleus. If the external magnetic fields (which 

could interact directly with the nucleus) are kept under control, external electric 

fields cannot penetrate the shielding electrons, and the nucleus can retain its 

orientation for very long periods. Figure 10, demonstrating a remarkable experiment 

by Cohen-Tannoudji and Haroche, shows the slow precession of 3He nuclei round a 

weak external magnetic field, continuous over a period of nearly 12 hours. The 

magnetometer used to record this very weak signal was a device based on optically- 

pumped rubidium vapour. 

11. Orientation by collision: further experiments 
This technique of transfer of orientation has been applied in many different 

contexts. 

Laloe has shown how, in a gas discharge in 3He, oriented in the ground state, the 

orientation is transferred in the ordinary process of excitation to the whole range of 

excited states. 

Schearer has shown how the orientation may be transferred from metastable 

helium atoms in a gas discharge to a whole variety of other kinds of atoms, 

introduced as impurities and ionized by collision with helium metastables. These 

ionizing collisions are evidently very sensitive to spin-orientation. 

12. Multiple quantum resonances 
We now turn to one of the surprises of optical pumping discovered in the very 

early days by Brossel, Cagnac, Margerie and Winter working at Kastler’s laboratory. 

An atomic beam of sodium was under study, irradiated over the first part of its 

length with circularly polarized light to pump the atoms, and surrounded 

downstream by coils to induce magnetic resonance between the ground-state 

Zeeman levels. The expected resonances between adjacent levels were observed, but, 

for higher values of the r.f. field new, additional resonances appeared. These were of 

two types, illustrated in fig. 11. 
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Fig. 11. Multiple quantum resonances. Type I. The resonance curves at cox and a>2 
correspond to single-quantum transitions between levels. If the r.f. field strength is 
increased these resonance curves broaden. When they perceptibly overlap a new, 
narrow resonance appears half-way between them. Type II. The lines labelled + j 
represent the energy levels of a spin \ atom in a steady magnetic field of flux density B. 
Circularly polarized radiation at frequency oj gives a resonance at B0 where the energy 
difference is equal to kco. The resonances at 2B0, 3B0.. .appear if radiation of other 
polarizations is present with sufficient intensity. (A linearly polarized field can be 
resolved into <j+ and o~ circularly polarized components and can generate a three- 
quantum resonance, as shown.) 

Type I resonances appeared half-way between resolved resonances when the 

strength of the r.f. field was increased. The frequency did not correspond to the 

interval between adjacent levels, but to one:half of the interval between non- 

adjacent levels. For this type of resonance a third, intermediate level is present and 

forms an important part of the interpretation, but it does not lie half-way between 

the outer levels. (This spacing of levels can easily be controlled by varying a magnetic 

field applied to the vapour: a small field produces equal spacings; a larger field 

produces inequalities as the level spacings become comparable in magnitude to the 

hyperfine structure.) 

Type II resonances do not require the third, intermediate level. They are 

sometimes called ‘sub-harmonic’ resonances, in that the frequency of the radiation is 

a sub-multiple of the interval between the levels; thus, they satisfy the equation 

hco = (AE)/n where n is an integer 

Like resonances of Type I they require r.f. fields of much greater amplitude than are 

required for direct resonances. Their characteristic is that different polarizations of 

the r.f. field act together to induce the transition, but overall the conservation laws 

for energy and angular momentum are satisfied. 

It need hardly be said that the observation of these resonances stimulated a great 

deal of theoretical study, and the examination of detailed features such as linewidth 

and shape still finds a place in research journals. Readers acquainted with recent 

developments in laser spectroscopy will know that resonances of Type I can be 
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generated with visible and ultraviolet light in such a way as to be free of Doppler 

broadening. In these applications the light which contributes the two steps of the 

transition travels in opposite directions, and the positive Doppler shift in one beam 

cancels the negative shift in the other. Resonances of Type II, however, appear not 

to have been explored with radiation at frequencies outside the radio bands. 

13. Atomic coherences 
Almost everything that has been mentioned so far can be understood in terms of 

the transfer of atoms between energy eigenstates. Atoms are either in state A, 
characterized by its energy EA, and component of angular momentum mA (in units of 

h), or they are in state B, characterized by EB and mB. The action of the light and r.f. 

fields is to transfer them from state A to state B, and so on. But it is not actually the 

case, in this kind of work, that atoms are either in state A or in state B. Under 

irradiation, in general, the state of the atoms (this word is being used in a technical, 

quantum-mechanical sense) is a coherent superposition of A and B: the atoms are in 

A with a certain probability and in B with a certain (usually, different) probability, 

and these probabilities are correlated. This correlation is called ‘coherence’. 

The correlation is perhaps most easily understood in the phenomenon known as 

‘free precession’ which can occur, for example, for atoms that are left to evolve after 

an r.f. field which has been stimulating them for magnetic resonance is suddenly 

switched off. The atoms are left partly in state A, partly in state B. For the former 

state the time-dependent part of the wavefunction is exp ( — iEA/h)t, for the latter, 

exp (— iEB/h)t. But the wavefunction for each atom in the assembly is the sum of the 

two wavefunctions, each with its appropriate time-factor. Now, in whatever way the 

atoms are monitored, the calculated signal will contain this two-part wavefunction 

multipled by its complex conjugate, and we shall find in the answer a sum of direct 

terms, with time-factors |exp (— iEA/h)t\2, |exp ( — iEB/h)t\2, and cross-terms, with 

time-factors exp[ + i(i£A — EB)/h]t. These latter, representing the correlation, will 

lead to the real functions cos At, sinA£, where A = (Ea — EB)/h. That tells us that all 

the atoms in the assembly are precessing with the same phase, so that macroscopic 

modulation effects are exhibited by the assembly. Such effects are well known in 

nuclear magnetic resonance, for example: they represent a macroscopic, precessing 

magnetic moment which gives rise to an oscillating voltage in a coil, the observed 

signal. In optical pumping the monitoring operation is the absorption of light and the 

observed signal is generally a modulated photoelectric current. 

The free precession we have taken for our example is invariably damped, so the 

time-dependence we have calculated will contain an additional factor, almost always 

of the form exp (—Ft). But we find modulation also under steady-state forced 

precession, where there is no damping, but the field (frequency co/27t) forces its time- 

dependence on to the atoms. The coherence then reveals itself as modulation at the 

same frequency, and sometimes at harmonic frequencies, depending on the 

particulars of the experiment. The modulated absorption of light which forms the 

basis of the self-acting magnetometer and frequency standard we described in 

Section 8 is an example of this forced coherence. It is generally referred to as 

‘Hertzian coherence’. 

The first observation of modulated absorption in a optical pumping experiment 

was made by Bell and Bloom in 1957, following a suggestion by Dehmelt. Those 

experiments were interpreted using the model that the atoms undergoing magnetic 
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resonance constituted precessing magnets, and presented periodically-varying cross 

sections for absorption to a transverse beam of light. But the notion of coherence 

crystallized formally from very different experiments carried out in Paris and 

followed up, in a different direction, in Oxford. These we shall now describe 

14. Coherent scattering 
We referred in Section 3 to the pioneer experiment of Brossel and Bitter on 

magnetic resonance in an excited state of mercury. The resonance was detected by 

measuring changes in the intensity of the fluorescent light as a magnetic field was 

varied through resonance. 

Pursuing this experiment in Paris, Barrat investigated the shape and width of 

the resonance curves as the vapour pressure of the mercury wa,s varied. Contrary to 

all expectations it was found that the width of the curves decreased as the pressure 

was increased. Of course, the usual consequence of increasing vapour pressure is to 

increase the width of resonance curves. For to increase the pressure is to increase the 

frequency of collisions and to decrease the time of phase-continuous interaction with 

radiation—hence, to increase the spectral width. The narrowed curves were 

interpreted as a consequence of the multiple scattering of the fluorescent radiation in 

the vapour; that is to say, if the density of atoms or the size of the containing vessel is 

sufficient, it is possible for radiation emitted by one atom to be absorbed by another, 

rather than to escape directly. It was supposed that the emitting atoms were in 

coherent superpositions of Zeeman states, and that the coherence was conveyed from 

atom to atom via fluorescent light. Thus, the correlation between states (which 

ultimately determines the resonance linewidth) survived longer than individual 

atoms, and the resonance curves were correspondingly reduced in width. This 

phenomenon was called ‘coherent scattering’. 

Reflecting on these experiments while in Oxford, I concluded that, if coherence 

could be conveyed from atom to atom via the light, it should be present also in the 

light itself. If the decay of an atom results in the emission of a photon, then this 

photon must be characterized, not by one frequency, but by a coherent superposition 

of frequencies. For each atom in the assembly the phase relations in the time- 

dependent part of the wavefunction are the same, hence the phase relations between 

the different frequencies in the emitted photons must be the same, and the light from 

the assembly should behave like a coherent mixture of waves of different frequencies: 

the intensity should exhibit beats. (The term ‘quantum beat’ is now commonly used 

to describe this phenomenon.) Dodd, Fox and Taylor looked for these beats and found 

them easily. At resonance they are very strong. Detailed study of their resonance line 

shape proved to be very rewarding in that entirely new kinds of resonance curves 

were found (fig. 12). It turned out that these new line shapes were characteristic for 

resonances of alignment (for which a precessing ellipsoid is a representative model), in 

contrast to orientation (for which a precessing arrow is a representative model). The 

alignment, in these experiments, was imposed on the system by the linear polarizers 

used to excite the atoms. Circular polarizers impose orientation. 

The modulation observed in the work at Oxford represents coherence in the light 

emitted in the spontaneous decay of atoms from a coherent superposition of energy 

eigenstates. The modulation observed by Bell and Bloom represents coherence in the 

light absorbed in the stimulated excitation of atoms from a coherent superposition of 

energy eigenstates. In a great variety of experiments carried out subsequently it was 
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Fig. 12. Resonance line-shapes for alignment. Photoelectric current is plotted against 
magnetic field, in the vicinity of resonance, (a) (investigated by Brossel and Bitter) 
shows the variation of mean intensity of fluorescent light (cf. fig. 3). The remaining four 
curves show the variation of the strength of the light-beats. (b) and (r) are the 
amplitudes of sine and cosine components of modulation at the frequency of the r.f. 
field, co0. (d) and (e) are the corresponding quantities at frequency 2a>0 (cf. fig. 15). 

shown that this coherence is no fragile thing. It can be conveyed from one set of 

states (J, mf) to another (J', m'j) by violent pulse processes, like spontaneous decay, 
and even from one atom to another by collisions. Thus, spin-exchange and 

metastability exchange collisions can serve to transmit modulation, no less than 

magnetization. 

15. The optical pumping cycle: light shifts 
The climax of this phase of activity in optical pumping came with the 

publication, by Barrat and Cohen-Tannoudji (1961) of a differential equation 

governing the time-evolution of all the elements of the atomic density matrix in an 

optical pumping experiment. By integration of such an equation one obtains these 

matrix elements themselves, which form the basis for predicting the results of any 

experiment. (For any ‘observable’ one forms the appropriate ‘monitoring operator’ 

and applies it to the atomic density matrix.) 

A most unexpected prediction of the theory was that the effect of a beam of light 

on an atomic vapour was not only to induce absorption, but also to bring about a 

shift of the atomic energy levels. Thus, if the interval between ground-state Zeeman 

levels was being explored by observation of a magnetic resonance, the position of the 

peak might be shifted by changes in the intensity of the beam of light used for 

pumping. To bring about such shifts the spectral distribution of the light has to be 

slightly off-resonance, so the phenomenon was conveniently studied by taking 

advantage of spectral isotope shifts: the light from one isotope was used to irradiate 

atoms of the other. In this way the predictions of the theory were brilliantly 

confirmed by Barrat and Cohen-Tannoudji. Of course, it is very important to 
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understand and to be able to control these shifts in, for example, optical-pumping 

magnetometers (section 8). 

It was recognized that these so-called ‘lamp shifts’ were part and parcel of the 

same interactions which give rise to spectroscopic ‘Lamb shifts’. The latter are 

generated by the fluctuating zero-point electromagnetic fields which are with us even 

in darkness; the former are under our control by the operation of switching a lamp. 

A very simple interpretation of light shifts was subsequently given by 

Pancharatnam. An incident light field, E^exp (—icot), polarizes an atom. The 

polarizability is a(m) = (e2//2raco0)/(a>0 — co — jiT); (/: oscillator strength; co0: atomic 

resonance frequency; T: upper-state damping constant). The energy of interaction, 

AW, is equal to ja(co)|.£/aJ2da>, which is complex. This was interpreted by 

Pancharatnam as an addition to the energy EA of the unperturbed atom in state A. 

Thus, the real part of A W is the light shift. One may think of it as an a.c. Stark effect. 

Whether or not it vanishes depends on the relative position of the two factors in the 

integral, as illustrated in fig. 13. The imaginary part of AW does not vanish. It 

represents a damping of the lower state arising from absorption of light. The 

absorption rate, per atom, is ( — 2/h) Im (AW). Pancharatnam’s analysis really brings 

out the point that the interaction energy should not be considered to be an attribute 

of the atom, but of the combined system, atom plus light. This view gained wide 

currency in the context of the experiments to be described in the next section. 

16. Dressed atoms 
One of the attractions of optical pumping experiments was that they provided a 

means for the study of interactions of atoms with broad-band light fields, on the one 

hand, and with monochromatic fields, on the other. The light shifts of the last section 

showed up with the broad-band fields characteristic of radiation from laboratory 

lamps. (The phenomenon was fully investigated in the pre-laser era.) More dramatic 

were the effects studied with strong monochromatic fields. It was discovered by 

Cohen-Tannoudji and Haroche that the properties of atoms in ground states can be 

profoundly altered by subjecting them to strong, off-resonance, radio-frequency 

Fig. 13. The real part of the polarizability, Re [a(co)], plotted against co, is anti-symmetrical 
about the resonance frequency, co0. The spectrum of the irradiating light, \E( J2, is 
plotted in the same figure, and is here shown as centred on a frequency different from w0. 
In this case the light shift—given by the integral of the product of these two curves— 
does not vanish. But if |Ej1 were centred on co0 the integral would vanish. 
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fields. Such atoms were called ‘dressed atoms’. The term emphasizes the point that 

the systems under study are (atoms + field), not, simply, atoms. Their properties 

were investigated experimentally by variants of the methods we have discussed in 

preceding sections: the fields applied in these methods are to be regarded as probing 

fields: the dressing field is additional. 

The problem of dressed atoms is to investigate the properties of atoms under 

irradiation by a strong, oscillating field B(t) = Bl cos cot. Cohen-Tannoudji and 

Haroche gave a fully quantum-mechanical analysis, but the same results are 

obtained by adopting the view that B1 cos cot is a classical field. The magnetic 

properties associated with the angular momentum imply a precession of the atoms 

about B(t). Since this is varying with time, so also is the frequency of precession, that 

is to say, the atoms are undergoing frequency-modulated precession. A Fourier 

analysis of this motion reveals a time-independent component of amplitude 

J0(co1/co), where J0 is a Bessel function of zero order, and the argument, aq/co, is the 

ratio of the precessional frequency in the field B1 to the oscillatory frequency. If we 

make a steady-state measurement of the magnetic properties of such ‘dressed 

atoms’, we expect to find that these are multiplied by the factor J0(a>l/co). And so it 

turns out. Figure 14 illustrates the results of experiments carried out by Cohen- 

Tannoudji and Haroche on rubidium atoms in their ground state. The curve shows 

the observed and predicted values of the Lande g-factor. Notice that it proved 

possible, by sufficiently strong irradiation, to change the sign of the magnetic 

moment of these atoms—corresponding to negative values of the function J0. 

Observation of time-independent effects does not exhaust the subject. Chapman 

and I, by a study of modulated fluorescent light, showed how the free-atom 

properties are modified by Bessel functions Jr(<j)xCQ) when the rth harmonic of co is 

detected. 

Particularly noteworthy in this work is that the analytical problem of the dressed 

atom can be solved in the semi-classical theory (atoms quantized, fields classical) 

without approximation. The calculation of light shifts, as outlined in the last section, 

Fig. 14. Lande gr-factors of dressed atoms. The curve is a plot of J0(a)1/co), where oq is 
proportional to the amplitude of the dressing field and oo is its frequency, gj is the value 
of the r/-factor for the free atom. The points represent experimental values. (Cohen- 
Tannoudji and Haroche 1966.) 
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represents an approximation to first order in the intensity of the field. Higher orders 

correspond to successive terms in the expansion of the Bessel function J0. 

17. Optical properties of the vapour 
In the early work on optical pumping, attention was concentrated on the changes 

in the atoms by the action of the light, but it gradually came to be realized that it was 

profitable to change the emphasis: to ask how the light was modified by the presence 

of the vapour. 

An assembly of atoms which have undergone optical pumping constitutes an 

anisotropic medium for the propagation of light. Moreover, if the atoms are subject to 

oscillatory fields, as in a magnetic resonance experiment, the anisotropy is time- 

dependent. The optical properties of the vapour can be described in terms of a 

polarization tensor, whose elements are time-dependent. The ^propagation of light 

through the medium can then be analysed by the methods of classical theory, 

applying Maxwell’s equations to the medium, just as one had applied Schrodinger’s 

equation to the atoms. In Paris, Laloe, Leduc and Minguzzi in particular have 

developed this point of view: in the U.S.A., Happer. Especially valuable contri¬ 

butions were made by Pancharatnam, who brought to optical pumping a profound 

knowledge of the interaction of light with anisotropic media which he had gained by 

the study of crystal optics in the Raman Research Institute in Bangalore. In this 

field also Italian physicists, notably Gozzini and his colleagues in Pisa, have been 

active. Gozzini very early pointed to the possibilities of using the Faraday rotation 

produced by a polarized medium as a sensitive probe for an optically pumped 

medium. 

Faraday rotation is a manifestation of dispersion rather than absorption. There is 

a particular advantage in using phenomena based on dispersion to probe a vapour. 

While both absorption and dispersion undergo strong variations in the region of 

resonance, absorption (related to intensity) falls off as \/x2, where x is the frequency 

offset from resonance, whereas dispersion (related to field) falls off only as \/x. 

Therefore dispersion effects are still considerable when the frequency of the probe 

light is sufficiently far off resonance for absorptive effects—changes of population— 

to be negligible. By way of example, fig. 15 shows some results obtained by 

Pancharatnam in the last experiment he carried out before his death in 1969. The 

resonance curves correspond to modulated birefringence in an optically pumped 

vapour of 4He, monitored by light from a 3He lamp—off-resonance by virtue of the 

spectroscopic isotope shift. In this experiment the optical pumping was carried out 

by linearly polarized light from a 4He lamp, so that the sample was aligned, having 

the properties of a uniaxial crystal transparent to light from the 3He lamp. The 

oscillatory field applied for magnetic resonance caused precession of the axis of 

alignment and modulation of the transmitted light. The resonance curves, represent¬ 

ing the amplitude of modulation, were obtained by slowly changing a ‘static’ 
magnetic field. 

In fig. 16 are shown the relative positions of the 4He and 3He lines used in this 

work. Though each line has a structure, the strong component of 3He is well 

separated from the components of 4He. 

18. Optical pumping and laser spectroscopy: concluding remarks 
Readers who have been close to the evolution of optical pumping will be aware of 

the superficialities of this account and of the many omissions. Younger readers, who 
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Fig. 15. Resonance curves in the excited state 23Si of 4He, obtained by measurements based 
on modulated birefringence. (Notice that the shapes of these curves are those of (b) and 
(d) in fig. 12.) (Pancharatnam 1968.) 

3h. 

I L1 

J_I_l_ 
0 12 cm”1 

Fig. 16. Spectral components.of 108/xm lines of 4He and 3He. The energy differences 
between the structures here expressed in cm' 1 are attributable to the nuclear spin of 
3He and to the difference in nuclear masses. The feature on which Pancharatnam's 
experiment was based is that the strong component of the 3He line is well separated 
from the components of the 4He line. 
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have grown up in the age of lasers, will recognize that many of the topics mentioned 

here are commonplace in laser spectroscopy. For them it may be worth while to 

underline some of the discoveries that optical pumpers made and made available for 

exploitation with the more powerful and sharper spectroscopic tools of the present 

age. 
First, there was the recognition that, though the interaction between light and 

atoms is weak, nevertheless a light-beam that is polarized, or directional, or limited in 

spectral range—that is, different in some significant way from isotropic black-body 

radiation—can profoundly change the distribution of atoms over energy eigenstates. 

Secondly, there was the discovery that this changed distribution could be 

transmitted to other species—atoms, ions, electrons—by spin—exchange and by 

other types of collison. 

Thirdly, it was brought into the consciousness of atomic .physicists that many 

atomic properties that could be measured were a consequence of atoms being 

brought into coherent superpositions of stationary states, and that analyses in terms 

of occupation of stationary states were inadequate. These coherences, though 

induced by phase-continuous interactions, could be transferred by collisions, 

radiative decay, or other pulse-like, random processes. 

Fourthly, there was a very thorough study of the interaction of atoms with 

electromagnetic fields, strong and weak, broad band and monochromatic. In this 

connection the relationship between fully quantum analysis and semi-classical 

analysis was intimately explored. 

Fifthly, there was tne recognition of the reciprocal interplay between the 

quantum-mechanical evolution of the assembly' of atoms and the Maxwellian 

evolution of light-waves propagating through the assembly. 

What, then, are the new features of atomic resonance spectroscopy with lasers as 

against atomic resonance spectroscopy with radio-frequency fields? There are, 

surely, three very significant new features, all deriving from the very large factor, 106 

or 107, between the frequencies of r.f. fields used in optical pumping and those of laser 

fields at optical frequencies. 

(i) For interactions at optical frequencies one must take account of spontaneous 

emission: the probability for this process is proportional to the cube of the 

frequency. For r.f. fields one could justifiably ignore spontaneous emission. 

That made possible the successes of the semi-classical analysis. Spontaneous 

emission is a process which physicists know how to deal with mathemati¬ 

cally. That is not to say that they understand the mechanism. 

(ii) At optical frequencies, atoms present a very complicated structure of energy 

levels. At radio frequencies one could choose extremely simple, equally 

spaced Zeeman levels as the structure under investigation. Even hyperfine 

structures, though more complicated than Zeeman structures, are much 

simpler than the whole energy level structures of atoms. But there is to be 

seen, in current activity in laser spectroscopy, special attention being given 

to Rydberg states of atoms (Latimer 1979). The energy structure of these, 
again, is notable for its regularities. 

(iii) At optical frequencies the wavelength of the radiation is small compared 

with the size of the sample, so propagation effects assume a special 

importance witness the current activity in the phenomenon of ‘superradi- 

ance’ (MacGillivray and Feld 1981). By way of contrast, it was nearly 
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always true of the radio frequencies used in optical pumping that the 

wavelength was large compared with the sample, so that the phase of the 

field was the same for all atoms in the assembly. 

There are also, of course, significant advances which have been made in what may 

be called ‘conventional optical pumping’ through the use of lasers. These stem, not so 

much from the narrow-band aspect of laser light—although selectivity in spectral 

range is extremely valuable—as from its spectral brightness and directionality. To 

have a bright, tunable source of light has enormously extended the range of states 

accessible for study; notably, excited states. But narrow-band lasers have widened 

the scope for study of ground states also: stimulated emission brings a new 

mechanism into the optical pumping cycle, and phenomena have been reported in 

relation to ground states which are not yet understood. For laser spectroscopy in 

which optical pumping plays a significant role, precise measurement of the optical 

frequency is generally not important. The useful information is in the intensity of 

the observed signal, and in its variation with time, or magnetic field, or some other 

parameter. Kastler’s original thought is still to the fore: light is a handle which the 

spectroscopist may use to grasp atoms and hold them up for inspection. Laser 

physics has much to contribute to optical pumping, and much to learn from it. 
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Light Beats as Indicators of Structure in Atomic Energy Levels 

Light emitted in the decay of atoms from different energy levels is incoherent. 

Suppose, however, that the atoms are subject to an oscillatory field capable of 

inducing transitions between a pair of excited energy eigenstates. The state of 

atoms initially excited to one or other of these eigenstates will become a coherent 

mixture of both. One might expect that this coherence would be reflected in 

coherence between radiations of different frequencies emitted when the excited 

atoms decay spontaneously. This would manifest itself as a modulation of the 

optical radiation (i.e. light beats) at the frequency of the oscillatory field. 

We have observed this modulation in the resonance radiation 2537 A emitted 

in the decay of level 63PX in mercury. In a magnetic field H the three eigenstates 

|mj) = |1), |0), | — 1) are separated in energy by two equal intervals, gjpH=ha>. 

We refer to the even isotopes only, although natural mercury was used in the 

experiments. Under the simultaneous influence of H and a magnetic field H1 

oscillating in a plane perpendicular to H at a radio frequency a>0 near a>, 

modulation frequencies co0 and 2cu0 are to be expected if the direction of 

observation is suitably chosen. 

The apparatus is similar to that used by Brossel and Bitter (1952) for observing 

‘ double resonance ’ in the level b3?!, except that the photoelectric current which 

records the intensity of the fluorescent radiation is applied to a narrow-band 

amplifier tuned to one of the harmonics of the oscillator frequency. Audio¬ 

frequency modulation of the magnetic field, and phase-sensitive detection are 

employed. Oscillators at a fixed frequency about 14 Mc/s are used, and the 

magnetic field varied through the various resonances. 

The components of the photoelectric current which are detected are those 

which arise from the light beats and those which form part of the noise spectrum. 

The former are proportional to the depth of modulation of the fluorescent radiation: 

the latter depend on its intensity, which varies with magnetic field to produce the 

double resonance intensity signal as observed by Brossel and Bitter. The two 

effects are distinguishable in the following ways: (i) the shapes of the resonance 

curves are different, (ii) the intensities of the two types of signal depend in different 

ways on the polarization of the exciting radiation and the direction of observation. 

When the two signals occur together, the modulation signal alone is obtained by 

normalization and subtraction. 

Resonance curves are obtained which are symmetrical (or anti-symmetrical) 

about H=H0 = ha)0/gj^, and about' H — HJ2, where co0 is the frequency of the 

oscillatory field. The observations, which to date are exploratory only, are 

summarized in the following table. 

If the light beats are a consequence of coherence between the original eigen¬ 

states, one might expect the amplitude of the beats to be related to the cross 

products (a*a0 + aya^*), etc., where the coefficients a are defined in the expansion 

of the excited state, I >=ai(0|i >+ao(0|o>+0-i (£)|— 1). These cross products 
have been evaluated* assuming that the states are subject to no perturbation 

other than the radio-frequency interaction, for initial conditions appropriate 
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(1) (2) (3) (4) (5) 

1 o>o HJ2 L See footnote % 
Perpendicular to H ^ COq fNo resonance detected at H0 

|i> L 2a>0 H0 L and l-i> 

OJ0 H0/2 L See footnote J 

Approximately COq Ho D >i and >°; 
tan-1 \/2 to H 0> and -i> 

2 OJ0 Ho L 1> and -i> 

Parallel to H fNo beats detected 

[ 2oj0 fNo beats detected 

(1) Direction of observation; (2) detector tuning; (3) value of field at resonance; (4) line 

shape, the phase-sensitive method of detection displayed the derivative of L(Lorentz- 

type) and of D (dispersion-type) curves; (5) interpretation: coherent decav from the 

states. 

to the method of excitation of the atoms. The cross products contain terms 

which oscillate at frequencies <u0, 2u>0, whose amplitudes, as functions of magnetic 

field, are broadly in agreement with the observations. In particular, the dispersion- 

type curve recorded in line 5 of the table is predicted. The absence of signal in 

those cases marked f is to be expected as a consequence of the orthogonality of 

the polarization vectors. 

Unexpected resonances occur at fields HJ2 both in the unmodulated 

component of the fluorescent light, and in the component modulated at 

frequency uj0 (see footnote J). 
We wish to distinguish the light beats observed here from those observed by 

Forrester, Gudmundsen and Johnson (1955). In that experiment, each atom 

was radiating a sharp frequency (to the extent that we can assume incoherent 

excitation in the light source, and also, very long lifetimes), and the beat 

frequency between pairs of atoms could range over the combined Doppler widths 

of two spectral lines. In our experiments, sharp beat frequencies are present in 

the radiation from each atom, and these appear in the ensemble with a much more 

favourable ratio of signal to noise. 

Modulation of light has also been observed by Bell and Bloom (1957). The 

phenomenon depended on radio-frequency mixing in the ground states. The 

modulation was observed in absorption. 

The coherence exhibited in our experiments is that which is exhibited in an 

entirely different way in the experiments of Guiochon, Blamont and Brossel 

(1957) and of Barrat and Brossel (1958) on the multiple diffusion of resonance 

radiation. 

Clarendon Laboratory, J. N. Dodd§. 
Oxford. W. N. Fox. 

8th June 1959. G. W. Series. 
M. J. Taylor. 

J Note added in proof.—Since the manuscript was submitted it has been confirmed that 

the resonances at HJ2 occur only when the atoms are excited by a coherent mixture of a 

and 7t radiation, produced by setting a polarizer at 45° to the magnetic field. The 

occurrence of these resonances, together with that of the others, can now be understood 

in terms of a theory of the light beats which is being prepared for publication. 
§ On leave of absence from the University of Otago, New Zealand. 
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Line Shapes in the Method of Intersecting Energy Levels 

By B. P. KIBBLE and G. W. SERIES 

Clarendon Laboratory, Oxford 

MS. received 22nd February 1961 

Abstract. The first part of this work is a study of the changes of intensity of the 

resonance fluorescence from mercury vapour as a small magnetic field H is 

applied either parallel or anti-parallel to the direction of the incident light. 

The changes follow either a Lorentzian or a dispersion-type function of the 

Zeeman splitting of the excited state, according to the orientations of polarizer 

and analyser in the beams of light. 

In an experiment with an additional oscillatory field at a frequency o>0, 

similar curves are observed in the region H=HJ2. (H0 is the field for which 

<jo0 is the Larmor frequency.) 

The observations are relevant to a recently developed technique in which 

intensity changes of this sort are used to make precision measurements in 

spectroscopy. The Lorentzian line shape is usually observed. The possibility 

of obtaining line profiles of other shapes was pointed out by Franken. 

1. Introduction We wish to report some observations concerning the shape of the 

resonance curves which are found in the spectroscopic technique 

known as ‘level-crossing \ or, alternatively, as “the method of 

intersecting energy levels” (Colegrove, Franken, Lewis and Sands 1959, 

Hirsch 1960, Hirsch and Stager 1960, Thaddeus and Novick 1960, Dodd 1961). 

The method has been applied by the above authors to the precise determination 

of ^-values and hyperfine structure intervals and can be used also for the 

measurement of lifetimes of excited states, so that a study of the resonance 

line-shape is of practical, as well as of academic interest. The basis of the 

method is the change in intensity of the resonance radiation, observed either 

in transmission or in fluorescence, in circumstances in which a pair of excited 

levels intersect. Thus, suppose that the energies of the states |6) and |c) are 

functions of an applied magnetic field H (Fig. 1). At either side of the intersection 

the intensity I of the resonant fluorescent light is the sum of the intensities Iab 

and Iac. In the region of the intersection there is an additional contribution 

to I which arises from interference between the time-dependent wave-functions 

of the degenerate states. 
A particular case of intersecting levels is realized in the coalescence at H = 0 

of a set of Zeeman levels. The polarization of the fluorescent light in a case 

of this sort (Hg, A 2537 A, 63P1-61S0) was studied in detail by Hanle (1924, 1925). 

Since the Zeeman structure of the line 2537 A is normal, the changes of intensity, 

as well as the changes of polarization, are easily understood in terms of the 

classical theory of scattering. When there is no applied field, the spatial 
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distribution of the fluorescent light corresponds to radiation from a dipole which 

oscillates parallel to the electric vector of the incident light. In the presence of 

a strong magnetic field the radiation pattern is that of a precessing, oscillating 

dipole. In the transitional region between weak and strong fields the radiation 

pattern is governed by the angle through which the dipole precesses during the 

lifetime of the excited atoms. 
Quantum-mechanical analysis of experiments of this type predicts that, for 

the geometrical arrangements which are normally used, and for single scattering 

processes, the intensity should be a Lorentzian function of the interval Ebc with 

half-intensity width 2I\ where the states |6> and |c) are taken to-have the same 

decay constant T. This type of curve was observed in the work referred to above, 

and is seen in Figs 3 (a) and (c). However, it was pointed out by Franken 

(1961), that, for certain geometrical arrangements the intensity should follow 

a dispersion type of curve. 

H 

Resonance 
vessel o -L 

Helmholtz 
coils. 

Photomultiplier; 

P 

-3K- Mercury lamp. 

Fig. 1. Intersecting levels. Fig. 2. Disposition of apparatus. 

We report here that the dispersion type of line shape has now been observed 

in the region of H — 0 in the resonance fluorescence from mercury vapour. 

|&) and |c) in this case are the states |m— ± 1) which belong to 3Pj in the even 

isotopes. The dispersion shape has also been observed in non-zero fields in a 

more complicated radio-frequency experiment in which hitherto only the 

Lorentzian shape had been observed. 

§ 2. The Basic Experiment 

The disposition of apparatus is indicated in Fig. 2. The analyser A passes 
fluorescent light whose electric vector is in the direction i (normal to the paper; 
right-handed axes are used). The magnetic field H, applied by Helmholz coils 
in the direction ± k alternates sinusoidally at 30 c/s a few gauss on either side 
of zero. The changes of light intensity, measured photoelectrically, are displayed 
as functions of the magnetic field on an oscilloscope. The four traces shown in 
Figs 3 (a), (b)y (c) and (d) correspond to orientations of the polarizer jn the 
directions i, j —i, j, j + ■> respectively. No changes in the fluorescent light are 
observed when the analyser is in the direction k. When the analyser is removed, 
traces are obtained similar to those in Figs 3 (a)> (b)f (c) and (d). 
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The changes of intensity illustrated in Fig. 3 correspond to about 50% of 

the fluorescent light when the field is ‘strong’. In the ideal case one would 

expect changes of 100% in 3 (<a) and 3 (c), but in practice this figure is reduced 

by the effects of multiple scattering in the mercury vapour, by the presence of 

foreign gas, and of isotopes with nuclear spin, and by small departures from the 

ideal geometrical conditions 

Fig. 3. Intensity of light as a function 

of magnetic field in the region 
H= 0, for different directions of 
polarization of the exciting light. 

Fig. 4. Effect of an additional field at 

radio frequencies, (a) Resonances 
of the dispersion type in the region 

of (b) Double-peaked reson¬ 
ances in the region of H0. 

Hq= ±5-0 gauss. 

The shapes of the resonance curves are qualitatively as one would anticipate, 

either by the classical theory or by the quantum-mechanical analysis. The 

widths at half-intensity in 3 (a) and 3 (c), and the distances between the maxima 

and minima in 3 (b) and 3 (d) are approximately in agreement with the known 

lifetime of the level 3PX (1*18 x 10-7 sec). No attempt was made to distinguish 

between the true lifetime and the coherence time (Barrat 1959), but simply to 

investigate whether dispersion-type curves did in fact appear under the 

postulated circumstances. The analytical condition for obtaining curves of the 

dispersion type is that the product fbagabfacgca be pure imaginary, where f and g 
are the matrix elements of the interaction energy for the processes of absorption 

and emission of light, respectively. 

A certain difficulty in applying the theory arises when the intersection takes 

place at H= 0, since, owing to the presence of stray fields, the actual field does 

not remain in the direction ± k when the applied field is small, so that it would 

appear that the states should be defined with respect to a rotated axis of 

quantization. However, the positive direction of the applied field may at all 

times be used as axis, notwithstanding the stray fields, provided that yi/gtray<^r 

(y is the gyromagnetic ratio). The essence of the proof lies in showing that the 
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expression {fabSba +facgca) is invariant to the axis of quantization, where the states 

are eigenstates of Jz with respect to the particular z axis chosen. If, in the group 

which comprises |&) and |c), there are other eigenstates of J z, then famgma must 

be summed over all the eigenstates |m). It is assumed that there are no eigen¬ 

states of Jz other than | a ) in the group to which | a ) belongs. 

It is easy to appreciate classically that small, stray fields are immaterial, 

since a field which produces only a small angle of precession during the lifetime 

of the atoms has a correspondingly small effect on the fluorescent light. The 

direction of such a small field, is, therefore, of no significance. 

The energy of the state \nij) in the field H is gjfimj\H\. When the direction 

of the field is reversed, but the axis of quantization left unchanged, the states 

|ntj) are still eigenstates of the Hamiltonian, but the energies are — 

Hence levels of different nij cross in zero field just as indicated in Fig. 1. 

§ 3. The Radio-frequency Experiment 

The radio-frequency experiment to which we referred above represents a 
more subtle case of intersecting levels. An oscillatory magnetic field at frequency 
oj0 is applied to the scattering vapour in the plane normal to H. Under these 
conditions the intensity of the fluorescent light changes in a resonant manner, 
not only in the region H = H0 = cjQjy (Brossel and Bitter 1952), but also, if the 
polarization of the exciting light is suitable, in the region H=^H0 (Dodd, Fox, 
Series and Taylor 1959, Dodd, Series and Taylor 1961, to be published). These 
latter changes may be associated with intersections between levels belonging to 
\m = 0 ) and |m= ± 1) in a diagram which represents the frequencies of the atomic 
wave functions under the time-dependent perturbation (Dodd and Series 1961). 

(In a normal term diagram, the levels intersect only at H — 0.) 

Lorentzian line shapes in the region i/0/2 were observed in the work 
reported above. Line shapes of the dispersion type are again to be expected if 
the same product of matrix elements as before is pure imaginary. This condition 
is fulfilled for matrix elements which connect the ground state with the excited 
states |0), |1) and |0), |— 1) when the apparatus is arranged as follows: the 
incident and scattered light beams in the directions k and j, as in Fig 2; the 
field H in the direction (k —j), and the radio-frequency field in the direction i* 
the incident light plane polarized in the direction (i —y^j) and the scattered 
light analysed in the direction (i + V^k). 

Fig. 4 (a) shows an oscilloscope trace observed under these conditions. Lines 
of the expected shape are seen in the region of magnetic fields ±2*5 gauss, 
together with a similar, more prominent line in the region of H— 0 as before. 
Fig. 4 (h), for comparison, shows the double-peeked resonances in the region 
H=H0= ±5-0 gauss, as observed by Brossel and Bitter. The amplitude of H, 
and of the oscillatory field at 10*5 Mc/s, were unchanged between Figs 4 (a) 

and 4 (b)> but H was applied to the direction j in 4 (6), the polarizer was set 
parallel to i and the analyser to k. Under these conditions, resonances at i?0/2 
are not to be expected. 

In the light of these observations, it is clear that care must be taken with the 
disposition and alignment of apparatus when the method of intersecting levels 
is applied to precision measurements. 
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A theory is formulated to describe the modulation which has been observed in fluorescent 
light from atoms subjected simultaneously to optical and radio-frequency radiation. The 
optical field stimulates one or more of a set of excited states of the atom, between which 
the radio-frequency field establishes coherence. This coherence is manifest in the fluorescent 
radiation. Interference between radiations of different frequency leads to modulation. 
General expressions are given for the intensity of the fluorescent light as a function of time. 
The Zeeman structure of the transition (63P1 — ^Sq), A2537 A, in mercury is studied in detail. 
Modulation at frequencies, 1, 2, 3 and 4 times that of the radio -frequency field, o)0, is predicted, 
and resonant effects at static magnetic fields, 0, £, 1, f, 2 and 3 times H0, the field for which 
oj0 is the Larmor frequency. Resonances at fields other than H0 are due to excitation 
with light of mixed polarization. Most of the predicted effects have been found 
experimentally. 

A * frequency diagram ’ is introduced and discussed, to represent the combined effects of 
static and radio-frequency magnetic fields. To each excited state belong a set of r frequencies, 
where r is the number of states linked by the radio-frequency perturbation. The 9 levels are 
drawn, as functions of H, for the states rrij = 0, + 1, of 8P,. The resonances at fields other 
than H0 may be associated with intersections of frequency levels belonging to different rrij. 

1. Introduction 

It has been shown experimentally that the fluorescent light in a double resonance 

experiment is strongly modulated (Dodd, Fox, Series & Taylor 1959). A theory 

of the phenomenon is presented in this paper. 

In a double resonance experiment, free atoms are subjected simultaneously to 

optical and radio-frequency radiations, both of which are near to resonant fre¬ 

quencies of the atoms. The first experiment of this type (Brossel & Bitter 1952) 

was performed with mercury vapour situated in a uniform magnetic field. Optical 

radiation at 2537 A excited the atoms from the ground state, 1>S0, to the state m — 0 

of the level *Plf from which transitions to m — ±1 were induced by a radio-fre¬ 

quency field at the Larmor frequency. The transitions were detected by the changes 

which they brought about in the polarization and spatial distribution of the fluores¬ 

cent light. 

A complete description of the response of the atoms to the electromagnetic fields 

cannot, however, be given simply in terms of populations of states, but must take 

account of the fact that the occupation probabilities are not independent. The phases 

of the probability amplitudes are related to the phase of the radio-frequency field. 

f On leave at the Clarendon Laboratory, Oxford, 1959. 
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and hence to one another. In the fluorescent light, the coherence between the excited 

states is manifest as interference between optical radiations of different frequencies. 

It is this interference, giving rise to modulation, which was detected in the experi¬ 

ments of Dodd et al. 

In this paper, and in that of Barrat which follows, the problem is formulated in 

terms of probability amplitudes. Related phenomena have been interpreted in other 

ways. Under similar conditions of irradiation of an atomic vapour with optical and 

radio-frequency fields, Bell & Bloom (1957) detected modulation in the absorbed 

light. Following Dehmelt’s suggestion (1957) they used a phenomenological model, 

based on the Bloch equations, to interpret their experiments. We believe that the 

two sets of experiments are the emission and absorption counterparts of each other, 

and that both can be legitimately described either by the quantum-mechanical or 

by the phenomenological model 

In the following sections we calculate the intensity of light scattered by a 

single atom, and assume that there is no coherence between light scattered by 

different atoms. This is justifiable only to the extent that we are concerned with 

laterally scattered radiation whose wavelength is very much smaller than the 

mean distance between neighbouring atoms. We assume also that there is no 

multiple scattering. The assumption that different atoms radiate incoherently 

allows us to ignore the dependence of phase on the position of the scattering 

centre. The size of the sample is small compared with the wavelength at radio¬ 

frequencies. 

The calculations in this paper have been carried through with particular reference 

to the transition (63PX— Q1S0), A2537A in mercury, where the radio-frequency 

mixing is taking place between the Zeeman states of the upper level. This is a 

particularly simple case in that the three excited states are equally spaced in energy 

and are damped at the same rate, and in that there is only one ground state. The 

principles of the calculation could be applied to other situations: for example, the 

radio-frequency transitions could be between multiplet or hyperfine states. When 

radio-frequency mixing in the ground states is to be studied, some assumption 

concerning phase memory would have to be made, equivalent to that of introducing 

radiative damping into the excited state. 

2. Formulation of the problem 

Consider an atom in a uniform magnetic field H. Of the possible eigenstates we 

shall be concerned only with a non-degenerate ground state | g) and a set of excited 

states |m) which belong to a particular level of angular momentum J. It is sup¬ 

posed that the states |ra>, and no others, are accessible from \g) by optical 

excitation, owing to the limited spectral range of the light. The |m) are connected 

with one another by the radio-frequency perturbation. 

In order to avoid unnecessary complication, the particular value J = 0 is chosen 

for |<7>. Since this restriction may readily be lifted, we prefer not to impose on the 

excited states the restrictions on J which electric dipole transitions from \g) 

would require. 
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(i) The states and the Hamiltonians 

The state of the atom, \t), at any time t satisfies the equation 

ihd\t)/dt = J^\t), (1) 

where the Hamiltonian may be written, to describe the type of experiment we 

are considering, 
Jf = + + + + (2) 

The first two terms on the right describe the interactions within the atom and the 

effect of the field H; y is the gyromagnetic ratio. 

The third term describes the radiative damping of the excited states. We assume 

that the matrix of is diagonal, with elements — Ji^Tfor the states |m), and zero 

for |<7>. 

The fourth and fifth terms describe the radio-frequency and optical perturbations, 

respectively. These are formulated semi-classically, and discussed in detail below. 

The state of the atom may be expressed as a superposition of states independent 

of time by the expansion 

|f>=S«m(<)|»»>+«»(<) |?>- (3) 
m 

Explicit forms for the am and ag are found by solving the equation of motion, given 

that the atom is initially in the state \g}. 

(ii) Method of solution 

Since the optical excitation is weak (ag « 1 at all times), we can treat J^pt as 

a small perturbation and write Jj?* + <^pt, where 

jT* = J^0 + yJ.H + J^D + J^rL. 

Let | ) symbolize a state of the system at time t which would evolve from the state 

| t0 ) under the influence of Jf7* only. The equation of motion of this state is 

ihd\)ldt = (4) 

with the condition | > = |£0> when t — t0. The transformation from |£0) to | ) may 

conveniently be expressed by defining an operator U{t, t0) as follows: 

tf(Mo)|<o>=l>- (5) 

It is then readily verified that 11), the solution of (1) may be written 

10= c/(<,o)|o>+i fdi0c/(<,g^opt.(gt/(«0>o)|o> (6) 

+ terms of second order in ^pt.. 

With the use of explicit expressions for ^pt. and U which are to be obtained in 

section (3), equation (6) may be expanded in the form of equation (3), thereby 

obtaining the coefficients am(t) = (m\t). The precise value of ag(t) is not of par¬ 

ticular interest, provided it does not depart, greatly from unity. 
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It remains to calculate the intensity of the fluorescent light as a function of time. 

This is proportional to the modulus squared of the matrix element of the electric 

dipole operator P between the states |£> and \g >. The result, and its justification by 

a Correspondence argument, is given in §4. 

3. Solution of the equation of motion 

(i) The operator 

Let the electric field of the incident light at time t be Et(£) = E^t) ej, where 

e? is a unit vector representing the direction of polarization. We shall see in due 

course that Et(t) need not be completely specified: the significant quantity is the 

real correlation function (E^t) E^t + r)>. This will ultimately be chosen to represent 

a steady beam of light of spectral width greater than any of the frequency dif¬ 

ferences with which we are concerned, in the neighbourhood of the excitation fre¬ 

quencies of the states |ra>. 
x 

* (b) 

Figure 1. The notation. 

The operator J4?ovt we consider only in the first approximation, in which it is 

the scalar product . P, where P is the electric dipole operator. We shall write 

^oPt. =-0iWe?.P -E^F. (7) 

The only matrix elements of F which do not vanish are those between the excited 

states |m) and the ground state \g} ; we write them as Fm = (jn\ F |g). 
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For later reference we expand e°. Let the direction of the light be specified by 0,<j) 

(figure 1(a)), and let the electric vector make an angle a with the unit vector associ¬ 

ated with 6. Then 
e° = i(cos 6 cos <j) cos a — sin (j> sin a) 

+ j (cos 6 sin (p cos a + cos (j> sin a) (8) 

+ k( — sin 6 cos a). 

(ii) The operator U 

Through equations (4) and (5), U is related to 

We are interested in the effect of a radio-frequency field of amplitude Hx rotating 

with angular velocity o>0 in a plane perpendicular to H, the z-direction (figure 1 (6)). 

The perturbation operator is 

2^vt = yJ.KffjCOswo^) i +(^sin^Q^j}. (9) 

With this form for the Hamiltonian 3tf* may be written (Salwen 1955, for 

example) 
3SF* = exp{( — iJzo)0tlh)}Jif[{exp(iJz(o0tlh)}, (10) 

where = 34?0 + + yHJz + yHx Jx. (11) 

It is convenient to make a unitary transformation T to a co-ordinate system 

Ox'y'z rotating about Oz with angular velocity a>0. This transforms Jt* to and 

|) into |') = exp (iJza>0t/h)\). The equation of motion (4) now becomes (Rabi, 

Ramsey & Schwinger 1954) 

ihd\')/dt = (j^-^jr)!')--jf^>, (12) 

where 2rif — 3%?q-\- 8Jz-\-bJx, (13) 

in which 8 = 0) — a>0, (0 — yH and 6 = yHx. 

The Hamiltonian 3#" is now independent of time, and the equation of motion 

(12) may readily be solved giving 

T> = exp(it-t0) |'<o>}, (14) 

where the state | ) at t = t0 is written | '£0>. 

By applying the inverse transformation, T~x, to |') and | t0}, we find the relation 

between |> and |£0), which, by comparison with equation (5), yields 

U{t,t0) = exp(-iJzu0tlh)exp{(Jf'lih)(t-t0)}exp{iJzcj0t0lh). (15) 

In the evaluation of the intensity of fluorescent radiation, we shall need the 

matrix elements Umn = (m\ U | n) taken between any two of the excited states |ra> 

and | n) (the letter n is used for possible values of m to avoid difficulties in notation 

created by the use of subscripts and primes). The Umn are obtained from the eigen¬ 

states and eigenvalues of Jz and 3tf>'. 

The eigenstates of Jz are |g) and \m), with eigenvalues 0 and mh, respectively. 
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The eigenstates of are most easily expressed in terms of a co-ordinate system 

produced by a rotation of Oz about 0yr by an angle /? = tan-1 (b/S) (figure 1 (c)). 

may then be written + 3^D-\-pJz> where p — (82 + b2)^. As the field H increases 

from zero, through the resonant field H0 = w0/y, to infinity, the angle /? passes from 

the value n, through \n to zero. The eigenvalues of Jf7' are 

0 and = h(k0 — ^ir+/ip), 

corresponding respectively to the eigenstates |y) and |/^) of the atom in He, the 

effective field in the rotating co-ordinate system. The states |m) and \p), |gr) and 

|y> are related by the linear transformations 

I/O = = 2 0)m/l |m>; |y> = |gr>, (16) 
m m 

where the&J(0, ft, 0)m/i are elements of the rotation matrix (Rose 1957, for example). 

Using these results we obtain 

*4»(M0) = (m\ex-p ( — iJza)0t I h)exip (JT/i h) (t-t0)exp (iJzo)0t0lh) |n> 

= exp (— imoj01) exp (in(o0t0) 2 (lA exP («^7^) V ~~^o) I71) 

= exp (— imo)0t) exp (ino)0t0)^{m\ju) (p\exp (t-t0) \ v)(v\n) 
H,v 

= exp (- imoj01) exp (iruo0t0) 2 <m|/^> (p\n) exp {- iX^t - f0)}, (17) 
/1 

since the \p) are eigenstates of Jf7'. 

(iii) Expansion of the state \t} 

We are now in a position to find the coefficients am(t) of equation (3). From equa¬ 

tion (6) we find, by forming the bracket product with |m), 

am(t) = <H0 = <H U{t, 0) [0) + (1/i/i) I dt0(m\U(t,t0) Jfopt{t0) {7(«0,0)|0>, (18) 
Jo 

in which |0), the state at t = 0, is simply |gr). Since |gr) is an eigenstate of Jz with 

eigenvalue 0, and since |y> == |gr> is an eigenstate of Jf7' with eigenvalue 0, |g) is also 

an eigenstate of U with eigenvalue 1 for all t. Hence the first term on the right of 

equation (18) is <m|gr) = 0, and the second term reduces to 

(1W dto <m\U(t,t0) ^pt.(«o) 19>. 

With the use of equation (7) this becomes 

(W f ^0Ei(t0)'EFn(m\U(t,t<))\n). (19) 
JO n 

Finally, from (17), (19) and (3) we have 

10 = «, |»>+ (!/») [&<,)■£ 
J 0 m/m 

xexp(-imw0<)exp{-iA/,(«-<0)}exp(irato0«0)|?re>. (20) 
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The physical meaning of the second term on the right is simply the following: the 

coefficient (ll^)Ei{t0)Fn6t0 represents the probability amplitude of the state 

| n) when the optical perturbation acts on an atom in state | g) (which is approxi¬ 

mately the state \t0)) for a time dt0 at t0; the coefficient 

2 (m | fi) {/i | n) exp (— imo)01) exp { — iA^J — £0)} exp (mw0 t0) 

represents the probability amplitude of the state |m) at time t when the radio¬ 

frequency and damping perturbations have acted for a time (t — t0) on an atom 

which, at time t0, was in the state |w); (this coefficient, in a different form, and with¬ 

out the radiative damping, was derived by Majorana (1932) (see also Ramsey 1956, 

appendix E); the combined coefficients, summed over the m, ja and n, and inte¬ 

grated over t0, represent the net effect of optical, radio-frequency and damping per¬ 

turbations in an approximation in which the excitation rate is weak compared with 

the rate of spontaneous decay, that is to say, the probability of finding the atom in 

the ground state is always very much greater than the probability of finding it 

excited (ag « 1). 

4. The fluorescent radiation 

(i) Calculation of the intensity I 

The energy flux per unit area of radiation in an electromagnetic field specified by 

the complex vectors E, H, is given by 

Sav. = c(EaH* + E*aH)/16tt. 

Using H = r° a E for electromagnetic waves propagated in the direction of the unit 

vector r°, one obtains 
Sav. = /r° = c(E*.E/87r)r°. (21) 

The radiation field E(r, 6, <f>, £), to first approximation, is related to the matrix 

element (cj\ P |£) by 
E = (2k2/re2) <g | P — (r°. P) r° |£). (22) 

Its component in the direction e°, which lies in the plane normal to r° (see figure 1 (a)) 

18 e°.E = (2fc2/rc2)<0|e°.P|<>. (23) 

Equation (22) may be derived by a Correspondence argument (see, for example, 

Condon & Shortley 1951, pp. 89, 90) when the states concerned are pure states of a 

time-independent Hamiltonian. Its application when 11) is expressed as a linear super¬ 

position of such states may be justified from the superposition theorem for electric 

fields. 

The expression for I thus depends on the form of the matrix elements e°. P \t), 

which, are, by equation (20) 

<?|e°.P|i> = (1/i*) f dt0ESo) 2 
J 0 m/m 

x exp (- imoj0t) exp { — iA^(£ —10)}exp (m<t>0f0), (24) 

in which we have introduced G* = <gf|e°.P|m>. By this definition Fm and Gm are 

defined identically except for the direction of the polarization vector. 
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Combining equations (21), (23) and (24) we arrive at the following expression for 

the intensity of light at time t, plane polarized in the direction e°, due to the scatter¬ 

ing from one atom: 

I = 
ki 

27rc3^2r2 
1^2 f dtoEi(to) S inuo0t) 
n • J o vn/m 

x exp { - iX^t - «„)} exp (\m>010) 

xf dtoEi(t'0) 2 ^*-<«'|/>exp {im'<o0t)exp{iX%(t-Q} 
J 0 m'fi'n' 

x exp (— ), (25) 

in which h0 is an average optical frequency. For laterally scattered radiation from 

N atoms the expression is to be multiplied by N and (1/r2) replaced by a mean value, 

(iAo2). 
The dependence on t, tQ and t'0 of the terms in equation (25) is of the form 

exp { -i(m-m' - n + n') a)0t} f d£0exp{- (F + ia) (t - £0)} f dt^E^) E^Q 
Jo Jo 

x exp {—(jr—ik’)(t0—1'0)} (26) 

in which kf = kQ+/i'p + n'o)0 and x = (/a— /Op + (n~n')<o0. (27) 

In order to evaluate the double integral it is not necessary to specify the field 

E^tg) itself, nor even the product <E>(£0,r) = E^t^E^tg + T), where r = (t0 — t'0). It is 

sufficient to know the average value <O(£0, r)), taken with fixed r over a time, centred 

on t0, which covers many periods of the optical frequency k'. To see this, notice that 

the only term in (26), apart from 3>, which oscillates rapidly, is exp — (JT — ik')r. 

Now fix r, and integrate over a range of t0 large compared with 1 /&' but small com¬ 

pared with (T2 + x2)b. The only quantity which changes appreciably during this time 

is <l>. The value of (26) is therefore unchanged if we substitute for <1> the mean value 

r)> 

The advantage of introducing is that it is closely related to a quantity which 

can actually be measured, the power spectrum of the incident light. 

Several cases now can be distinguished: 

(i) The intensity of the exciting light is independent of time, as in the ordinary 

double resonance experiment. In this case <(0> is the auto-correlation function for 

stationary fields. It is a function of r only, not of t0, and is related to the power 

spectrum p(k): 

{Et(h) Et(Q) = <<J>(t)> = 7^ f dkp(k) exp (- ikr), (28) 
^ J —00 

(see, for example, Born & Wolf 1959, p. 501; the factor exp (— 2mvt) in their equa¬ 

tion (27) should read exp — 2tt\vt). 

(ii) The exciting light is modulated or pulsed. In this case (O) is a function of t0 

as well as of r. We shall not pursue the analysis of this case, but refer to it again at 

the end of § 6. 
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Returning to case (i) and inserting (28) into (26), we find that the integral over 

t'0 may be expressed 

877" f*. /*+°° 
— drexp( —^Fr) dfcp(fc)exp{ — i(k — 1c')t}. (29) 

C Jt9-t J -00 

Again, we distinguish cases for which p(k) has different forms: 

(a) Monochromatic light of angular frequency k'. In this case the form of 

p(k) is R8(k — k'), the double integral (29) becomes (1677l?/cr)exp jr(£ — t0) for 

t0 > 1/r, and (26) reduces to 

16ttR 

~cT~ 

1 

(|r + iz) exp { — i(m — mf — n + n') (o0t). (30) 

(6) White light. In this case p(k) = p0, independent of k, the integral over k in 

(29) becomes p08(r), the value of (29), 87rp0/c, and (26) reduces to 

Snpo 
c 

1 

("r + i*) exp { — i(m — m' — n + n') o)01}. (31) 

(c) Quasi-monochromatic light of mean angular frequency k' and spectral 

width A > r, such as was used in the experiments. In this case p(k) might take 

the form, for example, p0 exp { — (k — fc')2/A2}. More important than the exact form 

of p(k), provided it is a slowly varying function, is the time rA « 1/A over which 

coherence persists in the optical field, for if ta is much less than the lifetime of the 

atoms, then we find the same result as for white light, as may readily be shown: 

Choose a time r0 such that 1 /A < r0 1/r. Now the integral over k in (29) 

behaves like p08(k — k') except in the region |r| < t0. Inside this region we may, to a 

good approximation, replace exp —jrr by unity. The expression (29) thus has the 

value, in this case, 

Htt f+°° 877 f+0° 
— dr &kp(k)exp{ — i(k — k')r} = — dfcp(fc) drexp{ — i(k — k')T} 
C Jt9-t J- 00 , C J- oo J u-t 

877 f + co 877 
= — d kp(k) 8(k -k') = — p(k') 

c J — oo C 

from which the expression (26) again reduces to (31), the result obtained for white 

light. 

If the spectral range of the light not only greatly exceeds T, but also spans all 

possible values of k' in equation (27), equation (25) becomes, for N atoms, 

a ah-4 r 

/ = <Hn><»V> 
ion r0 mun L m/m 

m'/i'n' 

+ 1X 

x exp{ — i(w — m' — n + n') w0i}, (32) 

where m, fi, n, m', fi', n' take the values — J, — J +1,... +J. We have introduced 

the notation ^nn, - FnF*,, <3mm. = G*Gm>, where F and G, it will be recalled, refer 

to excitation by, and the observation of, plane polarized light 

Fn = <»|e?.p|gr>, Om = <ra|e°.P|<7>. 
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For convenience, we here repeat the definitions of the other symbols 

= 3)J(Q, fS,Q)mh\ x = (/i-/t')p + (n-n')a)0; p = (S2 + b2)i; 

b — yHx\ 8 = o) — oj0; o) — yH; ft = tan -1(6/£); 

and p(k0) is the energy flux of the incident light per unit area, per unit spectral range. 

The elements and ^’mm, form what may be termed the excitation and emis¬ 

sion matrices, respectively. They may be generalized to unpolarized light, and to 

polarized light other than plane. Thus, for unpolarized light, the matrix element 

^nn' may be formed by adding to (FnF*>) the element formed by using the polariza¬ 

tion vector perpendicular to e?. Introducing the unit vectors r°, 8° and <f>° 

(figure 1 (a)), we define 

Fn = <»| P- (r°. P) r°|</> = <n\(6°. P) 8° + (</><>. P)0°|<7>. (33a) 

Then we have for unpolarized light, 

azru _ j? tt* 
^ nn' 

and for circularly polarized light 

®rc _ jvc 7?*c 
** nn nM n > 

in which F£ — J(8° ± iFw. 

(336) 

(33c) 

Explicit forms for and &mm' in a particular case are given in §5. 

(ii) Discussion of the result, equation (32) 

Consider first the case when the polarization of the exciting light allows excitation 

to only one state | n) of the excited level, so that n' = n. The result (32) shows that the 

light intensity is modulated at frequencies \m — m’\ (o0. The angular dependence of 

the emitted light is contained in the elements &mm> of the emission matrix. The rota¬ 

tion matrix elements give the variation of intensity with field and frequency. They 

all show some type of reasonant behaviour near 8 = 0, i.e. when H — H0 = w0/y. 

The term r/(r + ia;), which reduces to T/fT+ i(ju — p')p}, also shows resonant be¬ 

haviour near 8 — 0 unless ju — ju', in which case it is independent of H. The terms of 

zero-frequency (m = m') sum to give the well known Brossel-Bitter resonance 

(Brossel & Bitter 1952). 

The more general case when more than one of the |n> are simultaneously excited 

shows additional features which have been observed in the experiments, namely, 

modulation at frequencies higher than the maximum value of \m — m'|c<;0, and 

resonance effects at frequencies other than H0. The possible modulation frequencies 

are now \m — m' — n 4- n' \ oj0. The extra resonance effects are seen in the behaviour of 

the term r/(T 4- hr) when x = 0, i.e. when (// — /i') p = (n' — n) w0. In the case of the 

3P1 — 1S0 transition, modulation up to the fourth harmonic is present, and reson¬ 

ances occur when H — 0, %H0, 2H0 and 3H0. Not all of these may be strong 

enough to be easily observable. 

256 



Modulation of light 363 

5. Application to the transition 63PX — fi1^ in mercury 

Atoms in the ground level QlS0 are excited by light of wavelength 2537 A to the 

level 6^, whose states |m,j = 0, + 1) are connected by the radio-frequency field. 

The expression (32) for the intensity of the fluorescent light is most readily under¬ 

stood by separate attention to the three parts of the process. 

(ia) Excitation 

The coefficients Fn for the case of incident light passing through a linear polarizer 

specified by the unit vector e£ are given by Fn = e?.(w| P|g). Using the matrix 

elements for (n\ P |g) given by Condon & Shortley (1951, p. 53), and equation (8) 

we obtain 
F±1 = 2~iP(cos a£ cos 6i + i sin oq) exp ( + i 0£), 

F0 = — P(cos a£ sin#£), 
(34) 

where P — (liPIO). 

For the particular case of light incident along the #-axis, polarized so that the 

electric vector makes an angle oci with the direction of the field, the excitation matrix 

becomes 
sin2 oq — 2~^i sin ai cos a£ 

2~^i sin a£ cos a£ cos2 a£ 

Jsin2a£ — 2_iisina£ cosa£ 

i sin2 cc{ 

2~H sin txi cos a£ 

i sin2 a£ 
(35a) 

For the case of unpolarized light, a matrix obtained by replacing oq by aq + jTT 

must be added to the above. The excitation matrix is then 

<37 u & nn = IP (356) 

(i6) The mixing of states 

The effect of the radio-frequency magnetic field in producing a coherent mixture 

of the states | m) is contained in the products 

(m\fi) <«•' |/i'> 
4 

The rotation matrix elements, for J — 1, are 

cos2\f$ — ^2 sin\j3 cos sin2\f$ 

{m\fT) — \ s]2 sin cos cos2 J/? — sin2 — y/2 sin \($cos 

sin2 <J2 sin cos\f$ cos2 

(36) 

in which /? is defined in §3 (figure 1 (c)). The elements are obtained by trans¬ 

position of rows and columns. 

The variation of these matrix elements, and of the factor r/(r + ia;), with H, 

gives rise to resonances in the steady and modulated components of the fluorescent 

radiation. 
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(ic) Emission 

The angular distribution of the fluorescent light is determined by the emission 

matrix ^'mm.. If no analyzer is used, = G* . Gm> with 

G±1= + 2_iP(0° cos 6 + i$°) e=F1«i,'l 

G0 = - P6° sin 0. 

For observation in the direction 6, (j> the emission matrix becomes 

(37) 

n (cos2 0+1) 

@“m’ — \P\2 I sin6 cos 6e_i^ 

\ | sin2 6 e-i2^ 

sin 6 cos d e1*4 | sin2 6 ei2t \ 

sin20 — 2~£sin6cos0e^ j. (38) 

— 2~Isin(9cos6e_i^ J(cos20+1) / 

If an analyzer is used to select the electric vector at angle a, the elements of the 

emission matrix are = 6r* Gm>, where the 0m = e°.Gm are given by equations 

like (34). 

(ii) Excitation to a single state 

The terms of equation (32) will be evaluated for the particular case of excitation 

to the state |0> exclusively (light incident along the x-axis, oq = 0). Writing I0 for 

the accumulation of constants, we find 

I = I0^ [sin2 0 + (cos2 6 — \ sin2 6) 2 A 

— sin 6 cos 6 {5 cos (co01 — (j>) + C sin (o)0 t — (f>)} 

— sin2 6{D cos (2 GJ0t — 2</>) + E sin (2 ojt — 2^)}] (39) 

in which 
62(4£2 + 62 + r2) 

(£2+&2+r2) (4$2+462+r2)’ 

2b8(±82 - 2b2 + r2) 
(^2+62+r2) (4^2+462+r2)j 

26r(4^2+62+r2) 

(d^+b2 + r2) (4(52 + 4b2 + r2) ’ 
b2(282-b2-T2) 

(82 + b2 + r2) (4£2 + 4&2+T2) ’ 
3b2r8 

(^2+62+r2)(4<J2+462+r2)' 

The quantity A determines the variation of the unmodulated component of the 

fluorescent light as one alters H (or a)0); this displays a reasonance when 

8 = o) — oj0 = 0, 

i.e. at H — H0. The variation is exactly that described by Brossel & Bitter (1952). 

The intensity is also modulated at the first and second harmonics of the applied 

radio-frequency, the variation of amplitude and phase of the modulations being 
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described by the quantities B, G and D, E, respectively. The quantities B and C bear 

a striking resemblance to the solutions of the Bloch equations, which lends support 

to the belief that the modulation may also be described by the phenomenological 

approach of Bell & Bloom (1957). It is to be noticed that the phase of the 

modulations (with respect to that of the oscillating field) varies as one goes through 

resonance, and is a function of the azimuth angle (j>. 

The variations have received experimental confirmation in work which has been 

briefly reported (Dodd et al. 1959) and which is to be more fully described in a later 

paper. In particular, the variations with angle of observation, and of polarizer and 

analyzer have been confirmed. 

(iii) Excitation to a mixture of states 

As a further example we show how, and under what conditions, resonances can 

occur near the fields H = JH0 and §H0. 

The general expression for the intensity (equation (32)) is a formidable one, but 

it is possible to extract from the summations those terms which have a resonance in 

a certain region of magnetic field. Resonances occur when the quantity 

x = (/i — ja')p + (n — n')a)0 in the equation passes through zero. For the particular 

terms in which n — n'= + 1, /i — /i' = — 2, and n — n'= — — = +2, this leads 

to the condition 2p = w0 for resonance. Expressed in terms of fields the condition is 

H=H0±lH0(l-iH!lHl)i. (40) 

If Hx is not too large this gives H « \H0 and H « §H0 for the resonances. As 

Hi approaches the value \H0, both resonances move towards H0. 

The frequencies of modulation of the intensity at these resonances are the possible 

values of \m — ra' — n + n'| w0. Since m — m' can take all values from zero to + 2 (and 

recalling that we have selected those terms for which n — n' — ± 1) we find terms in 

unmodulated, fundamental, second- and third-harmonic components of the in¬ 

tensity. The strengths of the resonances of these various components are not all 

the same; they depend on some power of HJHq. The strongest resonances predicted 

(for small Hf) are those of the unmodulated and fundamental components which 

occur near \H0. These have been observed. Resonances near \H0 and §H0 have also 

been observed in the light modulated at the second and third harmonics. The third 

harmonic resonance at fH0 is stronger than that at %H0 as predicted by the theory. 

A necessary condition for the production of these resonances at \HQ and fH0 

is the excitation of a mixture of states \ri) between which n differs by unity. For 

light incident along the rr-axis, this implies that plane polarized light must be 

polarized obliquely to the magnetic field. This accords with the appearance of the 

factor sin oq cos cci which is common to all the terms at present under consideration. 

The necessity of oblique polarization has been confirmed by experiment. 

Among the other terms in equation (32) are some which give rise to resonances at 

zero field, at 2H0 and at 3H0. Modulations up to the fourth harmonic are found at 

these fields. Systematic experimental study of the higher modulations has not yet 

been undertaken. 
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6. Frequency diagram 

In the course of these studies we have found it useful to develop a frequency dia¬ 

gram for the excited state J = 1 to represent its structure under the simultaneous 

application of a steady field along Oz and rotating field in the xy plane. A diagram of 

this type for J = \ was drawn by Pryce (1950). The frequency diagram is simply a 

generalization, for the case when the Hamiltonian function is time-dependent, of 

the normal term diagram. To each state, in the normal case, there corresponds one 

and only one frequency. When the Hamiltonian is periodic in time there may be 

more than one. The representation of radiation damping by broadened energy levels 

is a familiar example of this generalized term diagram. 

The terms in equation (20) which represent the excited state contain, after 

separating the factor exp{ — i(k0 — ^iT)}, oscillating terms of frequency (mw0±^). 

For example, when n = 0 the probability amplitudes of the states |1>, |0>, and 

| — 1) are in the ratio 

[2sc3exp{ — i(a)0+p)t'} — 2sc(c2 — s2)exp( — io)0t') 

— 2 s3c exp { — i((o0—p)t'}] exp (— iw0£0) 

: [2s2c2exp (— ipt') + (c2 — s2)2 

4- 2 a2c2 exp { — i( — p) t'}] 

: [2s3c exp { -i( - (o0 +jp) t'} + 2sc(c2 - s2) exp { - i( - a>0) t'} 

- 2 sc3 exp { - i( - (O0-p) <'}] exp { - i( - a>0) <„} 

in which s = sin|/ff, c = cos J/? and t’ = t-tB. The frequency diagram associated 

with the excited level is shown in figure 2. 
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The interpretation of the diagram is facilitated by recalling how the expansion 

was obtained. The states |ra) were defined with reference to a laboratory co-ordi¬ 

nate system in which a steady magnetic field H is applied along Oz. The frequencies 

of the |ra), (k0 + )myH, are shown in figure 3 (a) as functions of H. 

I'iguhe 3. Processional frequencies,/, as functions of H. (a) Laboratory co-ordinate system. 
/ = myH about H. (b) Rotating co-ordinate system. No radio-frequency field. 
f — jiy \H — H0\ about Hefl. (c) Rotating co-ordinate system. Radio-frequency field 
applied. / = /iy[(H-H0)2 + Hl]* about HeJf 

The transformation was then made to a co-ordinate system rotating about Oz 

with angular velocity oj0, in which system the frequencies of the |ra) are decreased 

by ma>0. In anticipation of the subsequent addition of the field Hls it was found 

convenient to quantize with reference to an axis Oz', parallel to the effective field 

in the rotating system. The quantum numbers p label the states with reference to 

0zr. Before is added the effective field is always either parallel or anti-parallel 

to Oz, according as H is greater or less than (ojy. The state \fi = 1) always has a 

higher frequency than \/i — O') ot \fi — —1) and lies above them in figure 3(6) for 

all values of H. 

The field Hi was then added. In the rotating system H: is steady, along Ox'. The 

effective field, [(H-wJrJ + HJ now makes an angle /? with Oz. The Larmor pre- 

cessional frequencies, jap, about Hefl , are shown in figure 3 (c). p is often termed the 

‘flipping frequency’. 

Since the \p) are linear superpositions of the |ra) each of the |m) is fractionally 

associated with each level in figure 3 (c). Thus, in the return to the laboratory system, 
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when the frequency of each state | m) is increased by mw0, the diagram of figure 2 

is obtained, in which the number of frequency levels is (2 J + l)2. 

The thicknesses of the levels in figure 2 indicate the relative magnitudes of the 

coefficients of each frequency term in the expansion. The magnitudes used are those 

appropriate to n = 0. While they give some representation of relative probabilities, 

they are neither probability amplitudes nor true probabilities. Within a given 

|m), the coefficients give relative probabilities for the three frequencies fip. The 

sum of these probabilities is the relative probability amplitude of the state |m>. 

Transitions induced by the rotating magnetic field must be interpreted on the 

diagram in the following manner: absorption or emission of a radio-frequency 

photon corresponds to a change of frequency by (o0, i.e. a jump between two parallel 
♦ 

curves. In this transition m changes by ± 1, but [i remains unchanged (as it must, 

since it labels the eigenstates in the rotating co-ordinate system, in which the 

Hamiltonian is independent of time). 

Use of the diagram 

One can see immediately from the diagram that the Brossel-Bitter 'double 

resonance’ curve is double-peaked. The thicknesses of the levels which represent 

the states \m = +1) are greatest in the region of H0, but have their maxima, at 

two values of the field slightly higher and lower than H0. As Hx is reduced the 

curves for [i = ± 1 approach their asymptotes as in figure 3 (b), and the positions of 

maximum thickness move closer to the centre. Not indicated in figure 2 is the 

natural width of the levels due to radiative decay. Thus, when Hx becomes small, 

the resolution of the double peak is lost in the natural width of the resonance. 

Figure 2 is drawn for a ratio HJHq = J, which is higher than is used for most experi¬ 

ments of the double resonance type, but corresponds to the conditions used in the 

experiments of Dodd et. al. (1959). 

Questions concerning the coherence between different states, and possibilities 

of light modulation, may also be answered by reference to the diagram. Let us 

suppose that the exciting light is steady, and of wide spectral range. In a Fourier 

expansion of the amplitude of the light vector, the phases of the components E (1c) 

will be random, corresponding to the random positions and motion of the radiating 

atoms in the source. Hence the optical perturbation will excite incoherently states 

which are at different levels in the frequency diagram (the word ‘ state ’ here is not 

used in its ordinary sense). The radio-frequency perturbation, however, links 

states of different m but the same fi. Thus, if the optical perturbation excites 

(m,/i) = (0,0), then the radio-frequency perturbation will establish coherence 

between (1, 0), (0, 0) and (—1,0), whatever the value of the field H. The frequency 

differences which are found between the coherent levels (oj0 and 2co0 in this case) 

are found as modulation frequencies in the fluorescent radiation. The depth of 

modulation will depend on those parameters (H, Hv etc.) which govern the relative 

'weights’ of the coherent states. 

Light of the particular polarization which excited (0,0) will excite (0,1) and (0, — 1) 

also, but since the frequencies associated with these states are different, they are 

excited by different components of the optical field, and therefore incoherent with 
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respect to the states fi = 0. Frequency differences between incoherent levels do not 
appear in the modulation of the fluorescent radiation. 

An important exception to the rule that levels of different /1 are incoherent occurs 
when such levels intersect, for then they may be excited by the same component of 
the optical field. In this case, provided the excitation has taken place from 
some common initial level, coherence obtains between the intersecting levels and 
all others of the same values of jti. The consequences of this coherence were examined 
analytically in §5(iii). The diagram allows similar conclusions to be drawn more 
directly. Consider, for example, the relative positions of the levels when H « jtH0. 
Coherence obtains between (0, 1) and (1, — 1) because of the intersection when 
they are both excited from the same ground level. Further, by virtue of the 
radio-frequency perturbation, all other levels which have /i — l or — 1 are co¬ 
herent with the intersecting pair. Only the levels jlc = 0 remain incoherent. The 
possible frequency differences between the coherent levels are 0, oj0, 2co0, 3oj0; 
consequently the fluorescent light is modulated at these frequencies. The pheno¬ 
menon is confined to the region of intersection since the coherence between (0, 1) 
and (1, — 1) is lost as one moves away. 

One can immediately see, from a study of figure 2, at what fields are to be found 
the resonances associated with intersections, and at what frequencies the light will 
be modulated. In addition to the intersections near IHQ which we have discussed, 
there exist intersections near |/70 with possibilities for modulation up to, but not 
exceeding the third harmonic, and further intersections near the fields.0, 2H0 and 
3H0. The possibilities for modulation here include the fourth harmonic. 

The association of intersections in the frequency diagram with abnormal inten¬ 
sities in the fluorescent light relates thi3 work with that of Hanle (1924, 1925) on 
the polarization of resonance radiation in low fields, and with that of Colegrove, 
Franken, Lewis & Sands (1959) on intensity changes in the region of intersecting 
energy levels. All these phenomena are completely described by equation (32), 

x with o) (i.e. H) taking small positive and negative values in the neighbourhood of 
o) — 0, and with Hx and oj0 — 0. It is to be noticed that the half-intensity widths of 
the resonances which are associated with intersecting levels both in modulated and 
in unmodulated light, are determined by the natural widths of the levels. This 
contrasts with the resonances which occur at H0 for which the half-intensity widths 
are determined by the magnitude of the radio-frequency field if that is sufficiently 
strong. These predictions are borne out by the experiments. 

Finally, it is to be noticed that further possibilities for coherence arise if the 
exciting radiation is modulated or pulsed, for coherence then resides in the optical 
perturbation itself. The consequences of this can be deduced qualitatively from a 
frequency diagram such as figure 2 if a radio-frequency field (or other periodic 
perturbation of sharp frequency) is acting on the scattering material, or from an 
ordinary term diagram if there is no such field. 

We have been stimulated in the development of these calculations by daily contact 
with the experimental work, most of which has been carried out by Dr M. J. Taylor. 
On the theoretical side, we are deeply grateful to Professor J. P. Barrat for allowing 
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us to study his work before publication, to Professor W. E. Lamb and Dr R. J. 

Blin-Stoyle for criticism of early drafts of this paper, and to a referee for his con¬ 

structive suggestions, in particular for his suggestion of the use of the operator U. 

We owe to Professor Barrat the suggestion that resonances at fields other than H0 

may be due to coherent excitation into states of different polarization. 
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pages 356, 
358. 

page 360. 

page 361 . 

page 363. 

page 367o 

Errata 

equations (7), (l9) and (20). Insert minus sign 
before E^t). 

line l6. Replace (t + Tr) by (tQ -T). 

line 21 „ Replace ( P 2 + x2)^ by l/((^ + x2)^. 

line 10. Multiply by 27V the two expressions in 
this line, and the expression (31 ) below. 

2 
line 21. Replace 8tt by 167T twice. 

equation (32). Replace 4 by 8ix . 

line 19. Replace S(k-k') by S(T). 

line 9. Replace (l95l, P.53) by (1951» p.63). 

equation (34). Insert + on the right-hand side of 
the top equation. 

line 4. Replace (k by (k -nn^H). 
o c 
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Supplementary notes (May, 1965) 

A. The argument which follows equation (27) on page 360 

is not strictly valid. It purports to relate the * instantaneous 

intensity, l(t) (equation (25), derived from (2l)), t©^J(t^,T)^ 

the average of the quadratic function E.(t )E.(t -T) of the 
i' o i o 

incident light. The conclusion, while not valid for l(t) itself, 

pt-tfTo 
is nevertheless valid for <^l(t)j) = gp— J I(s)ds, provided 

x \ o t-TQ 
that ^^(t^,^)/ is constant over time intervals of the order of 

T . ^I(t)^> should replace I in equation (32). 

B. Case (ii) at the bottom of page 360 has now been studied: 
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C. For monochromatic light of frequency k ^ k*, 

equation (30) on page 361 becomes 

8trR 1 
P +ix ir+Uk-k'; + £p-i(k-k'-x;J expL' 

j-i(m-m, -n-in*) co 

266 



Proc. R. Soc. (London) (1963) A273, 41-68 

The modulation of light in a double resonance experiment 

By J. N. Dodd* 

Department of Physics, University of Otago, Dunedin, New Zealand 

G. W. Series and M. J. Taylor 

Clarendon Laboratory, University of Oxford 

(Communicated by H. G. Kuhn, F.R.S.—Received 5 April 1962— 

Revised 10 October 1962—Read 1 November 1962) 

This work is an experimental study of the modulation which has been found in resonance 

radiation when the fluorescing vapour is subjected to static and radio-frequency magnetic 

fields, as in the double resonance experiment of Brossel & Bitter. The particular example 

chosen for study in this work also was the resonance line A 2537 A of mercury. The experi¬ 

mental observations are compared with the predictions of a theoretical treatment which has 

already been published. 

The phenomenon was studied under a variety of geometrical configurations. When the 

polarization of the exciting light allowed excitation to only one excited state (a component of 

a Zeeman multiplet), the depth of modulation was found to depend on the closeness to 

resonance of the frequency, oj0> of the radio-frequency field to the Larmor processional 

frequency, (o = yH, in the static field H. 

When the polarization of the exciting light allowed excitation to more than one component 

of the multiplet, resonance effects were found in the depth of modulation and in the mean 

intensity of the fluorescent light at fields where the applied frequency was equal, not to the 

Larmor frequency alone, but to combinations of the Larmor frequency with the nutational 

frequency. From a quantum-mechanical point of view, these new phenomena are related 

to the interference effects which are found in resonance fluorescence when there is degeneracy 

between excited states: in the present case the degeneracy is induced by the radio-frequency 

field. 
The ease with which the geometrical conditions could be altered allowed the theory to be 

tested in considerable detail without quantitative assessment of the resonance line contours: 

nevertheless, a quantitative study was made of one particular feature. The predictions of 

the theory were confirmed at all points where they were tested. 

1. Introduction 

This experimental study of resonance fluorescence in mercury is a contribution to 

an understanding of the emission of light by free atoms. Unsophisticated descrip¬ 

tions of spontaneous emission are usually given in terms of transitions between 
« 

stationary states of energy: the light emitted when an atom decays from the 

stationary state |j) to the stationary state |i> is supposed to be a quantum of 

electromagnetic field of frequency v4j = (ej - efjjh, where ei and ei are the energies 

of |i> and | j). The probability of emission is found through correspondence with the 

classical theory of radiation by associating with the transition from | j) to |i> a 

virtual oscillator of moment <i| P | j), where P is an operator chosen to represent 

the particular type of radiation—usually electric dipole. In this simple model, all 

the virtual oscillators are independent because the stationary states are independent. 

Thus, the state |i> may be reached from an initial state |fc> different from | j), but 

the phases of the radiations vtj and vik are random. In an assembly of atoms radia¬ 

ting spontaneously, the phases of all such radiations are uncorrelated, as was 

* On leave at the Clarendon Laboratory, Oxford, 1959. 
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demonstrated in the experiments of Forrester, Gudmundsen & Johnson (1955). 

The exceedingly weak modulation which these authors detected in the radiation 

from a mercury lamp was just that which was to be expected from an assembly of 

independent oscillators. 

We shall describe experiments in which the light from an assembly of radiating 

atoms is strongly modulated. The process of spontaneous emission may still be 

understood in terms of the foregoing model, except that the requirement of in¬ 

dependence of Wie virtual oscillators must be abandoned, and the concept of 

‘superposition-state’ invoked. For each atom, the ‘initial state’ of the process of 

radiation is no longer a stationary state of energy, but a superposition of such states. 

The time-dependent coefficients (probability amplitudes) of each constituent of the 

superposition state are periodic functions. These may differ in frequency, but the 

relative phases are perfectly definite, and depend on the experimental conditions— 

that is, on the way in which the ‘initial state’ is prepared. Hence the quantum of 

electromagnetic field—if the word ‘quantum’ is retained to describe the field 

emitted by one atom—is no longer characterized by a single frequency, but by a 

superposition of discrete frequencies in which the relative phases are determined 

by the experimental conditions, and are the same for all atoms in the assembly. 

The modulation of the fight from the assembly is the manifestation of coherence 

between radiations from different stationary states of the atoms. 

The experiments were carried out with the mercury resonance radiation 

A2537 A (61i8f0-6*P1), a case chosen for its simplicity. The scattering atoms were 

subjected to a steady magnetic field H and an oscillatory field Hx at the radio- 

frequency w0/27T, in the perpendicular plane. The only stationary states which one 

need consider in this case are the eigenstates m = 0) and |3PX; m — 0, ± 1) of 

the Hamiltonian function which represents the atom in the field H alone. When 

o)0 is in the neighbourhood of the Larmor precessional velocity of the atoms in the 

field H, the oscillatory field constitutes a strong time-dependent perturbation, under 

which the state of the atom at any time (that which satisfies the Schrodinger equa¬ 

tion of motion) may be written as a superposition of the four eigenstates. In this 

superposition state the relative phases of the probability amplitudes are related to 

the phase of the radio-frequency field. These relative phases determine the phase of 

modulation of the fluorescent fight. Figure 1 illustrates the processes for the case 

when the exciting fight is polarized so that the only allowed transition from the 

ground state is to the state |3PX; m = 0). The structure of the excited state is here 

oversimplified. A more complete representation is given in figure 2 of the theoretical 

paper by Dodd & Series (1961). 

In support of the contention that correlation between radiations of different 

frequency resides in the fight from each atom, it is particularly significant that 

modulation was easily detected at a frequency (about lOMc/s) orders of magnitude 

smaller than the spectral width of the fluorescent fight (the completely unresolved 

superposition of the Doppler-broadened Zeeman components, individually of 

width about 1000 Mc/s, and collectively, inappreciably greater). For no modulation 

can exist in radiation which forms a spectral continuum unless the components 

are correlated: the modulation we have observed implies correlation between each 
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arbitrarily chosen spectral component and the components removed from it by the 

modulation frequencies. This correlation could not have existed between the 

radiations from different atoms since, in the attenuated vapour, the atoms were 

radiating independently. We must therefore seek the correlation within the radia¬ 

tion from each individual atom; that is to say, for each atom, the probability for the 

emission of light in a particular direction must have been time-dependent. 

Figure 1. The stationary states and the perturbations. 

It is convenient at this point to remark that the usual description of resonance 

fluorescence as the excitation of an atom from one stationary state of energy to 

another, followed at a later time by spontaneous decay, is an oversimplification. 

From the point of view adopted in this paper, it is, at first sight, untenable; for the 

irradiation of atoms with resonance radiation also constitutes a time-dependent 

perturbation under which the state of the atom is not one or other of a pair of mutually 

exclusive stationary states, but a superposition of them. The reason why it is legiti¬ 

mate to treat the optical perturbation differently from the radio-frequency per¬ 

turbation is simply that the coherence time of the optical field is very much shorter 

than the lifetime of the excited states, and that of the radio-frequency field very 

much longer. The spectrum of the exciting field is that of a Doppler- or pressure- 

broadened spectral line, of half-intensity width of the order of 1000 Mc/s, and 

coherence time rA l/A 10-10s. The lifetime of the excited state is ~ 10_7s. 

Hence, in the atomic wave function, continuity of phase due to the irradiation is 

lost in a small fraction of a lifetime, and it is a good approximation to regard the 

optical excitation as instantaneous. The effect of a steady beam of radiation from 
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an ordinary light source is to induce uncorrelated excitations at a uniform rate. 

We have already made use of this approximation, and shall do so throughout the 

paper. On the other hand, the coherence time of the radio-frequency field is as 

long as the duration of the experiment, since the field is provided by a continuous 

wave oscillator. The phase of this field is a well-defined function of time which must 

be taken into account when the time-dependence of the fluorescent light is 

studied. 

It will have been noticed that the system studied is exactly that studied by 

Brossel & Bitter in their ‘double resonance’ experiment (1952). It was, in fact, 

by reflecting on that experiment that we were led to look for modulation in the 

fluorescent light. Brossell and his colleagues (Guiochon, Blamont & Brossel 1956, 

1957; Boutron, Barrat & Brossel 1957; Barrat 1959) had observed a narrowing of 

the double resonance line with increase of density of the scattering vapour. This 

they interpreted with the concept of ‘coherent scattering’—a form of multiple 

scattering of resonance radiation in which phase information is passed from atom 

to atom via the light. This suggested to us that it might be possible to find phase 

information in the fluorescent light itself and not only in the secondary phenomena. 

In § 2 we describe the apparatus. In § 3 we apply the theoretical results of Dodd 

& Series (1961) to the experimental situations explored in the present work. In 

§ 4 we report the observations and compare them with the predictions of § 3. A brief 

account of a classical model is given in an appendix. In the actual course of events 

the theoretical and experimental work were undertaken together: sometimes one 

was in advance, sometimes the other. A preliminary publication was made when the 

main features of the phenomenon had been established (Dodd, Fox, Series & 

Taylor 1959). 

2. The experimental arrangement 

(i) Disposition of apparatus 

Figure 2 (i) illustrates the arrangement which was usually used. 

The resonance vessel was of strain-free silica in the shape of a Wood’s horn; the 

diameter of the end-face was about 2 cm, and the length of the straight portion 

about 5 cm. The vessel contained natural mercury whose vapour pressure was 

stabilized by immersing the tip of the horn in ice. 

The exciting radiation, 2537 A, was provided by a commercial Tiigh-pressure ’ 

mercury lamp (125W Osram from which the glass envelope had been cut off), 

run at about 250 mA d.c., and cooled by a gentle stream of air to reduce self-reversal. 

Rochon prisms of calcite, about 2 cm square end-face, were used as polarizers and, 

where necessary, as analyzers. These prisms allow a greater flux of light than 

Glazebrook prisms of the same aperture. (The second image produced by a calcite 

Rochon is strongly deviated and readily screened off.) A column of vapour about 

If cm long near the end-face of the resonance vessel was illuminated. The fluorescent 

light was focused on to a photomultiplier; an E.M.I. 6255 with the four last stages 

connected together, for most of the work, and an RCA IP 28 when the modulation 

frequency was in excess of 40Mc/s. The circuits for analysis of the photoelectric 

current will be described below. 
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The static magnetic field H was provided by a Helmholtz pair of diameter about 

24 cm. A range of field strength from 0 to 20 G was adequate. No great precision 

in the determination of its magnitude was aimed at, but since it was necessary to 

be certain of its direction at the lower end of the range, it was found desirable to 

compensate for the stray field, by means of auxiliary coils, to about 0*05 G. 

It was desired to study the fluorescent light emitted in various directions relative 

to H. A convenient arrangement was to fix the positions of light source, scattering 

vessel and photomultiplier so that the fluorescent and exciting beams were at right 

angles, and to provide for movement of the Helmholtz coils so that their axis 

always lay in the plane normal to the exciting beam. 

\z 
i 

Figure 2. (i) Disposition of apparatus, (ii) The notation. 

The co-ordinate system chosen to represent this arrangement is indicated in 

figure 2 (i): the 2 axis is parallel to H and the x axis parallel to the exciting beam. 

The fluorescent beam lies in the y-z plane, making with the 2 axis an angle 6. Of 

particular interest were the configurations 6 — 0, 55 and 90°. The state of (linear) 

polarization of the beams incident on the mercury vapour and on the detector, 

respectively, is specified by the angles and a which the electric vectors make 

with the x-z and y-z planes. 

The radio-frequency was chosen to be considerably greater than the natural 

width of the energy levels (~ lMc/s), yet not too high to make detection of the 

modulation difficult: the response of the photomultiplier set this upper limit. 

A frequency of 13-8 Mc/s was convenient, corresponding to a field H0 of about 

6*65 G. A power oscillator at this frequency, driving a tuned circuit via a coupling 

loop, provided a field of amplitude up to 6G in the coil which surrounded the 

scattering vessel. The requirement that the direction of this oscillatory field be 

always perpendicular to H was met by fixing the coil with its axis parallel to the 
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incident light. This arrangement facilitated the enclosure of the tuned circuit in 

a metal shield to prevent excessive radiation of radio-frequency power, a point to 

which it was necessary to pay particular attention for reasons detailed below. 

It is well known that when an oscillatory field is used to induce magnetic dipole 

transitions Am = ± 1, only one of the two rotating components is effective. We used 

an oscillatory field only for reasons of convenience. The effect of the counter¬ 

rotating component was taken into account in the quantitative work. 

(ii) The experiments 

It was convenient, as in most paramagnetic resonance work, to maintain the 

radio-frequency constant, and to study the depth of modulation as a function of 

the steady field, H. It was anticipated that the amplitude of modulation of the 

fluorescent light would be greatest when the Larmor precessional frequency, w 

(= yll), of the excited state was equal to the applied radio-frequency, a>0. (When 

the word ‘frequency5 is used, we shall generally mean angular frequency.) In fact, 

the phenomenon turned out to be more complicated than this: resonance effects 

were discovered centred not only upon the field H0 = a>0/y, but also upon the fields 

0, \H0, |H0 and 2H0. The resonance line shapes were not simple Lorentzians. 

It was arranged to vary H at a uniform rate. A low-frequency modulation (about 

220 c/s), of amplitude small compared with the resonance line-width, was applied 

to H in order to allow phase-sensitive detection. The photoelectric current was 

therefore doubly modulated: at a radio-frequency, and at a low audio-frequency. 

This signal was applied to a carefully screened unit comprising an amplifier tuned 

to the radio frequency, a detector, and a cathode follower. From this unit the out¬ 

put, now modulated only at the audio-frequency, was taken to the amplifying and 

rectifying system which constituted the phase-sensitive detector, the last stage 

of which drove a pen recorder. 

The complete equipment recorded a plot of (dS/dH) against H, where S signifies 

the amplitudes of the radio-frequency signal. Typical records are seen in figures 

5 to 7. 

(iii) Phase control of the photoelectric signal: the effect of strdy radiation 

The tuned detector was sensitive, not only to the photoelectric signal, but also 

to radiation from the radio-frequency oscillator and coupling loop. It was found 

useful to allow some of this radiation to penetrate the screening, and hence to 

provide a reference signal against which the phase of the photoelectric signal could 

be ascertained. Variation of phase of the latter relative to that of the oscillator 

could be achieved by slight mis-tuning of the resonant circuit round the absorption 

cell. 

Let the photoelectric signal at frequency a>0 be written (see equation (2) § 3) 

VB cos (o0t + Vc sin oj0 t, 

and the signal induced by the radiation 

VRcos (co0t-e), 

272 



47 The modulation of light in a double resonance experiment 

where the phase difference e is at our disposal. Clearly, if e — 0, and if VR p VB 

and Vc, the net amplitude is very nearly (VR + VB). Only the changes 

a (VR+vB)idH = d(VB)idH 

are recorded. The equipment is now sensitive to VB both in magnitude and sign, 

but not to Vc. Similarly, by choosing e = \rr, Vc may be studied independently of VB. 

This rather primitive procedure for control of the phase was in the early work 

accidental rather than deliberate. It was not obvious at the outset of the experi¬ 

ments that the frequency of the photoelectric signal would be identical with that 

of the oscillator. When the early tracings had been interpreted, it was decided that 

this simple technique was adequate for qualitative display. 

(iv) Spurious signals: the effect of noise 

The mean intensity of the fluorescent light was shown by Brossel & Bitter to be a 

resonance function of H, as represented by the term A in equation (2), and in figure 3. 

The photoelectric shot noise is therefore a function of H, and contributes to the 

recorded signal to an extent determined by the bandwidth of the radio-frequency 

amplifier. The effect was minimized, not only by improving the amplifier, but also 

by choosing a geometrical configuration in which the mean intensity of the light is 

independent of the field, namely, when the direction of the fluorescent light makes 

an angle 6 = tan_1%/2 with H. The modulation is not independent of field in this 

direction: on the contrary, the arrangement is a particularly favourable one, and 

was generally used except when the object of study was the dependence of the 

modulation on the angle of emission. 

(v) Observation of the mean intensity of the light 

It was clearly a matter of interest to observe the mean intensity under various 

conditions. For purposes of display it was sufficient to develop a voltage from the 

photoelectric current through a megohm resistor, and to apply this signal directly 

to an oscilloscope with broad-band, low-frequency amplification. Typical displays 

are seen in figure 8, where, in all cases, the abscissa is proportional to the field H. 

The changes of intensity in the region H = H0 found by Brossel & Bitter were 

observed, but not closely studied. In the region near H = |H0, however, both the 

mean intensity of the light and the amplitude of modulation showed an unexpected 

and particularly interesting dependence on magnetic field when the. exciting fight 

was obliquely polarized. A quantitative study was made of these effects in the 

mean intensity. For this investigation, the method of low-frequency modulation, 

followed by phase-sensitive detection and recording, was used. 

3. Theoretical predictions 

Quantum-mechanical calculations leading to explicit expressions for I(t), the 

intensity of the fluorescent fight, as a function of time, have been made by Dodd & 

Series (1961) in a paper we shall refer to as D. & S. and independently by Barrat 

(1961), with results which are in complete agreement. We shall use the notation 

and formulae of D. & S. 
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The calculations are for a single scattering process, but for reasons which are 

explained later (§ 4, case 1 (a)), it is believed that they should correspond closely to 

the results of the present experiments, in which some multiple scattering was 

certainly taking place. The expression for the intensity of the fluorescent light is, 

in its most general form (D. & S., equation (32)). 

I==I0 2 
m, fi, n 

m', n’, n’ 

mm- pT7zexP{ - Hm -m' - n + »')«««} 
1 +1X (1) 

in which ra, p, n, ra', p\ n' take the values — J, — J + 1, ..., +J. 

#*»■ = FnF*n- = <»K" P|<jr> <g\ eJ.P|n'> 

and &mm. = Q*mGm, = (g\ e°. P|m)<m’| e°. P|y> 

refer to excitation by, and the emission of, light polarized with the electric vector 

parallel to the unit vectors e® and e°. respectively. P is the electric dipole operator; 

|g} is the ground state. SF and & may be generalized to light of other polarizations 

(D. & S.,p. 362). 0)m ^ etc., are matrix elements which correspond 

to a rotation of the z axis about 0y by an angle ft. T is the decay constant of the 

excited state. . ,, « , /x . /x 
x is the Irequency [n — n ) o)0 + {[i—[jl ) p, 

where p = (S2 + b2)%, b = yH, 8 — (co — o>0) and oj = yH. 

The relations between p, b, 8, o), o)0 and fi are shown geometrically in figure 2 (ii). 

(i) Conditions for coherence 

The right-hand side of equation (1) is obtained by taking the modulus squared of 

an expression which represents the (complex) field of the emitted fight, E. This 

expression is the sum of a number of periodic terms for each of which the frequency 

depends not only on the quantum number m, which labels the energy eigenstates 

for the process of emission of fight, but also on n, which labels them for the process 

of excitation, and on p, which labels them with respect to the axis z’ in the rotating 

co-ordinate system (figure 2 (ii); see also D. & S., p. 358). These different labels are 

introduced because it is necessary to take products of different combinations of the 

states. For the same reason, ra', p', and n' are introduced in calculating the con¬ 

jugate complex field. In taking the modulus squared of E to find the intensity of 

the fight, terms for which ra, p and n are identical with ra', p' and n\ respectively, 

give the contribution of the separate components of E, whereas the cross-terms 

represent the possibilities for interference. The factors ri(V + ix) are quantitative 

measures of the degree of coherence: a particular term in (1) is significant or negli¬ 

gible according as x (defined above) is much smaller than, or much greater than T. 

(ii) The factors of equation (1) 

Apart from the factors r/(T + i#), equation (1) contains the essential elements of 

a double resonance experiment in an easily recognizable form: 

(a) The factors JFnn, are determined by the direction and polarization of the 

exciting fight beam. They form an ‘excitation matrix’. 
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(b) The products (m\/i) and (n'\/i') (p'\m') describe the effectiveness of 

the perturbing field in mixing the states. The etc., are functions of Hx 

and H, and show resonance behaviour in the region H = H0. Together with the 'nn>, 

they determine the probabihty amplitudes of the states |m) and their conjugates 

at the moment of emission. 

(c) The factors are determined by the direction in which the fluorescent 

light is observed, and by the orientation of an analyzer, if one is used. They form an 

‘ emission matrix ’. 

(d) Finally, the exponential factors describe the modulation of the fluorescent 

light. The terms occur in conjugate pairs, leading to real sine or cosine functions 

of time. As expected, modulation is predicted at the frequency gj0 and at certain 

integral multiples. 
(iii) Distinguishable cases 

As we have mentioned, a quantitative measure of the degree of coherence is 

contained in the factors r/(r + i;r). Coherence between the components (n,p,m) 

and of the field is significant if x = (n — n')(i)0 + (p — p')p ^ T. This 

condition may be realized in a number of ways which are distinguishable, both in 

principle, and by the different geometrical configurations suitable for their study. 

Case 1. In this case, the direction and polarization of the incident light are so 

chosen that the atoms are excited to a pure eigenstate rather than to a super¬ 

position-state. The analytical expression of this is n = n', i.e. we are dealing with 

the diagonal elements only of the excitation matrix. We must, however, allow all 

combinations of m and ra' in the rotation matrices, and hence also in the emission 

matrix, to describe the superposition state formed by the radio-frequency per¬ 

turbation. Among the terms so specified are those in which p = p'. These represent 

complete coherence between the components (n,p,m) and (nf,p',m'), since a con¬ 

sequence of n = n' and p = p' is x = 0. We notice that the factor ri(T-\-ix) is now 

independent of H. The resonances observed under the conditions of case 1 corre¬ 

spond to the resonance behaviour of the rotation matrix elements (m\p), (p\n}, etc. 

This occurs only at H — H0, the field at which the Larmor precessional frequency 

matches the applied frequency. 

The condition p = p' is simply the analytical expression of the coherence induced 

by the radio-frequency field, and corresponds to the fact that states labelled | p} 
are eigenstates of the complete Hamiltonian (that is, including the radio-frequency 

perturbation) in the rotating co-ordinate system (D. & S., pp. 358. 367). 

The phenomena studied under case 1 are the simplest of those we have investi¬ 

gated. They allow a particularly straightforward interpretation in terms of the 

classical model (see appendix). 

Case 2. The direction and polarization of the incident light are so chosen in this 

case that the process of excitation itself raises atoms to a superposition state, that is, 

we have to consider terms in the excitation matrix for which n ^ n'. As before, 

so now also we must allow all combinations of ra and m'. Although n =j= n', it is still 

possible to satisfy x ^ T, but only if p =J= p\ and then only for particular values of p. 

The condition p =\= p' indicates that these terms do not represent coherence in the 

sense of case 1. Rather, we have now a consequence of degeneracy between the 
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frequencies of different components of the atomic wave function. This occurs only 

in the neighbourhood of particular values of H (since p is a function of H). The 

coherence factor passes through resonance as H is varied, while the rotation matrix 

elements are changing monotonically. In the frequency diagram (D. & S., p. 366) 

the conditions are met where different levels intersect. It is worth noticing in par¬ 

ticular that resonance phenomena under this heading occur at fields other than that 

which corresponds to the Larmor precessional frequency. 

Case 3. In what has gone before we have supposed that co0 > T, which was indeed 

true for the experiments described in this paper. We mention, for completeness, the 

case 0Jq < T, for this condition, together with the condition p — p\ is sufficient to 

ensure that x < T for all m, m', n and n'. This means that if a>0 is sufficiently small, 

new interference phenomena may appear in experimental arrangements which 

exclude the phenomena of cases 1 and 2. Experiments to demonstrate this condition 

have been carried out by Mr B. P. Kibble, and will be reported in a future communi¬ 

cation (Kibble & Series 1963). 

(iv) Detailed calculations for particular cases 

Case 1. Excitation to a pure state 

We must refer back to the Analytical expression (1) to obtain the details of the 

amplitude of modulation. We treat the case when all elements of the excitation 

matrix vanish except «^0. This condition is realized experimentally by using light 

plane polarized with the electric vector parallel to H. Of the terms in (1) which 

do not vanish, those for which m = ra' sum to give the expression obtained by 

Brossel & Bitter (1952) for the mean intensity of the light. The only possibilities 

for modulation are — = 1 or 2. There are 27 terms which represent the mean 

intensity, 36 which represent modulation at oj0, and 18 at 2oj0. The following expres¬ 

sion is obtained for the intensity of fluorescent light in the direction (6, 0): 

in which 

700 = 7°[sin2 0 4- (cos2 d — \ sin2 6) 2.A 

— sin 6 cos 6{B cos (oj0t — (j)) + C sin (a>01 — 0)} 

— sin2 6{D cos (2 o)0t — 20) + E sin (2 o)0t— 20)}], 

&2(4£2+b2+r2) 

~ (£2+62+r2) (4<$2+462+r2) ’ 

2b8(4:82 - 262 + T2) 
~ (#2 + b2+ p2) (4£2 + 452 + p2j ’ 

2&r(4£2+&2+r2) 
- (£2 + b2+ F2) (4£2 + 452 + p2) ’ 

&2(2£2-&2-r2) 
“ (^2+62+r2) (4^2+462+r2)5 

3&2r^ 

(^2+62+r2) (4^2+4&2-f r2)* 
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1° is a constant. A, B,C, D and E, are functions of S (and therefore of II), which are 

plotted for particular values of 6/T, in figure 3. They all show resonance behaviour 

about S = 0 (H = H0). 
When the fluorescent light has passed through an analyzer which passes the 

electric vector at angle oc (figure 2), the expression becomes 

Ioo = /°[(cos2 a cos2 0 + sin2 a) A + (cos2 a sin2 d) (1 — 2A) 

— cos a sin 0(cos2 a cos2 6 + sin2 oc)% {B cos (a>01 — (f> — ijr) 4- C sin (w0 t — (f) — ijr)) 

+ (cos2a cos2Q + sin2a) {D cos (2w0£ — 20 — y) + Esin (20J0t — 20 — y)}], (3) 

Figure 3. The functions A , B, C, D and E plotted for b/T = 2-0 (full lines) and 02 (broken 
lines). The values (o0/27t = 13-8 Mc/s; b/(o0 = 02 and 0-02; F = T35 Mc/s (r = T18 x 10~7s) 
were used on a computer. 
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where 
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tan \jr = 
tana 

cos O' 
tany = 

2 sin a cos a cos 6 

cos2 a cos2 6 — sin2 a 

Modulation is now predicted for certain values of 6 where before there was none, 

but the dependence on H is exactly as before. 

The following features of the above expressions were tested by experiment 

(§4, case 1): 

(i) The form of the curves A, B, C, D and E as functions of H. 

(ii) The dependence on 0. 

(iii) The dependence on a. 

(iv) The ratio B/A, 

Case 2. Mixed excitation 

General remarks. The more general case, that some of the off-diagonal elements of 

the excitation matrix do not vanish, is realized by polarizing the incident light in 

any direction other than parallel to H. To describe this situation we use the term 

‘mixed excitation’. 

With the restriction n — nf lifted, we find in equation (1) non-vanishing terms 

with modulation up to 4w0, having resonances in those regions of H which satisfy 

the condition x = 0. H = H0 does not satisfy this condition. 

Particular examples: (a) Resonances at \H0 and §i/0. The effects at H « %H0 and 

IH, were studied experimentally in considerable detail. Accordingly, we work out 

the relevant terms of equation (1). In order to select these terms we could use the 

analytical condition xres = (p — p')preB,+ (n — n') (o0 = 0, where pTes is a value of 

p near \H0 or f H0, to determine which values r r p, p', n, n' need be considered, but 

it is easier to make use of the frequency diagram (D. & S., p. 366: the labels m, p, 

on the right of figure 2 are to be replaced by n, p, when the process of excitation is 

under discussion). The levels which intersect at the fields we are interested in are 

described by 

(n,p), yn',p') = (0,1), (1,-1) and (0, - 1), (- 1,1), 

respectively. These levels are coherent with all others of the same values of p and p’. 
We thus pick out the terms 

-1 ' 

1 taken with all possible 
► 

1 combinations of m and m'. 

-1 

In this way we select 36 terms from the total of 729. For these 36, the condition 

^res. = 2Pres. - = 0 is satisfied near H = and §#0. These terms reduce to the 

n n' p 

0 1 1 

1 0 -1 

0 -1 -1 

-1 0 1 

278 



The modulation of light in a double resonance experiment 53 

following expressions in the particular case when the light is incident along the x 

axis; it is supposed that no analyzer is used: 

i(a; 6,<f>) t— s*n ^ cos ® ^b2(p — 8)2 {r sin (j) + (2p — a>0) cos </)} (a) 

— (cos2 6 — \ sin26) T63(p — £){rsina>0£-f (2p — o>0) cosw0£} (6) 

+ J sin2 6Tb(p — £)3 {F sin (o)0t + 2(/>) — (2p — o)0) cos (o)0t + 2^)} (c) 

+ sin 6 cos #r&4{r sin (2o)0t — (/>) + (2p — o>0) cos (2o>0£ — <j>)} (d) 

— J sin2 6Tb2(p + 8) {F sin (3o)0t — 2<f>) + (2p — oj0) cos (2o)0t — 2^)}], (e) 

where Q2 = r2 + (2p — o)0)2. 

We notice the following features of these expressions: 

(i) The occurrence of the denominator f}2 in each of them, as a consequence of 

the criterion for the selection of terms. By virtue of this denominator, each term 

shows resonance behaviour when 2p — oj0. The value of p — pTea so determined 

yields the condition for resonance Hrea — H0±^H0(l — 4:HllH2)K As expected, 

HTea tends to \H0 or |H0 when HJHq is small, but as Hx increases the resonance values 

of H move towards H0 until, when Hx exceeds \H0, no real solution of 2p = oj0 

exists. The two resonances merge into one whose intensity thereafter decreases. 

These results may be obtained from a study of the movement of levels in the fre¬ 

quency diagram. As Hx increases, the curves /i = ± 1 become flatter, and the points 

of intersection move towards H = H0 until, when Hx = y>H0, the levels (0,1), 

(1, — 1) and (0, — 1), (— 1,1) are tangential to one another at the field H0. Thereafter 

they draw apart, and the intensity of the single resonance that remains, being 

determined by the amount of overlap of the radiation-broadened levels, rapidly 

decreases. 

(ii) The further role of the denominator FI2 in determining, subject to a small 

distortion mentioned below, the half-intensity widths of the resonances, 2T in 

terms of frequency. Because of the curvature of the levels, however, the widths, 

in units of magnetic field, increase with Hv 

(iii) The frequencies of modulation. These are 0, oj0, 2oj0 and 3o>0, as expected. 

(iv) The dependence on oq, the angle of polarization of the incident light. All the 

terms are zero if at- = 0 or ± 90°, and are greatest when at = + 45°. 

(v) The occurrence of a term proportional to T (Lorentz-type function) and 

a term proportional to (2p — oj0) (dispersion-type function) for each frequency of 

modulation (including 0). 

(vi) The effect of the factors p~4 and some power of (p ± S) in distorting the 

profiles of the resonance curves, in so far as both p and 8 are functions of H. 

(vii) The effect of (p ± 8) to some power on the relative intensities of the two 

resonances within a given term. For p is, by definition, always a positive quantity, 

and 8 changes sign between \HQ and fU0, so that (p ± #) has different values in these 

two regions. 

The relative intensities of the resonances when b oj0 are seen in the table below 

which shows the maxima of the Lorentzian terms (a) to (e) at the two fields. pTes has 

been expressed in terms of o)0 and b. Geometrical factors, and a common factor 8 
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Figure 4. For legend see foot of facing page. 
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Figure 4. Mixed excitation: the coefficients of the sine terms (a( i) to e(i)) and of the cosine 
terms (o(ii) to e(ii)) of equation (4). (Curves for 6(i) and (ii) are obtained by reflecting 
e (i) and (ii) in the line if = H0.) In each case the product of the angular factors has been 
set equal to unity. Ordinates are in units of I/I0. The parameter which labels the curves 
is the value of b/oj0. 
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have been omitted. The maximum values are all proportional to some power of 

(*R) = 21- 
Table 1 

term 
position of ,-A-^ 
resonance (a) (b) (c) (d) (e) 

Wo z2 z3 z z4 z5 
Wo z6 z5 z7 z4 z3 

Most of the features to which we have drawn attention are exemplified in figure 4, 

which represents the terms of equation (4), and are vindicated by the experimental 

work reported in § 4 (ii). 

Particular examples: (b) Resonances near H — 0. By using the frequency diagram, 

or by using the analytical condition #res = (p — /Opres. + (n~ n )(0o ~ 6, we dis¬ 

cover that resonances are also be to expected in the regions H = —H0, 0, 2H0, 3H0. 
Of these, we concern ourselves for the moment only with the region H = 0. Co¬ 

herence effects at the other fields are expected to be very weak. 

The properties of mercury resonance fluorescence in the region H = 0 but without 

the radio-frequency field, were studied by Hanle (1924, 1925), who found strong 

changes in the degree of polarization as H was increased from zero to the field at 

which the Zeeman splitting became comparable with the natural width of the 

energy levels. Fermi & Rasetti (1925), using an oscillatory field of variable ampli¬ 

tude, but no steady field, found that the polarization depended strongly on the 

relative magnitudes of the precessional frequency, yHx, and the frequency of 

oscillation, o0. Our equations should quantitatively describe the first effect, but 

not the second. For Hanle’s experiment, the frequency diagram reduces to the 

normal term diagram, and the Hanle effect appears as a result of the coalescence 

at H = 0 of the three energy levels m = 1,0, and — 1. 

With the addition of the radio-frequency field and the generalization of the term 

diagram into the frequency diagram, levels m = 1, 0 and — 1 still coalesce at H = 0, 

and we should expect still to observe the Hanle effect. In fact, we do (§4). The 

situation is now richer, however, for there exist possibilities of modulation up to 

4qj0. In many of the experimental records (e.g. figure 6) strong modulation is found 

near H = 0. But it is important to remember that an oscillatory magnetic field was 

used in our experiments, as in those of Fermi & Rasetti, whereas our equations refer 

to a rotating field. The effects of a counter-rotating component are likely to be 

particularly strong near H = 0, and not simply additive. For this reason, no 

detailed comparison is made in § 4 between the observations near H = 0 and the 

predictions of the theory. 

4. Observations 

We now describe the results of the experiments, comparing them with the pre¬ 

dictions of the last section. Unless otherwise stated the frequency o>0/27t is 13-8 Mc/s, 

corresponding to H0 = 6-65 G. It is to be understood: 

(a) that the studies of resonance line profiles, although pursued in considerable 

detail, were generally qualitative. The feature which most readily lent itself to 

quantitative study is described in § 4, case 2(c). 
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(6) that in order to detect modulation, it was necessary to tune the radio¬ 

frequency amplifiers to harmonics of the driving frequency, oj0. Modulation was 

not detected when the amplifiers were mis-tuned. That the frequencies of modula¬ 

tion were exactly oj0 and its harmonics is proved by the success with which the 

effects of stray radiation were interpreted (§ 2(iii)). 

It is to be borne in mind that the experimental conditions did not completely 

correspond with the assumptions of the theory. We shall, in due course, point out 

the effects of the following departures from the ideal conditions: 

(a) The material studied was not a single nuclear species, but the natural mixture 

of isotopes in mercury. 

(b) The resonance radiation was to some extent multiply, not singly scattered. 

(c) The radio-frequency field was not uniform over the sample, either in magni¬ 
tude or direction. 

(i) Case 1. Pure excitation 

(a) The form of the functions A, B, C, D and E 

The function A describes the mean intensity of the light. This was studied in 

detail by Brossel & Bitter (1952), and found to correspond closely to the analytical 

form of the function. It now appears, in the light of the discovery by Brossel and 

his colleagues of the coherent diffusion of resonance radiation (Guiochon et al. 

1956, 1957; Barrat 1959) that the phenomenon is rather more subtle than was at 

first understood. When multiple diffusion takes place, as it was taking place in 

their work and in ours, the function A still describes the form of the magnetic 

resonance curve, but the parameter 1/T is no longer the mean lifetime of the excited 

state of the atom, but a ‘ coherence time ’ which depends on the geometrical con¬ 

ditions, and on the atomic concentration. In experiments using natural mercury, 

each isotope in the resonance vessel contributes to the resonance curves indepen¬ 

dently of the others. Curves representing the even isotopes (which dominate the 

natural mixture) are all centred at the same value of magnetic field, and sum to 

yield a resultant curve which is experimentally indistinguishable from the function 

A, although the parameter is some mean of the values appropriate to the individual 

constituents. 

It was observed qualitatively in our experiments that the changes in mean in¬ 

tensity as H was varied through the resonance region followed the function A. 

The changes were approximately twice as great for 6 — 0° as for 6 = 90°, and of 

opposite sign, while in the direction 6 = 55° (tan-1 ^2) the effect was almost zero. 

This observed dependence on 0 is predicted in equation (2). 

Because the function A describes so well the observed mean intensity of the light 

for the natural mixture of isotopes, even when multiple scattering is taking place, 

we would expect that the functions B, C, D and E, and the functions studied under 

case 2, all of which have been calculated for single scattering, would be applicable 

to our experimental conditions, except that T would not be the reciprocal lifetime 

of 3PV but a parameter to be determined experimentally. 

In figure 5, the observed resonance curves dSJdH (where S is the amplitude of 

modulation) are compared with theoretical curves dB/dH, etc., plotted for the values 
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HJH, = 0-08, T/yH0 = 0*075. The experimental conditions were: polarizing angle 

CLi — 0°; no analyzer; direction of observation, 6 = 55°; H0 = 6*65 G; Hx « 0*6G; 

(HJHq « 0*09). The phase e (§2(iii)) was arbitrarily adjusted until curves of the 

desired symmetry were obtained. 

H/H0 

Figure 5 (i and ii). For legend see p. 59. 

The resemblance between the experimental and theoretical curves is remarkably 

close, though the experimental curves are wider. Had fitting been seriously 

attempted, greater care would have been taken with the uniformity of the radio¬ 

frequency field. The small asymmetries, which are more pronounced in (ii) and (iv) 

than in (i) and (iii) reflect admixtures of the components in quadrature. 

When Hx was reduced the curves narrowed, and the central feature in (i) and (ii) 

was eliminated. Thus, 4(i) came to resemble an inverted V rather than an M, and 
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(ii) became more like a conventional dispersion curve. This is in agreement with the 

theory, and represents the diminished effect of the radio-frequency perturbation 

in comparison with the radiation damping when yHx falls significantly below F. 

H/H0 

Figure 5 (iii and iv) 

Figure 5. Experimental recordings compared with theoretical curves, (i) and (ii) modula¬ 
tion at 0JQ; (iii) and (iv) modulation at 2o)0. Experimental conditions: a^/2n =13-8 Mc/s 
(H0 = 6-65G) Hx & 0-6G. Parameters for theoretical curves: b/o)0 = 0*08, F/(o0 — 0-075 
(r = 1*53 x 10-7s). 

In figure 5 (iii) the experimental record has been extended along the axis of H in 

order to show the feature near 2H0. This was a reproducible effect not predicted by 

the theory, and finds its explanation in the non-uniformity of the radio-frequency 

field. It is to be associated with double-quantum transitions of the type investi¬ 

gated by Winter (1959). If there is a component of the radio-frequency field along 

H as well as in the perpendicular direction, transitions are allowed in which 

Am = ± 1, A (energy) = ± 2JUj0. Such transitions are known to give rise to resonance 
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effects in the mean intensity of the light at fields near 2H0. Their intensity depends 

on the product of the transverse and longitudinal components of the radio-frequency 

field. Similar effects are to be expected near 2H0 in light modulated at 2oj0. We 

have not attempted a theoretical analysis of these effects, but we obtained experi¬ 

mental evidence to justify this interpretation. First, the geometry of the radio- 

frequency coil was such that a small longitudinal component was always present 

even when the axis of the coil was perpendicular to H. This would account for the 

presence of the feature under normal conditions. Secondly, when an adjustment 

was made deliberately to increase the longitudinal component, the feature at 2H0 

rapidly increased in intensity relative to the main resonance at H0. Systematic 

analysis was not undertaken. 

In addition to the feature we have just discussed, certain irregularities, which 

could not certainly be distinguished from noise, were to be seen in some of the 

recordings in the region 9 to 10 G. An effect here due to the isotopes with nuclear 

spin is not unexpected, for the field corresponds to a (7-value of 1, which is the (7^-value 

of two of the hyperfine components. No other effects of the odd isotopes were 

observed. 

(b) The dependence on the direction of observation, 6, and the use of an analyzer 

The observations are summed up in table 2. 

Table 2 

0 analyzer modulation 

0° no none 
yes 2 

55° no o)0, 2(t>0 
yes a»0*t, 2w0*f 

C
D

 
O

 
0

 

no 2oj0 
yes 6>o*t> 2w0t 

* Phase dependent on orientation of analyzer, 
t Amplitude dependent on orientation of analyzer. 

These observations are in agreement with the theory (cf. in particular the dis¬ 

cussion of the classical model in the appendix). 

(c) Depth of modulation 

A measurement was made of the depth of modulation of the fluorescent light in 

a convenient direction, 6 = 55°. The particular component chosen for study was 

the function B(cj0). The depth of modulation is greatest at H « H0±yj2Hv and 

approaches its maximum value asymptotically as Hx is increased. The observed 

ratio: (maximum amplitude of the current modulated at ^/(mean current) was 

about 6 %. The ratio calculated from equation (2) is about 40 %. 

The significant feature of the measurement is that it confirms that the modulation 

is a large effect: sophisticated instrumentation is not required to detect it. We 

attach no importance to the discrepancy with the theoretical figure, for the ratio 

may be degraded in a number of ways. On the one hand, the straggling of transit 
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times in the photomultiplier would begin to be troublesome at this frequency; on 

the other, the mean intensity of the light would be augmented, absolutely, by light 

scattered from the resonance vessel, and relatively, by the depolarization of reson¬ 

ance radiation through collisions with foreign gas and through multiple scattering. 

The latter is a large effect (Rollet, Brossel & Kastler 1956). 

A further measurement, imprecise, but nevertheless significant was made, namely, 

the comparison of the amplitude of modulation with the change in the mean intensity 

at resonance. In this comparison the effects of scattered light and of depolarization 

of the resonance radiation are eliminated. With the use of an analyzer (otherwise 

there are no changes in the mean intensity when 6 = 55°, the ratio (maximum 

amplitude of modulated current)j(change in mean current at resonance) was mea¬ 

sured, and found to be 3*8 ± 2-0. The ratio calculated from equation (2) is 2-3. 

(ii) Case 2. Mixed excitation 

We have remarked that new features appear in the modulated fight, and in the 

mean intensity, particularly in the regions H « \HQ and §H0, when the incident 

fight is plane polarized obliquely to the field. The features have the form of resonance 

curves whose profiles approximate to the Lorentzian or the dispersion type of func¬ 

tion. For the modulated fight, we have investigated qualitatively the intensity of 

these resonances, their dependence upon radio-frequency field strength, angle of 

observation, etc. We have found nothing which does not support the theoretical 

expression, equation (4), illustrated in figure 4, except that, for the modulation 

at 2oj0, the resonances near \HQ and §H0 were not of equal strength, which the 

theory requires them to be. We do not regard this discrepancy as important, since 

the signals were weak, and isolated from others only by judicious choice of angle of 

observation, angle of polarizer, and phase adjustment. 

A quantitative study was made of the effects in the mean intensity of the fight. 

This is described in (c) below. 

In all this work the disposition of apparatus was as in figure 2, and (oJ27t, unless 

otherwise stated, 13-8Mc/s. The fluorescent fight was generally observed in the 

direction 6 = 55°, without an analyzer. The incident fight was plane polarized with 

the electric vector making an angle CLi with the direction of H. Unless otherwise 

stated, = 45°, corresponding to mixed (cr++ cr_ + 7r) excitation. 

Some of the experimental curves show features near H — 0 and 2H0. We pay no 

particular attention to these for reasons given in § 3, case 2 (6), and in § 4, case 1 (a). 

(a) Comparison of pure and mixed excitation (modulation at o)0) 

Figure 6 shows experimental curves for the component of fluorescent fight 

modulated at co0, under various conditions of excitation. The frequency oj0I2tt was, 

for these curves, 27-6 Mc/s instead of the usual 13*8Mc/s, in order that overlapping 

of the various features might be avoided. The parameter 6/w0 was about 0*2 (cf. 

figure 4c (i)). 

The following points are illustrated in figure 6: 

(i) Under pure excitation, the resonance near H0 is strong. A weaker feature is 

present near H = 0. 
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(ii) Under mixed (<r+ + ) excitation, the amplitude of modulation is halved, 
its phase reversed, and the additional feature near H = 0 is relatively much 

stronger. ^ 

I_-J---L-1— 

0 0 5 10 h!h0 15 

Figuhe 6. Modulation at oj0 induced by light of different polarizations, (i) <%f = 0°. Pur 
excitation (n). (ii) = 90°. Mixed excitation (cr+ + cr~). (iii) — 45°. Mixed excitation 
(<r+ + or- + n). 

(iii) Under mixed (o’+ + <r~ + n) excitation, the feature near H0 becomes the 
algebraic sum of the a and it signals (incoherent superposition), the feature near 
H = 0 is still present, and a new resonance appears near \HQ. Since this represents 
something other than the algebraic addition of the other two curves, it is proper 
to describe it by the term ‘coherent superposition’. 
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The (integrated) profile of the new resonance corresponds to the Lorentzian term 

of expression (c) on the right-hand side of equation (4), and to figure 4 c (i). (Expres¬ 

sion (c) of equation (4) is much stronger than expression (b), which also represents 

modulation at ct>0.) It was verified that the peak of the new resonance moved with 

increasing Hv and that its profile changed, qualitatively, as predicted by the theory. 

A significant difference between this resonance and the resonance of the first type, 

near H0, is that the width of this resonance is determined principally by F, and only 

in a secondary way by yHv whereas the width of the first type of resonance depends 

on functions like [T2+ (yi^)2]*. 

The predicted dependence on 6 was verified. 

No trace was found of a resonance near f£T0, in agreement with the theoretical 

prediction that the relative intensity of such a resonance would be very small. 

(i) 

H--1-h 
0-5 1-0 1-5 20 

H/H0 

(ii) 

Figure 7. Modulation induced by mixed (& + n) excitation (i) at 2oj0, (ii) at 3o>0. 

(6) Modulation at 2oj0 and 3w0 

Figure 7 (i) shows the modulation at 2a>0 under mixed excitation. The new 

resonances were weak, and followed expression (d) of equation (4) in their depend¬ 

ence on 0. We have already commented on the relative intensities of the two new 

resonances. The feature near 2H0 appeared much more strongly with pure excitation, 

and is confidently interpreted as a double-quantum phenomenon of the type dis¬ 

cussed under case 1 (a) of this section. 

Figure 7 (ii) demonstrates modulation at 3a>0, a frequency at which no signal at 

all appears under pure excitation. A strong radio-frequency field was needed to 

study these resonances (6/w0 « 0*47). It will be noticed in passing that a resonance 

is to be seen at 2H0, for the same reason as before. We are primarily interested, 
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however, in the strong resonances which appear on either side of H0, displaced 

towards it from and §H0, respectively. The stronger resonance is that at the 

higher field. These observations reflect very satisfactorily the general behaviour of 

the theoretical curves, figure 4 (e). (It will be recalled that the experimental curves 

are the derivatives of the amplitude of modulation.) 

(i) 

__L_J_I _L__L__ 
0 05 1*0 05 10 

H/H0 H/H0 

Figure 8. Oscillograms showing changes in the mean intensity of the light as a function of H. 

(i) Radio-frequency field off; (ii) radio-frequency field on; (iii) the effects of increasing 
radio-frequency field strength on the feature near %H0 (the sequence reads from the top 
downwards). 

(c) The mean intensity of the light 

Figure 8 (ii) shows the new resonance in the mean intensity near %H0, together 

with the similar feature near H — 0 which is associated with the Hanle effect. 

Figure 8 (iii) shows the dependence on Hx of the new resonance. Observation in the 

direction 6 = 55° allows its isolation from the Brossel-Bitter resonance, since the 

two phenomena depend in different ways on 6. 

A quantitative study was made of the position of the peak as a function of (6/w0), 

and the profile was examined for a selected value of (6/o>0). The measurements of 
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H and w0 which this entailed were straightforward: more difficult was the measure¬ 

ment of b. Relative measurements of b were made by measuring the induced voltage 

across a probe consisting of a couple of turns of 20 gauge wire, one on either side of 

the resonance vessel. Absolute values were deduced from these measurements by 

a method based on that used by Brossel & Bitter (1952). The uncertainty in b, so 

determined, was about 12 %, though relative values were reliable to 1 or 2 %. The 

method yielded incidentally a value for the mean coherence time, 1/T, appropriate 

to the conditions of our experiment, of (T53 ± 0*07) x 10-7s. 

For this quantitative work the signals were obtained by low frequency modula¬ 

tion, phase-sensitive detection and recording, not by oscilloscope display as in 

figure 8. 

The measurements of the position of the peak are shown in figure 9(i), together 

with the corresponding theoretical curve (solid fine). The broken fine represents 

the addition to the theoretical curve of a first-order correction to take account of 

the counter-rotating component of the radio-frequency field. 

In figure 9 (ii), the crosses show the profile determined by integrating the mean of 

a number of experimental curves taken with 6/w0 covering a range + 12 % on either 

side of the nominal value 0*34. Before taking the mean, the curves were brought 

into coincidence at the point of zero gradient—the peak in figure 9(ii). The solid 

lines show the calculated profiles for the two values of 6/w0 at the ends of the range, 

0*30 and 0-38. These theoretical curves have been displaced along the axis of H/Hq, 

and their ordinates have been scaled, so as to bring their peaks into coincidence at 

the point where the peak of the curve, 6/a>0 = 0-34, would fall. The ringed cross which 

represents the peak of the experimental curve has been brought to the same point. 

In order to establish the base-line for the experimental curve, one further point, 

marked with a ringed cross, was used for fitting. 

Bearing in mind the uncertainty in the measured values of b and in the experi¬ 

mentally determined value of T, and the non-uniformity of Hx over the sample, 

we regard the agreement between theory and experiment as very satisfactory. 

(iii) Further observations 

These studies are being continued by Mr B. P. Kibble who has kindly allowed 

us to report briefly his observations: 

(a) The mean intensity of the light 

By a geometrical arrangement chosen so that the product «^0^lo was pure 

imaginary, the profile of the resonance near \H0 was converted to a dispersion¬ 

shaped curve (Kibble & Series 1961). This is in agreement with the theory. 

(b) Resonances at low frequencies {case 3) 

It has been found that modulation is still to be observed when the frequency of 

the perturbation is much smaller than the natural width of the levels. The value 

& 1 kc/s was used (T « 1 Mc/s). Resonance curves have been obtained centred 

on a field indistinguishable from zero. In order to avoid the complication of the 

anti-resonant component, a rotating rather than an oscillatory field was used. 
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Modulation at the frequencies co0, 2o)0, So)0 and 4w0 has been demonstrated without 

difficulty. With suitably chosen conditions, the curves at o)0 and 2o)0 are represented 

by the functions B, C and D, E, respectively.’ The resonance curve at 4o>0 is repre¬ 

sented by a new function, as predicted by the theory when &>0 < T. Details of this 

work will be published shortly (Kibble & Series 1963). 

Figure 9. The feature near %H0. (i) Position of the peak as a function of (b/(o0). The points 
are experimental; the solid line represents the theory; and the broken line, the theory 
corrected to a first approximation for the effect of the counter-rotating component of 
the radio-frequency field, (ii) The profile. The crosses are experimental points taken 
for b/(o0 nominally 0-34. The solid lines are theoretical curves for oj0/2tt = 13*8 Mc/s, 
r — I/277T = 1*53 x 10-7s. The two ringed points have been used fir fitting. 

5. Concluding remarks 

We have already mentioned the connexion between this work and the studies by 

Brossel, Barrat and their colleagues on the coherent scattering of resonance radia¬ 

tion. We wish to emphasize also its close connexion with the work of Colegrove, 
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Franken, Lewis & Sands (i960; see also Franken 1961) on the anomalous absorption 

and scattering of resonance radiation, for these experiments again demonstrate 

coherence between radiation scattered from different stationary states of energy, 

which is indeed the quantum-mechanical explanation of the Hanle effect. There is 

a close connexion, too, with the work of Bell & Bloom (1957,1961 a, b) on the modula¬ 

tion of absorbed resonance radiation, for here the coherence was established, in the 

earlier work, by radio-frequengy mixing of the ground states, and in the later, by 

modulation of the exciting radiation at a frequency corresponding to the splitting 

of the ground states. 

We wish to acknowledge the encouragement of Professor B. Bleaney, F.R.S., and 

of our colleagues, in the Clarendon Laboratory, and in particular, the help of Dr 

W. N. Fox in the early stages of the work. One of us (M. J. T.) acknowledges grate¬ 

fully the award of a maintenance grant by the Department of Scientific and 

Industrial Research. 

Appendix. The classical model 

The mercury resonance line A 2537 A exhibits the normal Zeeman effect (except 

that the Lande g-factor is approximately 1*5 instead of 1), so that its behaviour in 

resonance fluorescence is susceptible of a simple explanation in classical terms. The 

classical model is particularly useful in making qualitative predictions about the 

directional properties of the fluorescent light, whether or not it is modulated, and 

at what frequencies, etc. It is also capable of quantitative analysis, but this we shall 

not attempt. We shall merely indicate how, in a simple case, the modulation may 

be understood. 

Let us introduce the rotating co-ordinate system used by Larmor, and now so 

commonly used in problems of magnetic resonance. Let S(i,j,k) be a Cartesian 

co-ordinate frame in the laboratory, and let S'(i',j',k) be a frame rotating about 

H = Hk with angular velocity c«>0. The field in S' is the static field 

Heff. = (H — a>0/y) + Hj 

(figure 2ii). Consider now the consequences of exciting atoms with light whose 

electric vector is parallel to H (pure, or 7r-excitation). The electric oscillators of the 

classical atoms will precess with random phase round Heff, forming a double cone 

of semi-angle /? = tan-1 {HJiH — H0)). The properties of the fluorescent fight may 

now be deduced in terms of the radiation from these oscillators. 

Consider in particular the situation at resonance (/? = \tt). The cone becomes a 

disk, normal to H1? with the oscillations taking place along diameters which rotate 

in their own plane with frequency yH1 and random phase. Seen along H1 in S', the 

radiation will be circularly polarized and uniform in intensity. But from any 

particular direction in the i-j plane in S the disk will be seen face-on, then edge-on, 

alternating at the frequency 2oj0. The radiation will thus consist of an unmodulated 

component polarized parallel to H (the 7r-radiation) and a component modulated 

at the frequency 2oj0 polarized perpendicular to H (the cr-radiation). The modulation 

may be simply interpreted as the interference between cr+ fight at the frequency 

(k0 -f ojJ and cr~ fight at (k0 — a>0). 
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Again, at resonance, the light emitted in the direction k in S' will be linearly 

polarized and unmodulated, but in 8 the direction of linear polarization will rotate 

at the frequency 2to0. The light, seen in S, will be unmodulated, unless viewed 

through a plane analyzer, in which case there will be modulation at the frequency 

2oj0. As before, this corresponds to interference between tlie components, in the 

plane of the analyzer, of the cr+ and cr~ radiations. 

Modulation at the frequency co0 might be expected under conditions in which 

(<r+ and n) or (cr~ and 7r) radiations can interfere. Clearly, this cannot be expected 

for emission in the k-direction where there is no 7T-radiation, but in the i-j plane it 

is possible to find suitable conditions. A study of the model allows the conclusion 

that a plane analyzer, oblique to the k-direction (a 4= 0 or r) will transmit light 

modulated at oj0 as well as at 2oj0. In the same way, one finds that radiation oblique 

to the i-j plane (6 4= 0 or ^7r) is modulated at oj0 and at 2a>0, even when no analyzer 

is used. 

These conclusions, established under the restriction of case 1, are the same as those 

predicted by equations (2) and (3). It is possible also to apply the model to case 2, 

but this we shall not here attempt. 
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Abstract. When resonance fluorescence is excited in atoms whose excited states 

have Zeeman or hyperfine structure, it is to be expected that the character of the 
fluorescent light will be affected if the intensity of the exciting light is modulated 

or pulsed. An earlier theory of resonance fluorescence is developed to take account 

of such variations of the intensity of the exciting light. Resonance effects are pre¬ 

dicted if the light is modulated at a frequency which coincides with a characteristic 

frequency of the atoms. A particular case, which has been studied experimentally, 

is worked out in detail. If the exciting light is pulsed, the prediction is that the 
fluorescent light will be modulated, in addition to being damped at the ordinary 

rate for spontaneous emission. 

1. Introduction 

Interest in resonance fluorescence has revived in recent years, partly because of the 
spectroscopic applications of ‘double resonance’ and ‘level-crossing’ experiments, and 
partly because of the illustrations which such experiments afford of the interactions be¬ 
tween electromagnetic fields and free atoms. 

As a natural development from earlier work, we have considered the consequences 
of exciting resonance fluorescence by light whose intensity is not constant in time; in 
particular, by modulated or pulsed light. By virtue of the time dependence of the inten¬ 
sity, a certain coherence is established between different spectral components of the 
light, so that when it is used to excite fluorescence in atoms whose excited states have 
Zeeman or hyperfine structure, the character of the fluorescent light is not the same as 
when the exciting light is uniform in time. If the exciting light is modulated, for example, 
the fluorescent light is itself modulated at the same frequency, but the amplitude of 
modulation undergoes changes which indicate an atomic resonance when the frequency 
of modulation coincides with the interval between two atomic energy levels. 

Experiments using modulated light for the excitation of resonance fluorescence have 
been carried out, and are described in the accompanying paper (Corney and Series 1964). 
The excited states in question were the Zeeman components of the 53Pi level of cadmium. 
Resonance phenomena were found when the frequency of modulation of the light 
coincided with the intervals between the Zeeman levels. 

The object of this paper is primarily to derive detailed theoretical expressions for 
comparison with the experiments. For this purpose, it was convenient to extend a 
theoretical treatment of resonance fluorescence (Dodd and Series 1961, to be referred 
to as DS) which was developed to describe a double-resonance experiment of the type 
introduced by Brossel and Bitter (1952). The general expressions derived in §2 of this 
paper, therefore, apply to experiments in which the atoms experience not only a static 
magnetic field and light whose intensity varies with time, but also a rotating magnetic 
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field. It is easy to separate the effects of the two time-dependent perturbations, so that 

the complication is not serious, but rather reveals interesting possibilities for further 

experiments. The simplification in which the rotating magnetic field is eliminated is 

made in § 3. In § 4 we show how the same results may be derived by the use of a classical 

model. 

Since the earlier theoretical work was concerned with the Zeeman structure of the 

excited state, the formulae derived here do not apply explicitly to hyperfine or other types 

of structure. The case of a 2-level structure of unspecified origin would present no new 

difficulties, and more complicated cases could then be treated by methods of approxi¬ 

mation. One would expect the general features of the results to be similar to the case 

of Zeeman structure treated here. 

2. Extension of the theory of DS 

The theory describes the behaviour of an atom in a uniform magnetic field H, 

irradiated by light whose electric field at the atom at time t is E(t)e\°, where ei° is a unit 

vector. The light is resonance radiation connecting the ground state |£) with a set of 

excited states |m ) which belong to a given level of angular momentum J. For simplicity, 

it is supposed that the value of J for the ground state is zero. (Particular examples are 

the resonance lines of zinc, cadmium and mercury, xPi or 3Pi—1So.) It was supposed in 

DS that the atoms were subjected also to a magnetic field Hi(f) rotating with angular 

frequency coo in a plane perpendicular to H. Although we are not now primarily con¬ 

cerned with the effects of Hi(£), we shall, for the time being, suppose that this field is 

present. 

As in DS, we treat the process of excitation in detail and justify the approximations 

which are made. The resulting equation (6) could have been obtained more directly by 

use of the pulse approximation (Franken 1961) at the expense of insight into the nature 

of the problem. 

We take up the argument of DS on p.360 in connection with the correlation integral 

\ rto+To 

<®(f0,T)> = — E(t)E(t-r)dt (1) 
J to-T0 

which we shall evaluate now explicitly as a function of to. We shall show that, for 

broad-band excitation, <0(6), T)> has the same dependence on to as <0(fo, 0)), which 
itself is proportional to the intensity of the light at time to. After the dependence on to 
has been factorized out, the correlation integral may be treated as in DS. The rest of the 

work is straightforward. We take the opportunity of correcting two misprints in DS: 

on p.360, line 16, 2?i(*o + r) should read Ei{to — r)\ and on p.361, line 19, S(k-k') should 

read 8(r). 

The formal reduction of the correlation integral may be treated as follows Define 

functions 

E(t0, t) = E(t) | for t0+ T0 > t > t0 - T0 
E(to, t — r) = E(t — t) j and zero for all other values of t. 

The value of <0(Zo, r)) is unaltered if these new functions are used in the integrand 

instead of E(t) and E(t — r). The new functions are introduced in order to allow the ex¬ 

tension of the limits of integration from 6) ± To to ± go without altering the value of the 

integral, thereby enabling it to be expressed in terms of the Fourier transform coeffici¬ 

ents of E(t0y t) and E(to, t — r). The two sets of Fourier coefficients are not, in fact, 

identical, but differ from each other by an amount which tends to zero asr/To tends to 
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zero. But, for quasi-monochromatic light of spectral width A, the correlation integral 

itself vanishes for values of r 1/A. If, therefore, we can ensure that To > 1/A, we 

may treat E(to, t) and E(to, t — r) as identical functions of the variable t, and we need not 

distinguish between the two sets of Fourier coefficients. Now, the upper limit for To is 

set by the requirement To 1/(T2 +v2)1/2, so that the functions may be treated as 

identical provided A (r2 + v2)1/2. This condition is satisfied in the experiments with 
which we are concerned. 

The Fourier coefficients E(to, k) are defined through the equation 

E(t0, t) 
1 

VW 

/»+00 

E(to, k) exp( — ikt) dk. 
J —00 

Making use of the fact that E(to, t — r) has the same Fourier coefficients as E(to, t), 
we obtain 

1 rh0° 
<*(*>, T)> = TT l^(*o, ^l2 exP(-^T)dk- (3) 

£1 0 J —oo 

We wish to relate this correlation function to the intensity of the incident light, i.e. 

to the mean value of E2(to), which is simply <<I>(/o, 0))- In the experiments which we 
wish to consider, the modulation was performed without altering the spectral distribu¬ 

tion of the intensity, i.e. <<b(6), 0)) is independent of k. \E{to, k)\2 may therefore be 
written a(to)p(k). It follows that 

/»+O0 
<0(*o,t)> = a(to) p(k) exp(-ikr) dk. (4) 

J —00 

We are not interested in the form of p(k), though we have assumed that it extends 

smoothly over a sufficiently wide range of k. 
We may now proceed as in DS to evaluate the integrals over r for white light and for 

quasi-monochromatic light. The result is simply p(k'). (The case of monochromatic 

light may be treated by direct integration at an earlier stage.) 

Returning to expression (26) of DS, we are left with the integral over to, which 

reduces to 

| dtoflto) exp[-(T + ix)(t-to)]. (5) 
J o 

The general expression for the intensity corresponding to equation (32) of DS is now 

47W 
1 = T ArT'T P(^°) 2 ^nn'<mfl><pL\n}<ny><:p,'\m'> &mmT 

TcAh2ro2 
■ 

x exp[ — i(m — m'— n + ri)a>ot] <f/oa(fi))exp[ — (T+ /»)(/ — /o)]- 
J o 

(6) 

2.1. Modulated excitation 

We write a(to) = l+cos/6). Provided t > 1/T, the integral over /0 has the value 
QuU) 

1 % cos ft f sin ft 

r+ix {r+ix)2+f2 (r+ix)2+p. w 

This result predicts that the fluorescent light will be modulated at the same frequency 

as the exciting radiation, as was to be expected. A more important prediction is that the 

amplitude of the modulation will show resonance phenomena when the applied frequency 

/ is in the neighbourhood of any one of the frequencies x. These are the frequencies 

which are represented as differences between levels in the ‘frequency diagram’ (DS, p.366). 
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2.2. Pulsed excitation 

We take a(to) equal to unity for a period of duration 0 centred on to, and zero else¬ 

where. The interesting phenomena are those which arise when 0 is much smaller than 

the lifetime of the atoms or the period of the frequencies x, whichever is the least. In 

such a case, the integral over to has the value 

0 exp[ — (r + ix)(t —10)]. (8) 

It is predicted that the fluorescent light will be modulated at the frequencies x, damped 

at the rate of spontaneous radiation from the atom. When x = V, the modulation will 

be critically damped. 

3. Application to particular cases: static magnetic field 

It has been convenient up to this point to retain the generality of a time-dependent 

magnetic field as well as time-dependent incident light. We now wish to isolate the effects 

which stem from the time dependence of the light. Removal of the rotating magnetic 

field is described by setting i/i = <x>o = 0 in equation (25) of DS. (The static field H 
remains as before.) In this case, /x = n = m, /x' = n — m , and equation (6) reduces to 

/ = 70 2 r[ dt0G(t0) exp[-(T+ &)(*- *0)] (9) 
m,m' J 0 

where x — (m-m')co, cu = yH. 

3.1. The directions of the beams of light 

It is convenient to study the case in which the fluorescent light is taken at right angles 

to the direction of the incident light (unit vectors j and i respectively), and the field H 
is at right angles to both (unit vector k). The electric vector of the incident light makes 

an angle oq with the direction of H; the fluorescent light is taken through an analyser 

which passes the electric vector inclined at the angle a to H. In this case the excitation 

and emission matrices for J = 1 are 

and 

w 
V2 

lc.2 

m,m’ — [Tj2 
i 
-SiCi 
V2 

Ci2 
i 
-SiCi 
V2 

w 
\ 

— i 
-SiCi 
V2 

w 

l 
1 o2 
2a 

-1 
-SC 
V2 

\ 
_ lc2 

2a 

/ 

^ m,m’ 

-i*2 
V2 

-sc lo2 
2a 

in which si = sin oq 

and a = cosoq 

in which 5 = sin a 

and c = cos a 

(10) 
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3.1.1. Modulated incident light. Combining the expressions (7), (9) and (10), we have 

/or 
cos2ai cos2aj^y + cos/^—--j + sin/^ 

/ 

+ Jsin2ai sin 2a 
CO 

T2 + a>2 

r2+/2 

)+icos/,[_j 

-f Jsinft I 

r2+/2 

OJ~f 
+ 

w+f 
(a>-/)2+r2 (a>+/)2+r2 

r r 

+ Jsin2ai sin2a| 
1 

Lr r2+4a,2. 
+ |cos/£ 

+ ^sin ft 

L(a.-/)2+r2 (aj+ffl+r* 

2F r 
■]) 

-P+r2 (/+ 2a,)2+r2 (/- 2a,)2+r2_ 

2 f f+ 2w f— 2(x> 
_/2+r2 (/+2a,)2-f r2 (/-2a,)2+r2 

(in 
The result demonstrates that, with suitable orientations of polarizer and analyser, 

one may expect to find resonance effects in the amplitude of modulation, centred on the 

fields H — f/y and//2y, that is, when the applied frequency is equal, either to the Larmor 

precessional frequency of the excited atoms in the field H, or to twice that frequency. 

The effects may be interpreted as interferences between the a and 7T, and between the 

<7+ and a~ Zeeman components of the fluorescent radiation. The coherence upon which 

the interference is based is generated by the coherence which the modulation imparts 

to the spectral components of the incident light. 

Equation (11) is in good agreement with the experimental observations.! 

3.1.2 Pulsed incident light. In this case, the expressions (8), (9) and (10) combine to give 

I 
- = 0 exp[ — r(f — £o)]{cos2ai cos2a + Jsin 2oq sin 2a sin aft — to) 
7qE 

+ Jsin2ai sin2a[l — cos 2oj(£ — £o)]} (12) 

where 0 is the duration of the pulse applied at the time to. 

In this case, the coherence which the pulsing imparts to the spectral components of 

the incident light is reflected in the modulation, which is a manifestation of interference 

between different Zeeman components of the fluorescent light. 

Equation (12) has not yet been tested by experiment. 

4. Classical model 

In earlier papers (Dodd, Series and Taylor 1963, Kibble and Series 1963) it was shown 

that the results of certain modulation experiments could be interpreted by using a classi¬ 

cal model of the fluorescing atoms. The present case may be treated similarly. The 

atoms are supposed to behave as isotropic oscillators which the exciting light sets into 

damped oscillation at their natural frequency. (This is the ‘pulse approximation’ which 

is based upon the assumption that the coherence time of the incident light is much 

smaller than the half-life of the oscillators.) The creation of dipoles is treated as a 

sequence of uncorrelated processes at a rate proportional to the intensity of the light. 

t See note added in proof at end of article. 
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We treat the case when the geometrical arrangement is as specified in the last section. 

Consider the behaviour of one such dipole excited at time to- The component P cos oq 

of the amplitude P, parallel to the field H, will be unaffected by it. The component 

P sin oq, perpendicular to the field, will, at time t, have precessed about it by the angle 

u>(t — to), where o> = yH. Both components will decay at the same rate, T/2. At time t, 

the component parallel to the analyser will be 

P(t) = Pfcosoq cos a + sinai sin a sinto(£ — £o)] exp[ —}r(£ —fo)]* 

To find the intensity of fluorescent light at time t, we multiply |P(£)|2 by the number 

of dipoles excited in the interval dto, that is o(to) dto, and integrate over to from 0 to t. 

The results are identical with those of the preceding sections. 
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Abstract. A type of double resonance experiment is reported in which resonance 

fluorescence from an atomic vapour is excited by modulated light. The amplitude 

of modulation of the fluorescent light undergoes changes which indicate an atomic 

resonance when the frequency of modulation is equal to the Larmor frequency of 

the atoms in an applied magnetic field, or equal to twice that frequency. The effects 

have been studied in the intercombination line, A 3261 A, of cadmium. They are 

in good agreement with theoretical predictions. 

The method could be applied to the spectroscopy of excited atoms. 

1. Introduction 

The resonance fluorescence of atomic vapours has been studied extensively in recent 

years, partly on account of its intrinsic interest, and partly because of its application to 

the spectroscopy of excited atoms. Following the double-resonance experiment of Brossel 

and Bitter (1952), a number of detailed studies have been made of the properties of the 

fluorescent radiation when the atoms are subjected to time-dependent magnetic fields 

(Barrat 1959, 1961, Barrat et al. 1963, Dodd and Series 1961, Dodd, Series and Taylor 

1963, Kibble and Series 1963). It was natural to expect that double-resonance pheno¬ 

mena of a rather different sort would arise if atoms-in a static magnetic field were excited 

by light modulated at a frequency which corresponded to one of the precessional fre¬ 

quencies of the atoms in the field. Bell and Bloom (1961) have studied resonance effects 

in the absorbed light which occur at the precessional frequencies in the ground state. 

Resonance effects in the fluorescent light at the excited state precessional frequencies 

are reported in this paper. 

A suitable case for study was the intercombination resonance line of cadmium, 

A3261 A, (53Pi — 51So). The irradiated vapour was subjected to a steady magnetic field. 

When the incident light was modulated, so also was the fluorescent light, at the same 

frequency. The new resonance phenomena were indicated by changes in the amplitude 

of modulation of the fluorescent light when the frequency of modulation wras equal to the 

Larmor frequency of the excited atoms in the applied field, or to half the Larmor fre¬ 

quency. (Since the even isotopes dominate the mixture in naturally occurring cadmium, 

the frequency in question is that of the 3Pi level without hyperfine structure.) 

Note added in proof. A similar experiment has been performed by Aleksandrov (1963). 

2. Experimental arrangement 

Modulation of the incident light was achieved at the source by using a radiofrequency 

field to excite a discharge in a tube containing neon and cadmium vapour, a method 

chosen for simplicity rather than high efficiency. It proved possible by this means to 

obtain in the radiation A3261 A a depth of modulation of about 1% at 462 kc/s. A higher 

3 
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frequency would have been desirable, but could not be obtained by this technique with¬ 

out deterioration of the depth of modulation. 

The resonance vessel was enclosed in an oven at about 200 °c. Stray magnetic fields 

(a.c. and d.c.) were reduced to about 5 x 10-4 G, a figure about one-eightieth of the half¬ 

intensity width of the Hanle depolarization curves. A magnetic field H was applied in a 

direction at right angles to the incident and fluorescent light, and slowly varied from 

about —0*4 to +0*4 G. A linear polarizer and a linear analyser were used, though these 

are not essential for the study of some of the phenomena. 

The fluorescent light in a direction at right angles to the incident light was focused 

on a photomultiplier. The photoelectric signal was passed through an amplifier tuned 

to 462 kc/s, and then applied to a phase-sensitive detector, the output from which was 

recorded using a time constant of about one second. The recorded signals are plots, in 

arbitrary units, of the amplitude of the sine or cosine components of modulation of the 

fluorescent light, or some linear combination of these, as functions of magnetic field. 

The phases are relative to the phase of the modulation of the incident light. 

3. Results 

To illustrate the phenomenon (see figure (a)), we have chosen a situation in which 

resonance effects are to be seen centred on the fields ± Ho and ± Z/o/2, where Hq — fjy, 

(£) 

Amplitude of the sine component of modulation of the fluorescent light (arbitrary 

units), as a function of magnetic field. Polarizer and analyser have both been set at 45° 

to the field. Resonance effects are to be seen near ±Ho and ±Hol2. (a) Experimental, 

(b) theoretical. 
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/ being the applied frequency and y the gyromagnetic ratio. Curves of this type are 

obtained, for a particular setting of the phase control, when the polarizer and analyser 

are both at 45° to the field. It will be noticed that the effects near ± Ho have the general 

shape of Lorentzian curves, while the curves near ± 7/o/2, on the other hand, are dis¬ 

persion type. For equal magnitudes of the field the effects near ± Hq are in anti-phase 

while those near + i/o/2 are in phase. 

In the figure (b) is plotted a curve based on a theory of the effect worked out in the 

preceding paper (Corney and Series 1964; the particular case illustrated is described by 

the coefficient of sin ft in equation (11)). The value of the decay constant F needed in 

the evaluation of the formulae was based on the lifetime 2-25 x 10~6 sec measured by 

Barrat and Butaux (1961). The value of the coherence time deduced from Hanle depolar¬ 

ization cuives taken under the conditions of our experiments differs by about 4% from 

the above value, a difference which would be barely perceptible in the figure (b) if the 

coherence time had been used instead of the lifetime. The agreement between the 

experimental and theoretical curves is very satisfactory. The theory predicts that the 

modulation represented in the figure should be accompanied by modulation in quadra¬ 

ture. The amplitude should follow a dispersion-type profile at ± Ho, and Lorentzian- 

type profiles at ± Ho/2. For equal magnitudes of the field near ± Ho the modulation 

should be in anti-phase, while near ± Ho/2 they should be in phase. All these details 

have been verified by experiment. 

The effects correspond to a redistribution in space of the fluorescent light when the 

applied frequency of modulation is in resonance with the atomic precessional frequency. 

They are manifestations of interference between the Zeeman components of the fluore¬ 

scent light; those at Ho, between the g and tt components, and those at F/o/2, between the 

<7+ and g~ components. This is convincingly demonstrated by the dependence of the 

effects on the angles of polarizer and analyser: the effects at Ho, for example, are elimin¬ 

ated when the polarizer is crossed with the magnetic field, thus allowing only g++g~ 

excitation. 

4. Conclusion 

Our aim in this work has been the study of the phenomenon itself. Nevertheless, 

it is clear that the method could be applied to the spectroscopy of excited atoms in the 

same way as the double-resonance technique of Brossel and Bitter. An advantage to be 

gained by the present method is that the sharpness of resonance is believed to be deter¬ 

mined by the radiation width of the levels only (within the approximation that the prob¬ 

ability for excitation is very much smaller than the probability for spontaneous decay), 

whereas in the other method the oscillatory field which induces the transitions makes a 

definite contribution to the width of the resonance curves. 

The rather complicated contours of the figure, which might lead one to avoid the 

method as a technique for quantitative spectroscopy, arise simply because of the in¬ 

complete resolution of four distinct resonance curves. Two of these, those which are 

found on the same side of zero field (positive or negative), arise because there are two 

different intervals in the three-level system with which we are working. A two-level 

system would display only one resonance in positive fields and one in negative fields. 

The resonance in negative fields could be removed (in principle) by using a rotating beam 

of light to excite the fluorescence instead of a modulated beam. When a modulated 

beam is used, the tail of this resonance overlaps the resonance in the corresponding posi¬ 

tive field, and slightly distorts it in a manner akin to the Bloch-Siegert effect. The 
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distortion can be reduced by working at a higher frequency. The use of electro-optical 

shutters to modulate the light would allow the resonances to be shifted to fields large 

compared with their widths. Under these conditions, the shapes of the curves are pre¬ 

dicted to be simple Lorentzian or dispersion functions, or some combination of these, 

depending on the choice of phase. 
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A method is proposed for measuring the interval between two atomic energy levels of different parity. The 

method is related to optical radio-frequency double resonance and level-crossing experiments in that the be¬ 

havior of atoms in excited states is deduced from observations of the fluorescent light. In contrast with the 

oscillating electric field ordinarily used to stimulate transitions between states of opposite parity, a small, 

static electric field is required. The rate at which atoms are excited is required to be modulated; consequently, 

the fluorescent light will be modulated. The amplitude of modulation will depend on the parameters. A gen¬ 

eral expression is derived. Two cases are of particular interest: (I) A resonance effect is predicted if the fre¬ 

quency of modulation matches the interval between the perturbed levels. This effect could best be studied 

for frequencies much greater than the combined natural widths of the levels. (2) For frequenciessmallerthan 

the natural width, a level-crossing effect is predicted whose peak occurs at the point of intersection of the un¬ 

perturbed levels. The method might be applied to measure intervals between the 2s and 2/> levels in hydro¬ 

gen. Estimates are given of the required fields and frequencies. 

1. INTRODUCTION 

IN recent years a number of new techniques have 

been developed for studying the intervals between 
close-lying energy levels in excited atoms.1 The tech¬ 
niques have in common the measurement of the in¬ 
tensity of the radiation emitted when the atoms decay, 

but the fundamental basis of the experiments is differ¬ 
ent according to whether the states concerned are 
members of a Zeeman or hyperfine multiplet, in which 
case they are of the same parity and decay at the 
same rate, or whether they are of different parity, and 

decay at different rates, as, for example, the 225’1/2 and 
2 2P1/2 states in hydrogen. In both cases the application 
of oscillating fields, capable of inducing transitions 
between the states of interest, causes changes in the 
emitted radiation. In the former case the character 
of the transitions is magnetic dipole. The effect of these 
transitions is primarily to alter the spatial distribution 
of the radiation; the spectral distribution changes very 
little. In the latter case the transitions are electric 
dipole. The change of parity which this implies requires 
that the atom must decay to an entirely different term, 
so that the spectral distribution of the radiation changes 

profoundly. 

In the case when the states are members of a 
multiplet, changes in the spatial distribution of the 
light occur also when the energy levels are degenerate, 

a situation which is frequently found in the inter¬ 
mediate-field region of the Zeeman effect in hyperfine 

structure. (In fact, the effect was discovered in con¬ 
nection with the ordinary triplet structure in helium.2) 
The method of locating these level crossings by meas¬ 
uring the intensity of the fluorescent radiation in some 

particular direction, as a function of magnetic field, is 
a very elegant method of studying hyperfine or multi¬ 
plet structure, partly on account of its simplicity, and 

1 J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952); W. E. 
Lamb and M. Skinner, ibid. 78, 539 (1950). For a review of later 
developments, see G. W. Series, Rept. Progr. Phys. 22, 280 (1959). 

2 F. D. Colegrove, P. A. Franken, R. R. Lewis, and R. H. 
Sands, Phys. Rev. Letters 3, 420 (1959). 

partly because the precision with which the points of 
intersection may be determined is limited only by the 
natural width of the energy levels. 

The level-crossing technique cannot be applied when 
the degenerate levels are an isolated pair of different 

parity, since the states concerned cannot then be 
transformed into one another by rotations. A super¬ 
ficial analysis might suggest that the mixing of states 
provided by a static electric field would allow level¬ 
crossing effects to be detected, but on examination it 
becomes clear that the intensity of the fluorescent 
radiation must be independent of the degree of mixing 
(cf. Sec. 5). 

Rose and Carovillano3 considered the possibilities of 
detecting level crossings in the n—2 states of hydrogen, 
with a view to determining the Lamb shift. The 
p-p intersections, which can in principle be located by 
the technique we have mentioned, give no information 
about the Lamb shift. The s-p intersections can in this 
case be located by the level-crossing technique by 
taking advantage of the proximity of other p states, 
for a strong electric field can mix into the j state some 
fraction of a nearby p state and endow it with sufficient 
p character to make the experiment feasible. However, 
if the field is to be sufficiently strong to achieve this 
mixing, the perturbation of energy levels will be such 
that the position of the level crossing becomes quite 
insensitive to the value of the Lamb shift. 

The purpose of this paper is to propose a type of 
experiment which would allow the location of crossing 
points between energy levels of different parity, and 
thus provide an alternative method for measuring the 
Lamb shift. The basis of the method is to exploit the 
possibility of temporal, rather than spatial redistribu¬ 
tion of resonance fluorescence. We propose to consider 
changes in the amplitude of modulation of the fluo¬ 
rescent light when the rate of excitation of the atoms 
(either by light or by electron impact) is modulated. 

A small, static electric field is required to mix the 

3 M. E. Rose and R. L. Carovillano, Phys. Rev. 122, 1185 
(1961). 
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stales, lnit the requirement of Rose and Carovillano 

for an optimum effect, that the field should be parallel 

to the axis of quantization, does not concern us here. 

The argument will hold for any pair of states between 

which a perturbation can be established by a suitably 

oriented electric field. One variant of the experiment 

makes use of the fact that the degree of mixing pro¬ 

vided by a field of constant magnitude depends on the 

separation of the energy levels; another makes use of 

the resonance effects which arc to be expected when 

the frequency of modulation matches the interval 

between the perturbed levels. Resonances of this sort 

have been studied when the states concerned were 

members of a Zeeman multiplct.4 

We shall analyze the case of an isolated pair of 

excited energy levels belonging to states of opposite 

parity, having in mind any pair of intersecting s and 

p levels in hydrogen-like atoms. The presence of other 

l>tie structure levels will not substantially affect the 

/argument. We shall consider first the effect of an 

electric field on the excited states and energy levels, 

and calculate the intensity of the light which would be 

emitted from an atom instantaneously excited into 

the p state. We shall show that this should be modu¬ 

lated. We shall then show that the intensity of the 

fluorescence from atoms excited to the p state at a 

uniform rate is unmodulated, independent of the 

electric field, and independent of the proximity of the 

s state. Finally, we shall show that, when the rate of 

excitation is modulated, the amplitude of modulation 

of the fluorescent light does depend on the interval 
between the s and p levels. 

2. TIME-DEPENDENT WAVE FUNCTION 
OF THE EXCITED ATOM 

Consider the effect of a perturbing electric field on 
an atom whose eigenstates | a), | b) of the Hamiltonian 

3C0 have eigenvalues fika, Pkh. Let hV be the perturba¬ 

tion Hamiltonian. We shall treat radiative decay by 

introducing a damping Hamiltonian 3Cd whose matrix 

is diagonal, with elements 0 for |o) and — itiy/2 for 

| b), that is to say, the state | a) is supposed to be non- 

radiative. F is independent of time, as are 3Co and 3Cd- 
(See Fig. 1.) 

Let |/) be the state of the atom at time t. We need 

to solve the equation of motion 

ifi (d 10/dt) — (3CoT3C/)T^F) 10- (1) 

Expanding | /) in eigenstates of 3Co in the interaction 

representation: 

|t)=a(t) exY>(—ikj)\a)+b(t) exp(—ik^) |b), (2) 

substituting (2) in (1), and using the orthogonal 

4 E. B. Aleksandrov, Opt. i Spektroskopiya 14, 436 (1963) 
^English transl.: Opt. Spectry. (USSR) 14, 232 (1963)]]. A. 
Corney and G. W. Series, Proc. Phys. Soc. (London) 83, 207, 
213, and 331 (1964). O. Nedelec and J. C. Pebay-Peyroula, Compt. 
Rend. 251, 1951 (1962). 

perturbation. 
10-p) 

■i(-H 

property of | a) and | b), we obtain two equations from 

which the differential equation for b(t) may be obtained: 

6+6(7/2-^)+i(|F|2-W2) = 0, (3) 

where oj=ki>—ka. 
The general solution 

b= Bi exp(wi0+^2 exp(w20 (4) 

satisfies (3) with 

mi=H(-y/2+P)+i(w+q)} 
and 

ni2=hi{—t/2—p)+i(w—?)} , (5) 

where 

P= (H(t2/4—a)2—4| F|2) 

+C(t2/4+w2+4| F|2)2-4| F| V]1/2}}1/2, 
$={*{-( 72/4—co2—4|F|2) 

+[(7V4-Kr4-4| F|2)2—4| F|V]1/2}}1/2, 
and 

pq=yw/2. (6) 

The two terms in the probability amplitude of |6), 

{Bi expexp(m20} exp(—ikbt), 

indicate that the atom can exist in state | b) at either 

of two levels which differ in frequency by Im(wx—w2) 

= 9, and with decay constants Re(wi) = 5(—y/2-\-p) 
and Re(m2) = ^(—7/2—p), respectively. Similarly, the 

solution for a(t) expressed in the form a{t) = A\ exp(wi/) 

+A2 exp(w2() yields 

«!=§{ (-7/2+p)-i(u-q)} 

and 

M (-7/2-p)~i(o)-\-q)} • 

The exponents (ni—ika)t, (n-i—ik^l in the proba¬ 

bility amplitude of |a) are identical with those in the 

probability amplitude of \b). In deriving this familiar 
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Fig. 2. Effect of 
the perturbation in 
the region of the 
level crossing. 

(i) 2\V\>y/2; 

(ii) 2|F|<7/2. 

result, we wish to emphasize that if an atom is either in 
state | o) or in state | b), its wave function contains two 
frequencies. States |a) and | 6) share the same energy 
levels and the same decay constants, but the proba¬ 

bility amplitudes depend on the initial conditions and 
on the time. 

Solutions corresponding to (5) were obtained by 
Lamb5 who pointed out an interesting feature of the 

result in the region of the level crossing. When 
21 V\ >7/2, the energy levels repel one another, as in 
Fig. 2(i), but when 2| V\ <y/2, the levels continue to 
cross at the same point where they would have crossed 
in the absence of the perturbation, as in Fig. 2 (ii). In 
case (i), the states are completely mixed at the crossing 
point, but in case (ii) the mixing is only partial. The 
variation of the mixing in the region of the crossing 
point is the basis of one form of the experiment we are 
proposing. 

The solution (4) is completed by finding B\ and B2 
for given initial conditions. The conditions 6=1 and 

a=0 at /= 0 lead to 

Bi= (y/2+m2)/(m2-m1), 

B2= (y/2+nil)/(mi— , 

and 
Ai= —A2=iVab/(m2—mi). 

We are now in a position to consider the emission 

of light by an excited atom. 

3. THE EMISSION LIGHT 

We consider the decay from the excited state to a 

lower state | g). We suppose that matrix elements of the 
electric dipole exist between |6) and |g), but not 
between |a) and |g). The intensity of the component 
of radiation whose electric vector is parallel to the 

unit vector e° is proportional to 

_ |<^|e°.P|/>|2. 
5 W. E. Lamb, Phys. Rev. 85, 259 (1952). 

Expanding |/), we find that /(/,0), the intensity at 
time t from atoms excited at /= 0, is proportional to 

| b(t) |2, where the constant of proportionality depends 
on the matrix element |(g|e°*P|6)|2, the direction in 

which the light is observed, and other constants which 

need not concern us. 
Using Eq. (4), with nil and m2 given by (5) and B{ 

and B2 by (7), we find 

l(t,0) a a exp(—y/2+p)t+c2 exp(-y/2-p)t 

+ 2(a cosqt—(i sinqt) exp(—y/2)t, (8) 

where 

I £112= { (y/2-pY+ (u-qY)/±(f+q-), 

Ci= |B212= {(7/2+/>)2+ (co+<7)2}/4(/>2+</0 , 

and 

(a+i(i) = BiB2*= {(^2-72/4+$2-«2) 

+ i(qy-2pu)}/Mf+q-). 

Equation (8) predicts that the radiation from an 
assembly of atoms excited simultaneously and instan¬ 
taneously to the state |6) should consist of two com¬ 
ponents exponentially damped at different rates, and 
a component modulated at the frequency q damped at 
half the unperturbed rate of radiation from |6). The 
modulation arises from the fact that the atom can 
exist in the state [ b) at two different levels of frequency. 
It is to be noticed that q is the interval between the 
perturbed, not the unperturbed levels. 

4. THE PROCESS OF EXCITATION 

We suppose that the atoms are excited to |6) either 
by light of spectral range A much greater than q, or 
by electron impact. Coherence of phase in the process 
of excitation is lost in a time ~ 1/A in the first case, 
or within the interaction time in the second. Provided 
these times are much smaller than the mean lifetime 
of the excited atom, we may treat the process of exci¬ 
tation as a rate process. The rate of excitation may be 
uniform or time-dependent: In either case, we may 
write that the probability of excitation in the interval 
dt0 is <r(to)dto. 

The effect of a perturbation on a rate process is 
determined by its effect on the initial state. If, there¬ 
fore, the state from which the atoms are excited is not 
perturbed by the electric field (which will be true for 
the 12^i/2 state in hydrogen), the rate at which atoms 
are introduced into state | b) will be independent of V. 

5. STEADY-STATE SITUATION 

Before we take up the question of modulated excita¬ 
tion, it is worth while verifying that the analysis of 
Secs. 2 and 3 yields a sensible result for the case of 
excitation at a uniform rate. Using Eq. (8) with (/ — fid 
for t, and setting a(to) = r, a constant, we find that the 
intensity of radiation at time t from an assembly of 

307 



A 687 STUDY OF MODULATED, FLUORESCENT LIGHT 

atoms excited to state | b) at a uniform rate is 

K» = r I(t,lo)dlo 

=k\ 
Cl C2 (cry—2/3g)| 

\y/2—p (y/2+p) (72/4+^2) I 
(10) 

where K is a constant. The steady-state intensity is 
independent of time, as one would require. 

With the help of Eqs. (6) and (9), the sum of the 
three terms in square brackets may be reduced to I/7. 
This result is the analytical justification of the remark 
that the intensity of the fluorescent light is independent 
of a; and | V |, that is, independent of the degree of 

mixing of states |a) and | b). To interpret this result, 
it is not sufficient to think merely in terms of popula¬ 
tions and decay rates. It is tempting to argue that the 
modified decay constants of state |£>) just compensate 
the fact that some of the excited atoms are transferred 
by the perturbation to the nonradiating state |a). 
This is to overlook the cross term (the third term) in 
Eq. (10), which expresses the correlation between the 
partial probability amplitudes B\ and B% The con¬ 
tribution of the cross term is not negligible: Its value, to 
first order in |F|2, is — | E[2y/(72/4-|-w2-i-4| F|2)2. 
Nevertheless, the conclusion is entirely acceptable that 
if atoms are excited to the state | b) at a uniform rate, 
then the intensity of the fluorescent light from state 
| b) should be independent of the perturbation. 

6. MODULATED EXCITATION 

Suppose that the rate of excitation is modulated at 
the angular frequency /. We write <r(/o) = r(l+cos//o), 
and proceed as in the last section. 
We have 

I(t) = r I (l+cosfto)I(t,to)dt0 
J 0 

= K{A+B cos ft+C sin ft), 

(ay 2fiq) 1 
J 

7 

where 
(ID 

A=- 
c 1 c 2 

B = 

7/2 ~P 7/2+/> 72/4-f<72 

Ci (7/2 p) c2(y/2+p) 

(7/2-py+r (y/2+py+p 
\\ay-2(i(q-\- /)] h[ay-2 &{q-J)~] 

and 

C=- 
cif 

72/4 +(?+/)2 

Ct f 

774+(?-/)2 

(7/2-py+p (7/2+py+p 
\[2a(q+J)+py~\ h[2.a{q- J)+py~] 

774+ (<Z+/)2 774+(q-f)2 
It is predicted that the fluorescent light should be 

modulated, and that the amplitude and phase of the 

Fig. 3. Resonance 
effects in the ampli¬ 
tude of the cosine 
component of the 
modulation (B) and 
the sine component 
(C) when f»y. 

modulation should depend on w, 7, |V|, and /. We 

shall consider the variations with w, regarding the 

other quantities as parameters. It is convenient to 

consider the functions B and C separately. Experi¬ 

mentally, they can be isolated by phase-sensitive 

detection of the modulated component of a photo¬ 

electric signal. 

The variations of B and C are of two types. The 

cross terms (those containing a and /3) exhibit reso¬ 

nance phenomena when ±q (the separation of the 

perturbed levels) is in the neighborhood of /. These 

we shall study under the condition co (and therefore q, 
and therefore /) s>y/2. On the other hand, when 

/«7/2, the' direct terms in B and C which have the 

coefficient ci are sensitive to the relative magnitudes of 

/ and | V |. This will yield changes in the magnitudes 

of B and C in the region of the level crossing. We shall 

study this effect under the condition | V\<<7/2, which 

simplifies the analysis and leads to the greatest pre¬ 
cision in the location of the level crossing, though it is 

not a necessary restriction. 

A. Resonance Effects 

By choosing / sufficiently large, the resonance terms 

in B and C, those with the denominators {72/4+ (q±f)2}, 
dominate the others. These terms are combinations of 

slightly distorted Lorentzian and dispersion-type func¬ 

tions, both of which go through resonance when ±q=f. 
Sufficiently far away from the region of the intersec¬ 

tion the value of q will be only slightly different from 

w, the unperturbed separation of the levels. Although 

we are regarding o> as the primary variable, it is ana¬ 

lytically simpler to regard the resonances as functions 
of q. 

The distortion is due to the slow variation of a and 

with u. The width at half intensity of the Lorentzian 

component (as a function of q) is 7, so that the condi¬ 

tion for separation of the resonance terms from the 

background is fi>y. The relative contributions of the 

Lorentzian and dispersion components in the region of 
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resonance is a/ft in the case of B and ft/a in the case of 

C. In the approximations | V\2<^(ya/4-{-aP-\-4\ V\2), 
uft>y/2, we find a/ft —> co/7. These approximations are 

valid sufficiently far away from the region of inter¬ 
section, so that the Lorentzian component will be 

dominant in the cosine component of the modulation 

(B) and the dispersion shape in the sine component 
(C) . (See Fig. 3,) 

B. Level-Crossing Effects 

As / is reduced below 7, the resonance curves on 
either side of the intersection draw together, while the 

background terms assume a relatively greater im¬ 
portance. The sum of the terms C is smaller than the 

sum B in the ratio //(7/2), that is to say, the phase of 
the modulation remains almost constant as the inter¬ 
section is traversed. We shall consider the variation of 

the only significant contribution to the amplitude B. 
Under the approximations | F' | <5^7/2, /■«7/2, the 

last three terms in B sum to where x?= | F|2/ 
(72/4+oj2). The first term, C\{y/2—p)/{ (y/2-pY+P), 

reduces to 0 if (//y)^>x? and x?/y if (//7)«x2. Hence, 
as / —> 0, the amplitude of modulation of the fluo¬ 
rescent light becomes independent of cj and | V |, which 
is in satisfactory agreement with the result obtained 
for the limiting case when the rate of excitation is 

constant. Gn the other hand, if /i2>| F|27/(72/4-|-a>2), 
one wall expect to find changes in the amplitude of 

modulation given by 

B-{1-|F!2/(72/4+w2)}/7, (12) 

namely, a resonance curve of width 7 at half-intensity, 
centered on w=0. It will be noticed that if the condi¬ 
tion f»\V\2y/(y2/4+u}2) is satisfied at o>=0, it will 

be satisfied also for nonzero values of o>. 

7. DISCUSSION 

The resonance effects predicted in Sec. 6.A bear an 
interesting relation to the conventional type of double 
resonance experiment. In such experiments an oscillat¬ 
ing electric field is used to induce transitions from 
| b) to | c) in an assembly of atoms excited at a uniform 
rate. The peak of the resonance curve is found when 
the applied frequency is equal to a>, the interval be¬ 
tween the unperturbed levels. In the present case a 
static electric field induces transitions for which the 
frequency of resonance is zero. The frequency q is that 
at which the probability amplitudes oscillate between 

| b) and | a). The phase of this nutational motion is not 
synchronous for different atoms when the rate of 

excitation is uniform, but it becomes so if the process 

of excitation is modulated at the nutational frequency. 
One finds a resonance in the amplitude of modulation 

of the fluorescent light at the frequency q, not a;. The 

difference between q and co is small and could be esti¬ 
mated in any particular case, but it might be possible 

to find the position of the crossing point without 

applying this correction by studying the resonances on 
either side of the intersection, since the displacements 

of the two peaks are equal and in opposite directions. 
The level-crossing experiment suggested in Sec. 6.B 

should yield a symmetrical curve whose peak corre¬ 

sponds to the point of intersection of the unperturbed 
levels. The fields and frequencies for studying such 
curves in the n—2 states of hydrogen are easily within 
reach. Crossing points for which Am=±l (in the 
notation of Lamb,6 these are fte, ac and ftd) are found 
at approximately 500, 4500, and 7000 G, respectively. 

For the first of these the perturbation | V\ introduced 
by thermal motion at right angles to the field H allows 
the conditions under which Eq. (12) was derived to be 
satisfied. The conditions were 4| F12/72<3C//7<<£. The 
value of y/2ir for the states 22Pj/2 is close to 100 Mc/sec. 
Taking v= 2.4X 105 cm/sec, the mean thermal velocity 
at 0°C, E=(v/c)XH is approximately 1.3 V/cm and 
| V\/2ir approximately 2.4 Mc/sec. The choice f/2ir=3 
Mc/sec then yields f/y = 3X10~2, which lies conven¬ 
iently between \ and 4| F|2/72= 2.3X10-3. 

The larger fields at the crossing points ac and ftd 
increase the electric field due to thermal motion to the 

point where the approximations are not justified, but 
if / is increased to be at least comparable with 41 V12/7, 

the predicted effects should still be observable. The 
approximation |F|«7/2 was introduced merely to 
simplify the analysis. As / is increased the resonance 
curves will widen, but should still remain symmetrical. 

The crossing ft/, which occurs at about 1000 G re¬ 
quires a component of E parallel to H which the 
motional electric field cannot provide. For this crossing, 
an applied electric field of a few volts per cm would be 
necessary. 
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A theoretical and experimental study has been made of the intensity of forward scattered 

light in conditions of radio-frequency double resonance and level-crossing. The main con¬ 

clusions are (i) that the magnetic resonance and level-crossing effects which are familiar in 

the laterally scattered light are to be found also in the forward scattered light, but (ii) that the 

resonance curves are Doppler-broadened, and the strength of the oscillatory field necessary 

to generate them is correspondingly increased, and (iii) that coherence narrowing is much 

more pronounced in forward than in lateral scattering. 

The differences derive from the coherence between the radiation from different atoms 

which is present in forward, but not in lateral scattering, and which is implicitly recognized 

in the classical theory of the propagation of light in polarizable media. The equations 

of electromagnetism form the basis of the present analysis. In the presence of the oscillatory 

magnetic field the polarization tensor is complex and time-dependent. The time dependence 

leads to the result that the number of eigenwaves necessary to describe propagated waves in 

the medium is four, as against the usual two. An arbitrary wave is resolved into a super¬ 

position of the four eigenwaves, all of which have different propagation constants. The ana¬ 

lysis is very general, and is applicable to experiments with lasers. The components of the 

polarization tensor are derived by finding first the polarizability of individual atoms from 

a semi-classical theory of their interaction with light and magnetic fields. The macroscopic 

polarization, obtained by summing over individual atoms, is then given by folding the 

individual polarizabilities with the Doppler distribution of resonance frequencies. 

In the particular case studied in detail (the inter-combination resonance line, 2537 A, 
in mercury), the Doppler width is much greater than the radiation width, and the imaginary 

(absorptive) part of the polarizability is Gaussian. 

Expressions are derived in a ‘weak scattering’ approximation for the intensity of the 

forward scattered light. They are magnetic resonance functions which are found to be the 

Doppler-broadened equivalents of the familiar functions, based on Lorentzians, character¬ 

istic of scattering by a single atom. In the case of double resonance the forward scattered light 

is strongly modulated, as is the laterally scattered light. 

To investigate coherence narrowing, the zero-field level-crossing has been studied with the 

restriction of ‘weak scattering’ removed. The result is obtained that the width of level¬ 

crossing curves is inversely proportional to the vapour density for magnetic fields such 

that the Zeeman splitting is small in relation to the Doppler width. This analytical result 
has been verified experimentally. 

1. Introduction 

This work continues a study of the properties of the fluorescent radiation in optical 

radio-frequency double resonance and level-crossing experiments (Brossel & Bitter 

1952; Colegrove, Franken, Lewis & Sands 1959). In experiments of this type, 

observation of resonance radiation scattered laterally from an atomic vapour 

subjected to static and oscillatory magnetic fields provides a means of monitoring 

the behaviour of atoms in excited states, and has led to numerous measurements 

of hyperfine structures, (/-values and lifetimes. Studies of the interaction processes 

themselves have brought to light the phenomena of coherence narrowing (Guiochon, 

t Now at Department of Physics, University of Windsor, Windsor, Ontario. 
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Blamont & Brossel 1956; Barrat 1959) and of modulation of the fluorescent light 

(Dodd & Series 1961; Dodd, Series & Taylor 1963; Kibble & Series 1963). 

It appeared to us plausible that observation of the forward scattered radiation 

might lead to a great increase in sensitivity of these methods, since the radiation 

scattered in the forward direction from different atoms is coherent, whereas the 

radiation scattered laterally is incoherent. We shall show7 in this paper that the 

expected increase in the intensity of the light is to be set against a broadening of 

the resonance curves which arises from the wide Doppler distribution of the 

resonance frequencies of the atoms. The need to introduce the Doppler distribution 

is evident when the problem is studied in terms of the progression of electromagnetic 

waves through the vapour. As is well known, the wave which actually progresses 

through a medium may be interpreted as the result of the interference of the forward 

scattered wave with the primary wave. The latter may be removed by suitable 

experimental technique, so that we are left solely with the forward scattered 

component. The fact that we are dealing with an attenuated vapour does not 

invalidate a treatment on the lines of the classical theory of dispersion (see Kronig 

1926). Hence one is led to introduce the bulk polarizability of the medium, which 

requires a summation over the Doppler distribution of the resonance frequencies. 

In so far as the spectral width of this distribution is normally much greater than 

the damping constant of individual atoms, the result is that the assembly of atoms 

behaves, in respect of the forward scattered light, like a set of identical, static 

oscillators whose damping constant has been greatly increased. The argument does 

not hold for the laterally scattered light since, in the attenuated vapours we are 

considering, there is no constructive interference in the light from different atoms. 

Each contributes independently to the total intensity. Since it is the damping 

constant which determines the width of magnetic resonance curves and the strength 

of the oscillating field necessary to generate them, it would appear that the wfidth, 

and the required field strength, would need to be greatly increased if the resonances 

are to be studied by detecting forward scattered light. 

There is, however, a further difference between forward and lateral scattering, 

namely that the coherence narrowing which is brought about by multiple scattering 

when the vapour density is increased is much stronger in the former case than in the 

latter. In an experiment in which no special attempt was made to achieve the 

greatest possible narrowing, a curve 100 times narrower than the Doppler width 

was obtained. 

(i) Isolation of the forward scattered light 

In studying the forward scattered light, the problem arises of the necessity of 

separating it from the much stronger primary radiation. Dicke & Griffiths (1957) 

contrived a physical separation of the primary and scattered beams by preparing 

the scattering medium (sodium vapour) in the form of a coarse diffraction grating. 

The light in orders other than the zero order is predominantly scattered light, 

yet retains the coherence properties characteristic of forward scattering. Bradley 

& Fork (1964) suppressed the primary beam by using an interference technique. 

The scattering vapour was placed in one arm of a Mach-Zehnder interferometer, 
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and changes in the retractive index in the neighbourhood of the resonance line were 
studied when the vapour was subjected to magnetic fields. 

The method envisaged in the present work is to place the scattering vapour 
between crossed polarizer and analyser, and to measure the transmission of the 

system to collimated resonance radiation (figure 1). Any light which passes the 
analyser under these conditions must be scattered light. By applying various 
magnetic fields to the vapour, both level-crossing and double resonance phenomena 
could be explored. The system chosen for detailed study was the resonance radiation 
oi mercury, 2537 A(63P1—^Sq). The following discussion refers to the even isotopes. 

' / 
\ / 

lamp polarizer 

scattered 
light only 

scattering vapour crossed photocell 
analyser 

Figure 1. Idealized experiment for studying forward scattered light. 

(ii) Level-crossing experiment 

The Zeeman levels m — ± 1 of the excited state 3P1 cross at zero magnetic field. 
The level-crossing can be explored by varying a magnetic field applied to the 
vapour in the direction of propagation of the light, from negative, through zero, 
to positive values. It is easily seen that this geometrical arrangement is suitable 
for studying the level-crossing phenomena if the incident light is linearly polarized, 
for in this case both the exciting and scattered beams are coherent superpositions 
of cr+ and or~ radiations. 

From a more conventional point of view, the experiment we are here contem¬ 
plating might be described as a study of the Faraday effect in the neighbourhood 
of an optical resonance line, such as was made many years ago by Macaluso & 
Corbino (1898). Using a spectrograph, these authors measured the FaradayTota- 
tion in sodium vapour as a function of wavelength. However, since our intention 
was that the present experiments should resemble as closely as possible those on 
the lateral scattering of resonance radiation, we were not concerned to measure the 
rotation, or to introduce spectral resolution. A photoelectric cell was used to 
measure the total intensity of the light which passed the analyser. Plots of the photo¬ 
current as a function of magnetic field do indeed resemble level-crossing curves, 
and exhibit the phenomenon of coherence narrowing. 
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(iii) Double resonance experiment . 

If a transverse magnetic field is applied to the vapour in addition to the fields 

described in the last section, we have an arrangement for studying double resonance 

phenomena. While it is true that magnetic resonances are normally studied at 

high radio-frequencies, the phenomenon itself can be studied much more con¬ 

veniently at low frequencies (Kibble & Series 1963), even at frequencies well below 

the radiation width of the energy levels. In the limit of zero frequency, the experi¬ 

ment reduces to a study of the interaction of resonance radiation with atoms in 

static fields. The resonance is explored by variation of the longitudinal field through 

the value zero, which corresponds to the peak of the resonance. The double reson¬ 

ance signal is the difference between the intensities of the transmitted light with 

and without the transverse field. 

At the peak of the resonance the vapour experiences simply the transverse field. 

From a macroscopic point of view we are studying magnetic double refraction. 

The light which passes the analyser will depend on the orientation of the polarizer 

with respect to Hv The most interesting case is when the electric vector of the 

incident light is at 45° to Hv This orientation was chosen for some of the experi¬ 

ments. 

If the transverse field is in' fact rotated, but at a frequency much smaller than 

the Doppler width, it is predicted that the transmitted light should be modulated 

at four times the frequency of revolution. It is easy to understand this modulation 

when the experiment is interpreted as magnetic double refraction, for whereas in 

general the birefringence generates elliptically polarized light, some component of 

which passes the analyser, no light will pass when the transverse field is either 

parallel or perpendicular to the axis of the polarizer, that is, four times per 

revolution. 

This description of the modulation is incomplete if the longitudinal field is 

different from the resonance value, H0 = o)Jy (a)0 is the angular frequency of 

rotation), for in this case there is a difference in strength between the cr+ and a~ 

interactions which generates a modulation at 2w0 in addition to the modulation 

at 4a>0 

The situation is different again when oj0 greatly exceeds the Doppler width, 

for in this case the resonance field H0 separates the levels m — ± 1 by much more 

than the Doppler width, and the cr+ and <r~ resonances are stimulated by different 

Fourier components of the incident light, that is to say, incoherently. Each circular 

component generates elliptically polarized light independently of the other, and 

the transmitted light is modulated at 2co0. There is no modulation at 4oj0. 

A qualitative interpretation of these effects in terms of radiation from super¬ 

position states of the | m) would follow the arguments in the earlier papers re¬ 

lating to lateral scattering. A detailed analysis in terms of the propagation of light 

in an anisotropic medium, which therefore takes account of the coherence between 

light scattered from different atoms, is given in the next section. The expressions 

for the transmitted intensity reduce, in the limit of low vapour density, to easily 

recognizable forms, for they are the Doppler-broadened equivalents of the 
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combinations of Lorentzian functions which are found for lateral scattering. The 

Lorentzian functions are characteristic of single atoms and of incoherent assemblies; 

the Doppler-broadened forms, of assemblies radiating coherently. 

2. Theoretical analysis 

The problem to be treated is the propagation of resonance radiation through an 

attenuated vapour subjected to time-dependent magnetic fields. As in the con¬ 

ventional study of anisotropic media, we seek plane wave solutions of Maxwell’s 

equations, assuming the existence of a macroscopic polarizability. This assumption 

may readily be justified, notwithstanding the fact that the granular structure of 

the medium is emphasized in discussing the lateral scattering (Kronig 1926). 

An analysis by Kramers (1930), applicable to the case of static fields, shows that 

when the polarizability of the medium is small, the electric vector of the wave is 

transverse to the direction of propagation, for arbitrary direction of the magnetic 

field. This result is applicable to our case. However, since with time-dependent fields 

the polarizability is also time dependent, the equations from which the eigenwaves 

are derived are now more complicated. 

(i) The eigenwaves 

For transverse, plane waves propagated in the z direction, Maxwell’s equations 

for the electric vector E(z, t) reduce to 

(d 

where c(£) is the dielectric tensor, related to the polarizability tensor a(t) by 

e(£) = 1 + ±TTa(t). (la) 

The form of a(/) appropriate to our problem (see equation (2) below) leads to 

solutions of (1) in the form of pairs of harmonic waves, <rjp and crTv The members 

of a pair are coupled by components of a®(t), which are therefore given the same 

index, (l), which labels the pair. The members of the pair (l) do not have the same 

frequency. This has been taken into account in deriving explicit expressions for the 

components of a^(t) (equations (13)). 

With a static magnetic field H applied to the medium in the z direction, and with 

a field Hx rotating with angular velocity oj0 in the x-y plane, the form of a®{t) is 

a(/} a(0 e-W 

<x®u e2iw«* &-10 eIaJ#< 

The indices 1,0, — 1, refer to the basic vectors 

e« = -(i + ij)/V2, e» = k, e«x = (i-ij )/V2 

(in conformity with the notation of Condon & Shortley (1951) and of Rose (1957)). 
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With a,®(£) given by (2), the solution of (1) is found to be of the form 

E = 2 {Ef exp i[K®z + 1) a)0t] ej 

+ E®x exp i[K®z - Jet + (l + l) a)0t] e°_ l}, (3) 

where A® l = + (A® + i A®) / ^2 

and 1 = 0, + 1, ± 2 .... 

An arbitrary wave in the medium may be expressed as a superposition of the 

eigenwaves of (1). The eigenwaves are those combinations of the components of (3) 

which share the same K®. The value of A® for each eigenwave, and the correspond¬ 

ing ratio Ef IE(-!}1 are found by substituting (3) in (1). The resulting vector equation 

is then separated into its vector components, and into terms of the same time 

dependence. This yields an infinite set of equations, coupled in pairs as follows: 

E<P {eft - A® 2 c2/ [Jc-(l- 1)^0]2} + e® 1= 0,1 

Efd!}n+E^1{el\_1-K^2c2l[k-{l+l)(o0]2} = 0,/ ( ' 

in which e(/}_x and e^?11 are the amplitudes of eft_ ft) and e®n(£). 

From each such pair we may derive two values of ( ± ) A®, and the corresponding 

ratios E(()jE(i}1, that is to say, two eigenwaves. The equation for A®, obtained by 

eliminating Aft/’A®!, is 

{eft — .K:®2c2/[ifc — (? — 1) o>0]a}{e5?x_x — ca/[* — («+ 1) <w0]2} -eft.ie®n = 0. (5) 

This equation may be solved rigorously, but the solution is complicated by the 

occurrence of the terms (l ± l)ca0 which appear with k in the denominators. The 

latter is of order 109Mc/s, while the former (in the applications we are concerned 

with) varies from 0 to, say, 10 or 103Mc/s. It is, for our purposes, a very good 

approximation to neglect (l± l)a>0 in the denominators in comparison with k, 

though it may not be so for all applications. 

With this approximation we have 

c2jk2 = }(eft + €«>!_!) ± r®, 

where r® = [J(eft — -1- e(()_1 e® n]£, (6) 

and the suffixes oc, /? correspond with +, — , respectively. 

Using (6) in (4), and making use of the fact that e®n = eft_j, we obtain 

(£(/7£®i w = [Mi - e»i-i) + •« ]/6®u. (7) 
The final expressions are simplified by the substitution 

2e®ul(e(-i-i~eil) — tan(9®, (0® complex), (8) 

in terms of which the eigenwaves may be written 

A®(£) exp i[A® z — (k - lw0) t] (r = oc, /?), 

with A.^z^ ■=_5® eJ e—iwo^-j-£(^)0O 0iwoi 

A® = c® e5e~iw‘>< + s® eftei<y°z, 

where 5® = sinf#®; c® = cos J0®. 

These results might alternatively have been obtained by a treatment using a 

rotating coordinate system. 

By superposition of the eigenwaves A® and Aft we can represent a wave of 

arbitrary polarization, but it is to be realized that the intensity of such a wave will 
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necessarily be modulated at the frequency 2a>0. In order to represent an unmodulated 

wave (which is required to satisfy a boundary condition when the incident light is 

unmodulated), it is necessary to include at least two different values of l, that is to 

say, four eigenwaves and four different values of'the velocity (figure 2). This result 

should be contrasted with the case when the polarizability is independent of time, 

in which case there are only two eigenwaves. 

Figure 2. The eigenwaves. 

|Aa = -s<j+(k) + co~(k-2a)0), 

[Ap = ca+(k) + sa~(k — 2(o0), 

i(A'a = - s'a+(k + 2 (l>0) + c'a~{k), 

= ca+(k + 2(o0) + s'a~(k). 

(ii) The polarizability tensor 

We shall calculate this for the even isotopes of mercury, taking account only of 

the transition 63P2 — 6hS^0, the inter combination resonance line. The system is typical 

of those which show a classical Zeeman effect. A semi-classical calculation of the 

response of stationary mercury atoms in the ground state |g) to the combination of 

magnetic fields we have described, and to an electric field E(£), representing irradia¬ 

tion by light, has been given by Dodd & Series (1961). If E(£) is particularized as 

Ee~lW, their equation (20) may be integrated directly to give an expression for \t), 

the state vector of an atom at time t. The matrix element (g|P|£) then gives the 

induced electric dipole moment, and yields the polarizability tensor per atom: 

<g|P|0 = a®Ee_lW, (10) 

where the index (i) labels one atom. (The calculation of the induced dipole 

moment when there is a multiplicity of states in the ground level is considered 

elsewhere (Series 1966).) 
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From (10) we have (after the correction of equations (7), (19), (20), and (24) of 

Dodd & Series by introducing a minus sign in the equation for <^pt), 

<\m\fi) (/^| w)exp [ — i (m — n) a>0£] 

rmn 
(ii) 

where 

H 2^r) 

= <9,|e^.P|w)<w|en.P|<7>, 

(rn\fi) and (y\ri) are rotation matrix elements, and m, n and p take the values 0, 

± 1. (We are not interested in 3Fmn when either m or n — 0.) The frequencies 

knfl — ki + no)Q + pp are the resonance frequencies of the atom under the influence 

of the magnetic fields. 'ht is the resonance frequency in the absence of fields, and p 

the Larmor frequency in the 4 effective * field [(H — H0)2 + I72]£. T is the damping 

constant of the excited state. 

The bulk polarizability is obtained by summing (11) over the N atoms per unit 

volume. Introducing the Doppler distribution of the resonance frequencies kit 

W® haV6’ dN = N(ki) = (N/Ani) exp [ - (k0 - ktf/A2] d*„ 

where 2A(ln 2)4 is the width at half maximum, and k0 is the frequency of the peak. 

Thus 

“mn(0 = 2 

where 

= (N/Ani) (ffi^Jh) £ <m|/t> <fi\n> exp [ - i(m- n) ojQt] f - 6 d< 
,{1 J-00 f 

= N(^mn/kA) £ <H/*></«|»>exp [-i(m- n) co0t] Z(xn>/1 + iy), (12) 

t = (A^ —&0)/A, 

xn.n = [k-(k0 + ruo0+/vp)]IA, 

y = r/2A, 

and Z(x + iy) is the plasma dispersion function, 

C oo 

d t. 
(x + iy) 

The real and imaginary parts of Z(x + iy) have been tabulated (Fried & Conte 

1961). In our particular case, y is of order 10-3, and the imaginary part of Z, which 

determines the absorption of the medium, is almost Gaussian. The real part is 

antisymmetrical about x = 0, with turning points at x « +1. The function is 

plotted in figure la. Some properties of Z are discussed in the appendix. 

The matrix elements a(^n which describe the response of the medium to the com¬ 

ponents (l) of the field (equation (3)) are 

aft = {NP2lhA){c*Z[{a®-p)^] + 2s2c2Z(a®IA) + s*Z[(a®+p)IA]},\ 

= (NP2IK\){s*Z[(a®-p)/A] + 2s2c2Z(a«yA) + c*Z[(a®+p)IA]}, 

a®u(t) = (^P2/M){52c2Z[(a®-p)/A]-25W(a®/A) 

4- «s2c2Z[(a® -f- p)/A]} exp( 2k>01), 

aJUp) = (ArP2/M){s2c2Z[(a©-p)/A]-252c2Z(a®/A) 

+ 82c2Z[(a® +p)l A]} exp( - 2ky), i 
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where a® = (k — la)0 — k0 + |iT), «s = sin|/tf, c = cos|/?, and /? is the angle tan-1 

is the reduced matrix element (liPiO). 

The refractive indices na^ = Ka^c\k may be expressed in terms of the ccmn, 

and hence in terms of the Z, through equations (6) and (la). The following combina¬ 

tions of the Z are of frequent occurrence: 

Z[(aW-p)IA]-Z[(a®+p)m 

m = Z[(a®-p)/A\ + Z[(a®+p)IA] 

m = Z(o©/A) - JD®, 

(the Faraday function), 

(the mean dispersion function), - 

(the birefringence function). 

(14) 

In terms of these functions we have: 

ot{i{ - oc% _ ! = (NP2/hA) F® cos fi, 

aeg+ «?!_! = (NP2jhA) (D® + B^sin 2/?), 

a®u(0 = -§(NP2lhA)B® sin2 fie2^, 

aP_j(0 = -%(NP*/ii A) B<n sin2 

We then obtain 

(13a) 

= 1 + (ttNP2IHA) [D® + B®sin2fi ± (F©2 cos2/?+ B®2 sin 4/?)£]. (15) 

P, B and D will be recognized as familiar functions when the following special 

cases are examined: 

With a longitudinal field only (/? = 0), the eigenwaves are the circularly polar¬ 

ized waves cr+ and cr~. The mean refractive index of these waves is given by 

\(na+ + na-) = 1 + (7rNP2/hA) D, (15a) 

and the difference in the refractive indices by 

(na+ — na-) = (2nNP2lhA)F. (156) 

When the field is transverse and static (a)0 = 0, /? = \ir), the eigenwaves are the 

linearly polarized waves n and cr. In this case the mean refractive index is 

and the difference 

\(nn + na) = 1 + (ttNP2IHA)(B + D), 

(nn — n(T) = (271NP2jhA)B. 

(15c) 

(15c?) 

The functions P, B and D are plotted in figure 3 to illustrate the role of p and a>0. 

(iii) The transmitted intensity 

The general expression for a wave in the medium is 

E(&) = S Ay\t) exp l[K® z-(k- Ioj0) t], (16) 
i 

r=a,p 

where the A®(t) are given by equations (9) and the ajP are determined from bound¬ 

ary conditions. 
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For an unmodulated, linearly polarized incident wave, EQ(k) [(i — j)/y/2] e~ik(l~zlc), 

which strikes the medium in the plane z — 0, the boundary condition requires the 

inclusion of two pairs of eigen waves, l — ± 1 (figure 2). The condition is satisfied by 

= PW^W+i); a'a = 

dp = - P70(&)c(l+i); a'p = %E0(Jc)s'(l — i)J 

where the primed and unprimed quantities refer to l = + 1 and / = — 1 respectively, 

and s and c are defined in equations (8) and (9). 

Figure 3. Real and imaginary parts of the dispersion functions, plotted for y 1 (A > T). 

(a) Z(x) = Zw\x) + iZu\x). The curves are centred at x = 0. The turning points of Z(r\x), 
and the half-value points of Z(i\x), occur near x = 1. {b), (c), (d). F, B and D as functions 

of (kfA), with 1=1. The central frequency is (k0-co0)/A. For l = -1 the functions are 

displaced by 2w0/A along the axis of {k/A). A particular value of p greater than A has 
been chosen. 

With the use of these coefficients and the expressions for the A given by (9), the 

wave at z = L is found to be 
E(k,L) = E0(k) e~iUSl, (18) 

where S2 = -i{[s2( 1 +i) e?-sc(l +i)eV2W]exp \±KaL] 

+ [c2( 1 + i) e° + sc( 1 + i) e V21"0'] exp [i KfiL] 

+ [s'c'( 1 - i) e?e-21"°' - c'2( 1 - i) e£J exp [i K'aL] 

+ [ - s'c’( 1 - i) e$ e-2i - «'2( 1 - i) e£,] exp [i K’pL]}. 
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The component which passes an analyser parallel to the unit vector e° (which we 

shall take to be (i + j)/^2) is e°. E(k, L), and the intensity of the Fourier component 

k is the modulus squared of this quantity. The total transmitted intensity is 

I — f p(k) |e°.£2|2d&, (19) 
J —oo 

where p(k) = El(k) is the spectral density of the incident radiation. 

(iv) The weak scattering approximation 

The only important approximation we have made so far is that the polarization 

of the medium be small, i.e. (n— 1) < 1. This secures that the waves be transverse, 

and is equivalent to ignoring the n radiation. 

A more stringent approximation, namely (n— l)kL/c < 1, enables us to reduce 

equation (19) to simple and recognizable forms, and to make a close comparison 

with lateral scattering. This we shall call the ‘weak scattering’ approximation, 

since the results correspond to single scattering, as opposed to multiple scattering, 

in the lateral case. 

To assess the validity of the weak scattering approximation in any particular case, 

we need to evaluate the expression for the refractive index, (15). We have 

(na>p — 1) = (nNP2lh\) [D + B sin2 /? ± (F2 cos2 /? + B2 sin4 /?)£]. (20) 

The maximum value of the expression in square brackets is of the order of the maxi¬ 

mum value of Z, which tends to 1 when A > T, and to 2A/T when A < T. It will 

nearly always be true that A > T, so that the important factor on the right hand 

side is the first. For the resonance line of mercury, 2537 A, in the vapour at 0 °C, 

A > T, and the value of (7tNP2/HA) is of order 10~7. Hence, for a path length of 1 cm, 

(n— 1) kL\c is of order 10~2, which satisfies the condition. 

The approximation (n— 1) kL\c < 1 enables us to simplify the expressions 
e1 kl — einkLic jn equation (18). We have 

0iZsl.Z> — qHcLIc 01(71—1) JcLjc 

« eikLlc[U-i(n-l)kLlc], (21) 

with (^ — 1) given by equation (20)l above. 

It is particularly to be noticed that this approximation takes account of absorp¬ 

tion, no less than dispersion. D, B and F are complex functions of k. Hence n is 

also complex. The results we shall derive arise from differential absorption of the 

eigenwaves as well as from differential dispersion. 

Using equations (20) and (21) in (18), and taking the scalar product of E(k,L) 

with the unit vector (i + j)/ ^2 (chosen to be perpendicular to the polarization of the 

incident light), we find the component E± which passes a crossed analyser: 

E± = E0(k) Q-m-m (&Z/c) (ttWP2/M) Q±, (22) 

where 

= — J{D + J5sin2^ + Pcos^ + Psin2^sin2a)0^ — LBsin2y#cos 2a>0£ 

— D' — B' sin2 fi + F' cos ft —B' sin2 /3 sin 2u0 t — \B' sin2 fl cos 2a>01}. 
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(It will be recalled that the unprimed and primed quantities refer to l = +1 and 

— 1, respectively.) 

We notice in (22) the factor (NL), which is independent of frequency, and which 

appears as (NL)2 when the intensity is calculated by (19). Now, (NL) is the number 

of atoms per unit cross section of the beam, so that the appearance of this factor 

squared demonstrates explicitly the coherence between different atoms. 

(v) Magnetic resonance in the weak scattering approximation 

Calculation of the intensity of the transmitted light requires the evaluation of 

|2£±|2, and hence, among other things, a consideration of simple cross products 

such as D* B sin2 ft, in which the dispersion functions have the same value of l, and 

mixed cross products such as D*B' sin2/?, in which the functions have different l. 
The relative magnitudes of terms of these two types depends on a>0, since F, B and 

D are centred at (k0 — (o0)lA see figure 3), whereas F', B', and D' are centred at 

(&0 +w0)/A. Thus, for sufficiently large values of a>0, the functions belonging to dif¬ 

ferent l no longer overlap, and the mixed cross products become negligibly small. 

The condition under which the mixed cross products may be neglected is that 

2cj0 should greatly exceed the resonance line width, the minimum value of which 

(in units of A) will be of the order of the width of the Z function, 8Z = A2/A. We 

shall think of A2/A as loosely defined, though it could be defined precisely, as, for 

example, the width at half-intensity of the imaginary part of Z. 

We are led to consider separately, therefore, the two situations, (a) oj0 > Az, 

in which the mixed cross terms may be neglected, and (6) oj0 Az, in which the two 

sets of functions are indistinguishable. In these situations we have 

(а) o)0 $> Aa, 

« — jr(D + Bsin2 fi + F cos fi + B sin20sin 2(00t — iB sin2 fi cos 2co0t) (23a) 

in the region k = k0 + co0, and an identical expression in the primed quantities in the 

region k = k0 — o)0, and 

(б) w0 « A2, 
« — (Fcosfl — LBsin2/?cos2w0£). (236) 

Using equations (19), (22) and (23), and treating p(k) as constant over the regions 

where the dispersion functions have appreciable values, we obtain expressions for 

the intensity in terms of integrals over k of quadratic forms of the dispersion 

function. 

These integrals are of the form 

’ \B\2dk, f°° \D\2dk, f°° FB*dk, I- BD*dk, and f°° DF*dk, 
00 J —00 J —00 J —00 J —00 

and may be performed analytically. The results are given in the appendix. They are 

all based on the result 

j Z(x — a — iy) Z(x + 6 + iy) dr = — i2^n Z 
J —oo 

(a + 6) + i2ly>, 

which is derived in the appendix. 

(24) 
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The form of the variables in this result is particularly to be noticed, a and b 

take the values (0, + 1 )p/A, and y = T/2A, so that the variables on the right hand 

side of (24) are (0,1, 2)p/2^A and y = T/2^A. We shall shortly be making a compari¬ 

son between the general form of the dispersion function as it occurs in this result 

and the Lorentzian form to which it reduces, namely — 2^A/[(0,1,2)p iT] (see 

appendix, § IV). 

The final expressions for the intensity may be expressed in terms of linear com¬ 

binations of the components of Z, that is, 

Z(rp'+iT') = X(rp',T') + iY(rp\T% | 

r = 0,1,2; p'=^/2*A; V' = r/2lA.J 

The combinations we need are: 

v12(p') = x(2p',r)-2X(p',r); 

w0(p') = 7(o, n, 

W) = Y(0,r)-Y(p',r), . 

W012(p') = W01(p')-lW02(p'). J 

(a) The case <w0 > A2 

In this case, the intensity of the transmitted light is found tc 

Ia = I<)\Wo ~ Az — Dz sin 2o)0t — Ez cos 2(o0t], 

with /q = p(k0) (JcL/c)2 (TrNP^jhX)2 (2^7tA), and 

Az = sin2 fi W01 - sin4 ft W012, 

Dz= sin2/?[Hqj — %W02} — sin4/?W012, ■ 

Ez — — i cos /? sin2/?F12. 

IqWq is the intensity when Hx is zero. 

Az, Dz and Ez are resonance functions of the variable 8jA — y(H — H0)/A, which 

occurs in /? = tan-1(6/<?), (b = yHj), and also in p/A = (<?2 + 62)£/A. Az and Dz 

are plotted in figure 4 for various value? of 6/A. The plot of Az immediately calls to 

mind the double-resonance curves of Brossel & Bitter (1952). Dz is similar to the 

resonaqce curve D for modulated light found by Dodd et al. (1963; figure 3), and 

Ez (not shown in figure 4) is similar to the quadrature resonance curve E. Clearly, 

the functions Az, Dz and Ez must be intimately related to the functions which 

describe the intensity of the laterally scattered light. They are, indeed, the general¬ 

ized forms of these functions, and reduce identically to the expressions in the earlier 

papers if the generalized form of the dispersion function, Z(pj2$A), is replaced by its 

Lorentzian equivalent — 2lA/(p + iT). Notice that if the dimensionless form 

— l/(# + i) is used for the Lorentz function, the scale constant for the frequency, 

2^A, is to be replaced by F. 

Moreover, if equation (32) of Dodd & Series (1961) is applied to forward scatter¬ 

ing with the geometrical arrangement we are here contemplating, the resulting 

expression has exactly the form of equation (27) with AZi Dz and Ez replaced 

(25) 

(26) 

be 

(27) 

(28) 
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by A, D and E. This expression gives the intensity of the forward scattered light 

with neglect of coherence between the radiation scattered from different atoms. 

More important than the change which this coherence brings about in the shape 

of the resonance functions is the change of width on the frequency scale, as expressed 

by the change of scale constant from F to A^2, that is, in the case of the mercury 

resonance line, from the order of iMc/s to the order of 1000 Mc/s. The change of 

A2 

-3-2-1 0 1 2 3 S/A 

Figure 4. The resonance functions Az and Dz, plotted for A > T. 
(a) 6/A = 2; (6) 6/A = 1; (c) 6/A = 

scale constant affects not only the width of the resonance curves, but also the 

strength of the transverse field required to produce a measurable effect. Whereas 

one can detect resonances in the laterally scattered light with radio-frequency 

fields of order 0-05 G, one would require about 50 G to produce effects in the forward 

scattered light. 

(6) The case (o0 < Az 

In this case, the intensity of the transmitted light calculated from (19) and (23) 

IS 
Ib --= I0[PZ + Qz cos 20)0t + Rz cos 4a)0t] 

= Iq[\Kz + \Fz( \ + cos 4:0)0t) -f 2EZ cos 2o)0t], (29) 

where I0 and Ez are the expressions defined in equations (27) and (28), 

Kz = 2cos2PWq2 and Fz = sin* fiW012. 
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The second form of equation (29) is written so as to correspond with equation 

(1) of Kibble & Series (1963), where functions K and F are introduced to describe 

the intensity of laterally scattered light when a>0 < F. As in case (a), the application 

of equation (32) of Dodd & Series (1961) to the conditions of the present section 

yields an expression similar to (29), with Kz, Fz and Ez replaced by K, F and E 

respectively. 

(vi) Level-crossing in the weak scattering approximation 

The foregoing analysis is unnecessarily complicated when the applied magnetic 

fields are static, particularly if they are transverse or longitudinal. Nevertheless, 

it is easy to treat these situations as special cases of equation (29). 

(а) Static, transverse fields 

The result is obtained by setting oj0 = 0 and fi = \n. The phases in (29) have been 

chosen so that at time t — 0 the transverse field H1 = bjy is in the direction i, that is, 

at 45° to the electric vector of the light. Equation (29) reduces to 

Itr. = WowtP = &)], which, for A > F, 

becomes I0n^{[l — exp (— 62/2A2)] — J[1 — exp (— 262/A2)]}. (31) 

7tr is plotted against 6/A in figure 9(6). 

The result (31) expresses the case of resonance at frequency zero, but, from 

another point of view, we may regard it as a case of multiple level-crossing. For, 

if we choose the direction of the transverse field as axis of quantization, tho exciting 

light, linearly polarized at 45° to this axis, will excite the states \m = 0, ± 1). 

The three Zeeman levels cross as the transverse field is reduced through zero. 

The simpler case of the crossing of two levels is discussed in the next section. 

(б) Static, longitudinal fields 

The states \m — ±1), referred to the longitudinal axis, are excited by the linearly 

polarized light. With the transverse field equal to zero (6 = 0), the two levels cross 

as the longitudinal field H is reduced through zero. The intensity is obtained from 

(29) by setting /? = 0. We obtain 

/lc = I9[Wn(p = *)] = /0wi[l -exp( —2&2/A2)] when A > T, (h = yll). (32) 

/ic is plotted against h/A in figure 5. Its resemblance to a zero-field level-crossing 

curve studied in laterally scattered light is obvious (see, for example, Kibble & 

Series 1961), but whereas the corresponding curve for laterally scattered light is an 

inverted Lorentzian of width at half-height equal to T, the curve of figure 5 is an 

inverted Gaussian of width h^ — A(21n = 2-^Ap, where AD is the width at half¬ 

height of the Doppler distribution. The change of shape and change of scale 

constant appear in the level-crossing curve, just as in the magnetic resonance curves. 

(vii) Multiple scattering: coherence narrowing 

The condition (n— l)kLlc < 1 can be secured in any given case by making N, 

the vapour density, or L, the length of the resonance vessel, sufficiently small. 

If we relax this condition by allowing (NL) to increase, we encounter the effects 
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of multiple scattering which, in laterally scattered light, give rise to ‘coherence 

narrowing’ (Barrat 1959). This is a narrowing of magnetic resonance curves 

which accompanies an increase of vapour density, and is explained as a transfer 

of coherence from atom to atom through the agency of the resonance radiation. 

In lateral scattering, the efficiency of the process is degraded by the element of 

randomness in the direction of scattering, but in forward scattering the direction 

is no longer random, and we might expect to find an enhancement of coherence 

narrowing. This is, in fact, what equations (18) and (19) predict. 

Figure 5. Theoretical zero-field level-crossing curve in the weak 

scattering approximation. 

We shall study the coherence narrowing of the zero-field level-crossing, partly 

on grounds of simplicity, and partly because, in this case, we may remove also the 

other restriction under which we were working, namely (n — 1) < 1. This restriction 

enabled us to use a transverse-wave solution for the eigenwaves in the general 

case when the field was oblique to the direction of propagation. When the field is 

in the direction of propagation, the polarizability tensor is diagonal, the eigenwaves 

are cr+ and <r~, and the propagation constants may be found without approximation. 

The component of the field which parses the crossed analyser, E±, is given by 

equation (18) with 

s2 = sin2 = 1, c2 = cos2 \0 — 0; 

whence E± = ^iE0(k)e~ikl[exig(iKaL) — exp (!£*£)], 

with Katft = (k/c) [1 + (7rWP2/M) (.D ± i7)]. 

(Primed and unprimed quantities are now identical.) 

The transmitted intensity is 

(331 

Lcn = J/9(&)|sinO|2exp( — 2K^L) dk, (34) 

where 

and 

O = (kL/c) (7rNP2lh&) F(h/A) = (kLI2c)(na-nfi), 

K®L = (kL'/c) (nNP2lh\) D(l)(A/A) = (kL!2c)(n$ + nf-2), 

with h = yH. K{i\ Z>(t) and n{i) are the imaginary parts of these complex functions. 

The limiting value of equation (34) when(iVX) is small (i.e. when O and K^L are 

1) is given by (32), as one can easily verify. The integral is not readily evaluated 

when O and K{i)L are not small, but interesting conclusions, valid for all values of 

{NL), can be drawn for the range ofH<£. A/y. In this region, F is linearly proportional 
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to yH IA and D{l) is independent of 77 (see appendix). The intensity then depends on 

H only through the factor | sin <1> |2 in (34), in which 77 occurs with N and L in the 

form (NLH). Hence the intensity would be a function of (NLH), and not of (NL), 

were it not for the attenuation, which depends strongly on (NL). We therefore 

consider the reduced intensity 

7° = 

J p(k) | sin O |2 exp (— 2K(:C)L) d k 

1 p(k) exp (— 2K(i)L) d& 

in which the normalization factor 

(35) 

J p(k) exp (— 2K(i)L) d& 

is the intensity of light in front of the analyser, with zero field applied to the vapour. 

The effect of attenuation on the intensity has now been largely removed, since 

Figure 6. Coherence narrowing. Schematic curve, with disregard of distortion 

caused by attenuation. HJH2 = (NL)2/(NL)1, (yH A). 

the variations of | sin <I> |2 with k occur-over a range in which exp (— 2K^L) is 

changing slowly. (This is a consequence of the factor yH/A in O, but not in K{i\) 

1° is therefore a function of (NLH), not of (NL), and we may write 

7° = I°(NLH), (36) 

subject to a small distortion caused by changes in the weighting function when 

(NL) changes. 

Equation (36) implies coherence narrowing, for whatever be the form of 7° as 

a function of H for a given (NL), the curve must shrink towards the 7° axis as 

(NL) is increased. Moreover, the shrinking is linearly proportional to (NL) even for 

large values of (NL). This, as we predicted from general considerations, is a far 

stronger dependence on density than in lateral scattering. (Pressure-broadening 

has been neglected in this analysis, but it is believed that the results are insensi¬ 

tive to this effect). 
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While the linear relation has been deduced only for the region H 4 A/y, coherence 

narrowing takes place also in stronger fields. As the vapour density is increased, the 

level-crossing curve as a whole contracts towards the axis of I until the whole 

of the significant variation is found in the region H 4 A/y. 

Finally, it is to be noticed that the linear relation deduced for longitudinal 

fields is not to be expected to hold for fields in arbitrary directions. Consider, for 

example, a static transverse field. The function B(yH1/A) takes the place of 

F(yHjA) in equation (34). In the approximation Hx 4 A/y, B is proportional to H\. 

Hence the reduced intensity is a function of (NLH\), subject to the distortion 

introduced by attenuation. This again implies coherence narrowing, but the 

dependence on density is weaker than in the case of longitudinal fields. 

Figure 7. Zero-field level-crossing illustrating coherence narrowing and the effect of a light 

source of limited spectral range, (a) Experimental. (b) Theoretical. 

(a) Limitation of the spectral range of the light 

Returning to equation (34), we notice that the integrand oscillates as H is 

increased, owing to the factor |sinO|2. These oscillations are smoothed out when 

the integration over k is performed, provided that the spectral density of the light 

is uniform over a sufficiently wide range. If the range of p(k) is restricted, the oscil¬ 

lations may not be entirely lost. This is illustrated in figure 7 (b), where a Gaussian 

form of width A has been chosen for p(k). Certain approximations which do not 

affect the features of the curve have been made in evaluating the integral. 

The oscillations may be likened to the white-light fringes in interferometry 

which occur, as in the present analysis, when a limited portion of a spectral con¬ 

tinuum is used as a light source. 
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3. Experimental study 

The experiments were not designed to verify the predictions of the last chapter, 

but rather to look for effects in the transmitted light when the magnitude of the 

applied fields was such that effects would certainly have been detected in the 

laterally scattered light. These experiments gave negative results. Positive results 

were obtained only when the fields were increased to larger values, as the analysis 

predicts. The orders of magnitude we have in mind in the following discussion are: 

.Doppler width at room temperature, A ~ 109c/s ~ 500 G. 

Radiation width of 3PX energy levels, T ~ 106c/s ~ 0-5 G. 

Width of zero-field level crossing (m = +1) studied in laterally scattered light 

~ 0-5 G. (Magnetic resonance signals can be detected with values of the transverse 

field as small as one-tenth of this.) 

Range of magnetic fields used in the present experiments, 0 to 150 G. 

The apparatus consisted of a mercury lamp, an absorption cell between crossed 

Rochon prisms, and lenses to collimate the light and focus it on to a photocell 

(figure 1). The lamp was a silica capsule, about the size of a half-watt resistor, 

filled with a few milligrams of natural mercury (or, for some experiments, separated 

isotopes), placed inside a cavity, and excited by a magnetron working at microwave 

frequencies. The absorption cell was cylindrical, about 5 cm long, and furnished 

with good quality end windows strong enough to support evacuation with negligible 

strain-induced birefringence. It was mounted in a box with provision for varying 

the temperature between 20 and 100 °C, and surrounded with Helmholtz coils to 

provide longitudinal and transverse fields. 

Ideally, it would have been desirable to use a pinhole as the light source, and at 

the detector, in order to exclude light scattered near, but not in, the forward direc¬ 

tion. (In this context, the forward direction means the range of directions comprised 

within the main cone of the Fraunhofer diffraction.) Since the more significant 

experiments yielded negative results, this refinement was considered unnecessary. 

The experiments which yielded positive results are described below. 

(i) Longitudinal fields: the level-crossing curve, and coherence narrowing 

In figure 7 (a) is shown a plot of the transmitted intensity as a function of longi¬ 

tudinal field, with the cell containing natural mercury at 75 °C. Its resemblance 

to the theoretical curve in figure 7 (b) is striking. Identity of the curves is not to 

be expected because of the approximations made in computing the theoretical 

curve. 
If figure 7 (a) is combined with its image in negative fields, the zero-field level¬ 

crossing curve is obtained. Its shape is not Lorentzian, as are level-crossing curves 

obtained in laterally scattered light, and its width is determined by the vapour 

density and by the length of the absorption cell. Most striking is the fact that the 

width of the curve shown, while greater than the radiation width, is nevertheless 

only a small fraction of the Doppler width. 

The peaks and troughs of figure 7 (a) were reproduced almost identically when the 

vapour density was increased, but at lower values of the magnetic field. Such curves, 
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normalized to the same intensity in corresponding peaks, are identified as the re¬ 

duced intensity 10 of equations (35) and (36). For particular features, the product 

of field strength and particle density, N, was constant until the field exceeded 

about 50 G. This behaviour is illustrated in figure 8, where Hf, the field at which a 

particular feature is found, is plotted against 1 /N. The four curves Ilt I2, 13> Gi 

correspond to the first peak, first trough, second peak and second trough, respec¬ 

tively. The linear behaviour is predicted by the theory (§ 2(vii)) in the approximation 

yHIA 1. In the experiments, the linear region extends up to values of H given by 

yH\A - 0*1. 

Figure 8. Coherence narrowing. 1 fN plotted against Hf. Hf is the field at which a particular 
feature occurs for a given value of N. The different curves refer to the peaks and troughs 

of figure 7. 

An interesting detail was the observation that, when working with natural mer¬ 

cury, every 12th undulation of the sort seen in figure 7 (a) was missing. With single 

isotopes, the effect was no longer present. This supports the interpretation, given in 

§2(vii)(a), that the undulations are analogous to ‘white light’ fringes in inter¬ 

ferometry, in which the pattern changes according to the spectral composition of 

the light. 

(ii) Transverse fields 

Transverse fields up to 125 G were applied in a direction at 45° to the electric 

vector of the light. The change in intensity brought about by the transverse field 

was observed for different values of the longitudinal field. 

In figure 9 (a) is a plot of the intensity as a function of the transverse field for 

zero longitudinal field. This corresponds to the case of resonance at zero frequency 

studied in § 2 (vi) (a), except that the theoretical result, equation (31) and figure 9 (6), 

was derived in the weak scattering approximation. For the experimental curve this 

approximation is invalid since the vapour density (~ 1015 atoms/cm3) was too 

high. Comparison of the experimental and theoretical curves gives an indication of 

the extent of coherence narrowing. (6/A = 1 corresponds to a field of about 500 G) 
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It will be noticed that the curves rise less steeply when the field is transverse 

than when it is longitudinal. This is a consequence of the weakness of magnetic 

birefringence compared with Faraday rotation, and is expressed analytically by the 

quadratic dependence of B on H, and the linear dependence of F, for (yi//A) <4 1. 

a 

Figure 9. Magnetic resonance at zero frequency: intensity as a function of transverse field 

strength, (a) Experimental, under conditions of multiple scattering (N ~ 1015 atoms/ 

cm3). (b) Theoretical, in the weak scattering approximation: the function TT012(6/A). 

4. Conclusions 

The experiments support the analytical result that magnetic resonance and level¬ 

crossing phenomena do appear in the forward scattered light, but that the resonance 

line-shapes and widths are different from those which are found in laterally scattered 

light. The analysis yields the result that in forward scattering the plasma dispersion 

function plays the part which the Lorentzian plays in lateral scattering. When the 

Doppler width is much greater than the radiation width the calculated resonance 

line shapes are the Gaussian equivalents of the expressions found for lateral scatter¬ 

ing. The Doppler width, rather than the radiation width, is the parameter in terms 

of which the effectiveness of magnetic fields is to be measured. Coherence narrowing 

is more pronounced in forward than in lateral scattering. For level crossing, the 

coherence narrowing is linearly proportional to the vapour density when the field 

is sufficiently small. 
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Appendix 

(I) The function Z 

The evaluation of the integrals in § 2 (v) is based on the results 

f Z*[(x — a),y]Z[(x + b),y'\dx = — i2$7rZ[2-i(a + b), 2%], 
J -00 

and 
I* co 

I J —CO 

Z[(x-a),y]Z[{x + b),y\ dx = 0, 

(Ala) 

(A 16) 

where x, y, a, and 6 are real, and Z(x, y) is defined: 

o-*2 
Z{x,y) = 77-1J 

00 

d£. (A 2) 
t-(x + iy) 

These results may be obtained by substituting (A 2) into the left hand side of 

(Al) and changing the order of integration, as follows: 

left hand side = 

/*00 

=n _ 

da; 
00 

I* CO 

J —00 

e-'2 d t 

e-'2 At 

t — (x — a 

t r» _ 

+ iy) J-» «- 
,-s2 d s 

00 

(x + b-\- \y) 

dx 
, (A3) 

oo ./-oo J -oo[t-(x-a+ iy)]|>-(£ + 6+k/)] 

where the upper and lower sighs in front of iy in the integrals over t and x correspond 

to (A 1 a) and (A 16) respectively. 

The integral over x is easily evaluated by breaking the integrand into partial 

fractions and integrating the two parts separately. The result is 

7-tt—;-tt—7-77—- [ + 7ri-77i], ' (A4) 
{s-t)-(a + b)-iy{l±l) 

which immediately leads to (A 16). 

To establish (Ala), we return to (A 3) with the result (A 4), and introduce the new 

variables u = (s — t)lj2, v = (s + t)[ y/2. (A3) then becomes 

e~u* d u 
i^/2 f e_v2dv 

J —CO J -00 u-yj2[%(a + b) + iyY 

which is equal to the right hand side of (Ala). 

(A 5) 

(II) The functions F, D and B 
These are defined: 

F(x, c, y) = Z[(x — c),y\ — Z[(x + c), y], 

D(x,c,y) - Z[(*-c),2/] + Z[(a; + c),y], ■ 

B(x, c, y) = Z(x, y) - \D(x, c, y). 

(A 6) 

Cco 

We are interested in integrals such as |.F|2 da;. It is clear that use of (A 1) will 
J —00 

enable these integrals to be expressed in terms of the real and imaginary parts of 

Z[2~Vc, 2fy], (r = 0,1,2), which we shall write as 

Z(rc') = X(rc') + iF(rc'), (A 7) 

omitting the parameter 2^y, and using c' = 2~h. 
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(III) Integrals used in §2(v) 

The required results are: 

f°° |P|2dz = 2*7T[r(0)- 7(2c')]. 
J — OO 

f°° |jD|2da? = 2*»r|T(0)+ r(2c')]. 
J — 00 

P \B\*dx = 2*»r{tr(o)- r(c')]-i[r(0)-r(2c')]}. 
J —oo 

J F*D dx = — i2%nX(2c'). 

= — i2%n[X(c') — Ji(2c')]. 
J —00 

f" D*B dx = - 2*jt{[ y(0) - y(c')] - M 7(0) - 7(2c')]}. 
J —00 

(A 8 a) 

(A 8 6) 

(A 8 c) 

(A 8 d) 

(A8e) 

(AS/) 

(IV) Limiting cases 

Of particular interest is the form of Z(x, y) in the limiting cases y > 1 and y < 1, 

for, with y = T/2A, these represent the Lorentzian form (T > A) and the Gaussian 

form (A > T), respectively. 

(a) Lorentzian form 

The approximation y |> 1 must lead to the function Z(x,y) = 1/ — (x + iy), but it 

is instructive to see formally how this comes about. 

In the definition of Z (equation (A2)), write t = s/A, x = 1c/A, y = T/2A. Then, 

since (l/Azr!) e~<s/A)2 will behave like S(s) as A -> 0, we have 

Z(x,y) = ZL(x 
A —> 0 ,2,)=aJ 

oo 
*(«) 

-oo (sjB)-(x + \y) 

A 

KdwA,-J 

00 

-oo (s/A) —(fc + ir/2)/A 
ds 

^4-iir* 
(A 9) 

This is of Lorentzian form, and of the correct normalization for use in the expression 

for the polarizability (equation (12)). 

(b) Gaussian form 
P 00 

We have Z(x, y) = ZG(x) = tt~I — 
y —>0 V-+0J -oo f 

e -*a 
d£. 

(a; + i?/) 

Regarding £ as a variable in the complex plane, we obtain 

Za(x) = Xa(x) + i Ya(x) = TT-ifp + 

(A 10) 

(All) 
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The first term on the right-hand side is real, and may be developed by the expan- 

sion (Heitler 1954, p. 69) 
P f00 
— = sin&:rd& 
^ Jo 

(A 12) 

to yield XQ(x) = — 2 J e-<2 sin 2xt d£ (A 13a) 

= — 2 e~x‘ f c‘‘ At. (A 136) 

These alternative forms of XQ are conjugate to 

' 
Ya(x) = 71d e~x2. (A 14) 

(V) Expansion of the functions for small values of h/A 

The expansions of F(hjA), A) and B(hjA) for h/A < 1, referred to in §2(vii), 

aTe F(x + hjA) = ^(h/A)[xZ(x) + l] +(A15a) 

IP\x + hl A) = 2Y(x)[l-(hlA)2{l-2x*)] + ..., (A156) 

B{x + hl A) = (hlA)*{Z(x) + 2x[l-xZ(x)]} +.... (A15c) 

The coefficients of hjA and (h/A)2 do not exceed order unity. 
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Abstract. The absorption of light by optically pumped atoms undergoing 

magnetic resonance is calculated from expressions based on a simplification of 

Barrat and Cohen-Tannoudji’s theory of optical pumping. The density matrix 

for the system is first derived in orders of approximation which correspond to 

successive cycles of pumping. The off-diagonal elements of the matrix, and 

consequently the absorption of light, are modulated. The amplitudes of modula¬ 

tion are resonance functions which are, in general, more complicated than solu¬ 

tions of the Bloch equations. The selection rules for electric dipole radiation 

limit the possible frequencies of modulation to cj0 and 2 o>0 for primary interactions 

(co0 is the applied frequency), but modulation at higher frequencies can arise 

through the circulation of coherence in optical pumping cycles. The functions 

which represent the amplitude of modulation at 4o>0 are derived in first and 

second order, for comparison with experiment. 

1. Introduction 

This work, and the experimental papers which follow, developed from studies of 
the modulation of fluorescent light in optical radio-frequency double-resonance experi¬ 
ments (Dodd and Series 1961, Dodd et al. 1963, Kibble and Series 1963). Those 
papers were concerned with the light emitted by atoms subjected to magnetic resonance 
in excited states. Here we are concerned with the corresponding problem in absorption: 
how does magnetic resonance in the ground states of an atom affect the amount of light 
it absorbs? 

The problem was broached ten years ago by Dehmelt (1957) in connection with 
magnetic resonance in optical pumping, and studied by Bell and Bloom (1957). Their 
analysis followed Bloch’s phenomenological approach to magnetic resonance: they 
argued that precessing macroscopic magnetization in an atomic vapour should, under 
appropriate geometrical conditions, give rise to modulation in absorption. Moreover, 
the amplitude of the modulation should be a resonance function of the same form as the 
well-known solution of Bloch’s equations, namely 

r2 CO J 

(co-a>0)2 + (y//1)2 + r2 
COS to0t + 

(a.-a,0)2 + (yi/1)2 + r2 
sin co0t 

using the notation of this paper. 
The work on the emission of light from excited states had revealed that modulation 

of the type described by equation (1) arises only in special cases. More detailed attention 
to the interactions between the light and the atoms would seem to be necessary to 
describe absorption properly. 

The theory of optical pumping proposed by Barrat and Cohen-Tannoudji (1961, to 
be referred to as BC-T) provides a very convenient framework for working out the 
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details. The theory is developed in terms of the quantized electromagnetic field. The 
theory of Dodd and Series (to be referred to as DS) for double-resonance experiments 
was semi-classical; that is, the fields were treated classically, but the atoms quantized. 
The treatment can be extended to include spontaneous emission, and hence complete 
cycles of optical pumping, if the existence of an additional field is postulated, having 
properties which correspond to ‘vacuum fluctuations’. The same results are obtained 
as those of BC-T. In the present work we shall use the results of BC-T, slightly 
modified to suit our purpose, for the response of an atom to a cycle of optical pumping, 
and those of DS for its response to a radio-frequency field. 

The results we shall obtain for modulation in absorption are very similar to those for 
modulation in emission, but they go further. Most noteworthy is the prediction that the 
coherence between atomic ground states which is generated by the radio-frequency field 
should survive not only excitation, but also the random, isotropic perturbation which is 
responsible for spontaneous decay. That coherence can survive spontaneous decay has 
been proved by the light-shift work of Cohen-Tannoudji (1962). It is manifested here 
in a less subtle way, namely, by higher-order modulation effects in the absorbed light. 
These effects have been found experimentally, and are reported in the following paper 
(Partridge and Series 1966). 

2. Formulation of the problem 

The model we use is the simplest that will bring out the essentials of the problem. 
We consider an atom whose accessible states are a set of space-quantized ground states 
|/x) and a similar set of excited states |in'). The |^i> and the |m>, respectively, are the 
rotation components of levels of definite angular momentum J and 7e, and are con¬ 
nected with one another by electric dipole radiation. 

An assembly of atoms of this type is in a magnetic field H, the direction of which 
Oz we choose as the axis of quantization. A field Hx rotates in the xy plane with angular 
velocity to0. The atoms are illuminated by polarized resonance radiation represented 
by the electric field Ei(^) whose intensity ) is uniform in time, and whose spectral 
distribution p(k) is wide compared with the radiation width Te of the excited states. The 
field EA(f) is the ‘pumping’ light. 

To find the absorption of light by the atoms, we may measure the intensity of the 
‘pumping’ light after it has passed through the assembly or we may use an independent 
beam to monitor the atoms, in which case this beam must be weak compared with the 
pumping beam. There may or may not be an analyser in the monitoring beam. 

The analysis proceeds by calculating the density matrix for the assembly of atoms 
under the optical and radio-frequency perturbations. It is then a straightforward 
matter to calculate the rate of absorption of light. 

2.1. Simplifying assumptions and basic equation 

To obtain their results, Barrat and Cohen-Tannoudji take advantage of the short 
coherence times of the perturbations which bring about excitation and decay. This 
enables them to treat both parts of the optical pumping cycle as rate processes, for which 
the formalism of the density matrix is especially suited. The radio-frequency interaction 
is not, however, a rate process and must be treated differently. These perturbations 
taken together lead to the differential equation (V-12) of BC-T. 

The solution outlined in BC-T is unsuitable for our purpose since it imposes the 
restriction yH1 a>0. To obtain a relatively straightforward solution which approxi¬ 
mates to the conditions of the experiments we wish to interpret, we relax the condition 

3 36 



Theory of the modulation of light in optical pumping experiments 959 

on Hlt and make instead the two following assumptions: 
(i) The ‘light shifts’ are negligible. 

(ii) The relaxation rates are independent of pi. 
Assumption (i) will be valid if the spectral distribution of the light is uniform or 

symmetrical over the region of absorption, or if relaxation processes other than excitation 
by light are dominant. 

Assumption (ii) is not generally true, but it will be valid if the relaxation by light is 
subsidiary to other, random, relaxation processes. In the experiments we wish to 
interpret, relaxation by light was noticeable but was not the dominant cause of relaxation. 
In these circumstances it is a reasonable assumption. With these assumptions, we can 
replace the middle set of terms in (V-12) by — rpuu, + R8uu>. T and R are independent 
of ju,. R8uli, represents regeneration from the various relaxing mechanisms at the rate 
R/s into a statistical ensemble of s equally populated, uncorrelated states. Elimination 
from (V-12) of the terms describing /x-dependent relaxation allows us to work in the 
laboratory representation for the density matrix, and to remove the restriction 

/ tf nt 
/X-/X = /X -/X 

of BC-T. We also assume that Te is much greater than o>0, we or yHlt which is usually 
valid. This simplifies the last term of (V-12), and makes the equations less cumbrous. 
In cases where this approximation is not legitimate, the analysis is not altered in any 
important way. The basic differential equation now becomes 

~T.guu' — ~r[^*> g]uu' + R&uh' + 2 
at n U"U»> 

a is the density matrix in the laboratory representation. 

Jl —Jl o "T" st at * ^ rf ^ D 

is a Hamiltonian whose first term represents the Hamiltonian in the absence of fields, 
and subsequent terms the effects of the static field, of the radio-frequency field and of 
damping, respectively. It is identical with the used in DS. The term in 
represents the effect of one cycle of optical pumping. The coefficient may be written 

= 2 0"|e1o*.P|m><m'|e1°.PK'> 
”■ mm' 

x C(-Jei m\ 7, jtx)C(/e, rn'; J, /x') (3) 

subject to m — fx = m' — \T = 0, ±1. p(k0) is the spectral density of the exciting light, 
assumed constant over the resonance region k0, and et° is a unit vector specifying its 
direction of polarization. The C are Clebsch-Gordan coefficients that give the relative 
magnitudes of the electric dipole matrix elements between the |/e» w> anc* the \Jt /x>. 

The expression (3) is equivalent to that given in BC-T. Bftf,, is a rate constant for 
excitation whose magnitude, under our assumption (ii), is certainly less than T, the 

damping constant for the |jx>. 

2.2. Method of solution 

A solution of equation (2) may be obtained by iteration as a power series in BjT. 
The zero-order equation, which may be solved exactly, is 

(o>= -7 + 
n 

(2) 

d 

JtGuu' 

337 

(4) 



960 G. IV. Series 

The solution of this equation depends in turn on the solution of 

which can be found from DS, equations (4), (5) and (17). (We are here applying 
to the ground states.) The solution in DS is given in terms of the time-displacement 
operator U(ty t0) applied to the state vectors. Applying this to the density matrix, we 
have ^ 

ghu*(0 = 2 t0)u^u>(t, t0)ou«u"'*(t0) 
u"u'" 

= 2 to)Gu"u"*(to) (6) 

which defines the coefficient From DS, equation (17), we find 

U?At,t0) = exp{ — i(fx — /a' — p" + fim)w0t} 2 </xI/> </1/x"> (yLC.'"|/' )</'|/x' > 
IV 

X exp[ - i{(^ -pr)u>0 + (l-l')p- iT}(t -10)]. (7) 

Notice that /x, /la', /la" and /a'" here take the place of the m, m', n and ri of DS. The /la 
and fjL of DS are replaced by / and /'. p is the nutational frequency 

p = y{(H—H0)2 + H^}112. 

2.3. Zero-order solution 

The exact solution of equation (4) is 

'Ml <O)(0 = 2 R f 
Uolio' J 0 

*o)S(Mo> Mo) dto 

which may be checked by direct substitution. <r*(t) rapidly damps out, owing to the 
factor e~r* in U. The summation and integration in the second term may readily be 
performed to leave the steady-state solution 

<*(0)(Mi> Mi'> 0 = TtS(Mi> Mi')* 

Equation (9) tells us that the radio-frequency perturbation does not alter the statistical 
equilibrium. The regeneration rate Rjs is, of course, equal to T in the approximation in 
which relaxation by the light is neglected. 

2.4. First-order solution 

We now return to equation (2) to include the term The approxi¬ 
mation methods of time-dependent perturbation theory allow us to take account of this 
by expanding a(t) in the form 

G(t) — <T(0)(f) + Ga)(t)+ CT.(2)(t)+ ... (10) 

with ct(1), <t(2), ... expressed formally as 

a(1)(0 = f* U(t, tJBoWitJB* U+{t, tx) dtx (11 a) 
* o 

<J(2)(0 = f U(t, t2)Bo™(t2)B+ U+(t, t2)dt2. (11 b) 
J o 
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961 Theory of the modulation of light in optical pumping experiments 

The solution of these equations will lead us to multiple products of functions of the 

quantum numbers; so we introduce subscripts to distinguish the states after successive 

perturbations. Unprimed labels will refer to ket vectors; primes will be used for the 

corresponding set of bras. Thus the |/x0)> are the states regenerated from the random 

relaxing processes (equation (2)), and the <jtz0'| are a similar set of bras. The numbers 

Pu Pi ^bel the states for the zero-order solution (equation (9)), the numbers /x2, /z2' 

label the states for the solution after one cycle of optical pumping, and so on, as required. 

1 he notation and the perturbations are illustrated in figure 1. 
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Figure 1. Representation of the time development of the density matrix under the 

given perturbations, (a) Zero-order solution: equilibrium between damping T 

and regeneration R. (b) Element of first-order solution produced by one cycle of 
optical pumping (operator B), infinitesimal of first order, (c) Element of second- 

order solution produced by two cycles of optical pumping, infinitesimal of second 

order. (d) The time-development operator U and the labels given to the state vectors 
at different times. 

With this notation, equation (11 a) yields, for the elements of the first-order solution, 

a(iv3,^',1)= f'dt, 2 uzut.h) 2 Ok. h) 
* 0 lUUl' UlUi 

= 2 eXP{-i(p3-P3 ~P2+P2')u0t} 

(folhy(h\p2y(p2 \h y\ii \p3 y 

U2U2 

x y 
hi 1' ^ + i{{p2~ p2,)UJ0 + (ll~ ll ')p} 

x 2 KTc-^Kpupi)- 
UiUi' 1 

(12) 
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2.5. Second-order solution 

The second-order solution is obtained similarly by using cr(1) to obtain ct(2): 

o®0*.,/*.',*) = f dt2 2 uZ‘Al> h) 2 
J 0 Util* UzUz 

= 2 eXp{“ *0*5“/V-^4 + ^4' + /A3-/V-^2 +^2')^} 
U4U* 
Uzliz’ 

UzUz 
u ini' 

v O*5|4X4|/*4><0*4 14 ><4 |/^5 ) 

Z2I2' r + *{0*4 - ^4' - ^3+^3'+M2 - M2 ')^o + (4 - 4m 
x y 0*3 | 4 ) (4 |/x2 ) (/*2 |4'> <4 1^3 ) 

Z1Z1' r* + 4(/i2—/x2,)c°o+ (4 ~ 4)p} 

xJ5 
U4U4 r\ 
lizUz'** 

MHz’ 
uuu" 

2 

(13) 

2.6. Complete solution 

Successive terms of the complete solution (10) are of relative magnitude {BjY)(RIT). 
In so far as B is small compared with T, the higher terms become rapidly less important. 

2.7. Absorption of light 

It is shown in BC-T that the rate of absorption of light is given by an expression 

equivalent to 

-4a. = ~rPs(ko) 2 ^u'u^uu' (14) 
n UU' 

where 

<^V» = 2</*'les°* .P|»i><»i|es0 .P|m>- (15) 
m 

The subscript s is used to indicate that we are here concerned with the sampling (or 

monitoring) beam which may or may not be the same as the pumping beam. It is 

assumed in (14) that the spectral density ps(k0) is uniform over the region of absorp¬ 

tion k0. 
It is to be noticed that, since we are concerned with electric dipole radiation, 

|/Lt — /Lt' | ^ 2. 

We may need to generalize (14) in a number of ways: 

(i) If the incident light is unpolarized, we must calculate the right-hand side of (14) 

separately for each of the orthogonal states of polarization. 

(ii) If the atoms are being exqited to several sets of states | w) whose separations are 

large compared with Te, though possibly not large compared with the Doppler width 

(as, for example, from 3SX in helium to 3P0, 3P2 and 3P2), the summation is to be taken 

for each set separately, using the values of p{k0) appropriate to the particular set. 

(iii) If an analyser (ea°) is interposed between the sample and the detector, equa¬ 

tion (14) is to be multiplied by (es°. ea°*)(es°* ea°)* 

3. Discussion of the results 

We consider the application of equation (14) to successive orders of the solution for 
c(t). 
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3.1. Zero-order solution 

The result gives us the rate of absorption from a sample in which the atoms are 

uniformly distributed between uncorrelated states. There is no effect whatever of the 

radio-frequency perturbation. 

3.2. First-order solution 

Apart from trivial factors, the result is identical with that obtained in DS (equation (32)) 

for the fluorescent light in a double-resonance experiment. One cycle of optical pumping 

produces polarization, or alignment, or leaves the atoms in superposition states, just as 

in the process of excitation in the double-resonance experiment. The radio-frequency 

mixing takes place in the same way, and the effects to be found in absorption are identical 

with those found in emission. 

The light will be modulated by virtue of the factor exp{ — i(p3 — p3'—p2 + p2')co0t}y 

and the amplitudes of modulation will be resonance functions. The possible values of 

^3“^3 — ^2 + ^t2'are limited to 0, + 1» ±2, ±3, ± 4 because of the limitations imposed 
by electric dipole radiation. 

An important distinction is to be made between terms for which p2 = pf and those 

for which p2 # P2. ■ The latter represent interference effects arising from atoms left in 

superposition states after one cycle of optical pumping. Such terms are negligible 

when oj0 > F (except in a special case to be discussed below) because of the factor 

[r + i{(P2-P2')u0 + (i1- i1')p}]~1. 

The vanishing of these terms expresses the fact that coherence cannot be transferred in 

spontaneous decay if the interval between levels is large compared with their width. 

The modulation at 3a»0 and 4co0 can arise only through these cross terms, and therefore 

only when w0 F. 

The direct terms p2 — pf are not affected by the magnitude of a>0 in relation to F, 

but the modulation frequencies for these terms are limited to (0, ±1, ± 2)eu0. Such 

terms describe the action of the radio-frequency field on atoms left in eigenstates after 

the pumping cycle. The term ‘a processes’ is used in the next paper (Partridge and 

Series 1966) to describe these interactions. 
The exception to which we referred is the case in which 

(P2~P-2')^0 + Ul-l1')p<T. (16) 

Terms whose quantum numbers satisfy this relation may have appreciable values 

when p2 p2', even if a>0 p T. The condition (16) points to a ‘level crossing’ between 

the precessional frequency (p2 — P2')a>o and the nutational frequency (f — lf)p\ in 
classical terms, the precessional and nutational motions remain in phase for times long 

compared with the mean lifetime. The phenomenon was analysed and received experi¬ 

mental confirmation in the studies on fluorescent light (DS, p. 365, Dodd et al. 1963, 

pp. 52, 61). Although it is a magnetic resonance phenomenon, the resonances are found 

at fields other than those where the Larmor frequency is equal, to w0. We shall not 

pursue these resonances here. Further discussion will be limited to resonances centred 

on fields where the Larmor frequency is equal to a>0. 
If the atoms are excited and monitored by light parallel to the magnetic field, as will 

frequently be the case, only the a± components take part in the optical processes with 

the result that the odd harmonics of the modulation will be absent. With this geometrical 

arrangement modulation in first order is found only at the frequencies 2o»0 and 4co0. 
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3.3. Second-order solution 

In this order modulation arises at higher frequencies. Such effects were not studied 

in the double-resonance experiments. In principle they are to be expected in such 

experiments, but only in their full generality if the ground state is of sufficiently high 

multiplicity. (In the case studied the ground state was single.) 

As in the first-order solution modulation at frequencies greater than 2a»0 can arise 

only when co0 T. If this condition is satisfied, modulation frequencies up to 8co0 

are to be expected under appropriate geometrical conditions. Each cycle of optical 

pumping allows an additional 4to0 in the range of possible modulation frequencies. 

3.4. Resonance functions when o>0 T 

The mean intensity of the light, and the amplitudes of modulation at the various 

frequencies, are resonance functions determined by the values of the rotation matrix 

elements <(/x|/) etc., and by the resonance denominators, which reduce to T + i(l — l')p 

when coq T. The optical processes impose certain conditions on the |/ —/' just as 

they do on the |/x — fi'\, for the /, /' are quantum numbers referred to an axis along the 

effective field in the rotating frame. In the first-order solution the final absorption 

requires |/i — lf\ ^ 2 for two reasons: first, because of the first cycle of optical pumping 

which requires — lh!\ ^ 2, and, second, because the final absorption requires 

jju.3 — jxf | ^ 2. In the second-order solution we must have — ^ 2 because of the 

primary pumping cycle, and |/2 —l2'\ < 2 because of the final absorption. In higher 

orders, values of \l~l'\ in excess of 2 are permitted for the /, /' which are.not directly 

associated with the first and last absorptions. 

Considerations such as these were developed by Carver and Partridge (1966). It is 

concluded that the resonance functions in first and second order will be combinations 

of terms having denominators T2, T2+p2, r2 + 4/>2. Most of these functions were 

calculated in DS for J = 1, in a situation which corresponded to our first-order solution. 

We already know that our first-order solution (12) is identical with that of DS, and for 

J — 1 will yield the same resonance functions, A, B, C, D, E, F, G. In the first-order 

solution for J > 1 we shall find linear combinations of these functions. In the second- 

order solution we shall find products and linear combinations of products of these and 

similar functions based on the denominators T2, r2+/>, T2 + 4p2. 

4. Application to the case J = 1 

By way of example we shall work out the form of the resonance functions for the 

modulation at 4co0 in the case 7=1. The results are needed for comparison with 

experiment. The reason for studying this modulation is that its existence provides proof 

of the circulation of coherence in cycles of optical pumping. The modulation arises in 

both the first- and second-order solutions. 

We limit the possibilities to the case of excitation by linearly polarized light travelling 

parallel to the magnetic field (a+ and g~ excitation only). 

4.1. Modulation at 4o>0: first-order solution 

The possible values of the /x which together yield the required modulation are first 

found. These values enable us to pick out the required values of m, and hence to deter¬ 

mine the geometrical arrangement which makes the coefficients B and & non-vanishing. 

In the present case we must have /a3-/a3' -^2 + ^2' = ±4. Moreover, the system must 

begin and end in an eigenstate: = /a/ and 3m = 3m'. We have in mind the normal 
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optical pumping arrangement, in which the direction of the pumping beam is along the 

direction of the magnetic field, so that the only excitation processes we can allow are 

subject to the selection rule m —/x = +1. The only values which satisfy these condi¬ 

tions are shown in the table- A linear polarizer will be necessary to establish coherence 

between the a± excitation processes. 

Hi 

0 
0 

Possible values of the h and the m Terms yielded 

/ 
Hi iw2 1 m2' H2 H2 H 3 H 3' 3 m 3 m' 

0 -1 1 -1 1 1 -1 0 0 exp{ — i(4<o0)t} 
0 1 -1 1 -1 -1 1 0 0 exp{*‘(4a>0)£} 

The resonance functions depend on the /x only and are found by evaluating the sum 

over l and /' in equation (12), incorporating the condition a>0 < T. (The rotation matrix 

elements are given in DS, p. 363.) 

The result, in so far as the modulation terms are concerned, is identical with that 

given in Kibble and Series (1963), namely 

r~X(F + iG) exp{ - i(4w0f)} + complex conjugate ~ 2r~1Fcos 4a)0t (17) 

where F = 364/(r2 +p2)(T2 +Ap% G = (2o>0/r)F, b = yHx. 

4.2. Modulation at 4o>0: second-order solution 

The procedure for picking out the relevant terms is in principle the same as before, 

but the possibilities now are very much more numerous, since the modulation term is 

-/x4+/x4,+/x3-/x3'-^2+M2/)a>oO- 

At least twelve different combinations of the /x4 yield exp{ — f(4o>0)£}, and these may be 

coupled to the m in a diversity of ways such that the number of different possibilities 

is of the order of fifty. However, many of these yield identical resonance functions. 

The following new resonance functions are encountered: 

(i) (1-2A)F 

(ii) (D + iEf 

(iii) F{A-2D-\F+H-i{E + J)} (18) 

(iv) (X+iY)(X' + iY') 

(v) (B + iC){X' + iY'). 

A, B, C, D and E are the functions studied in the earlier papers. F is given above 

(equation (17)). 

H = 

a: = 

Y = 

r2 
'Y2+4f 

b8(482 + b2 + r2) 

A2 

bT(482 + 5b2l2 + r2) 

A2 

J = 
2sr 

r2 + 4y>2 

3 b38 
X' =- 

^2 

3Z>3r 
Y' =- 

^2 

where A2 = (r2+/>2)(r2 + 47>2), b = yH1 and 8 = y(H-H0). 
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Some of the combinations which give rise to these functions are shown diagram- 

matically in figure 2. 

(0) (2>) (c) id) 

• o -1 0 1 -1 0 1 -1 0 1 -1 0 1 

Mi Mi /•°N ,9° o» // 
mi i m‘i • No 

» 1 
// 
* 

// 
cm 
1 • 

F 

Mj 

Ft 

Ms A 
\ / l 

S' 

/\ 
\ / 

n 

\ / 
m4 w 1 ' 

✓ \ 
• o 1 1 

\ / 
0* 
■ i •xNo 1 i 

M« 

Ms 

Fa 

Ms 

1 t 

n // 

1 1 

>< A 
1 1 

X, V y 
m N / 

o* 
\ / 
o» 

> / 
'em' 

(1~2A) F (1-2 A)F (D+iP) -(X + iY) 

x (£>+/£■) x(X'+iY') 

Figure 2. Generation of modulation at 4a>0 in the second-order solution. The 

diagrams show sequences of quantum numbers which yield the time-dependent 

factor exp{ —i(4co0t)}. Closed and open circles represent ket and bra labels, respec¬ 

tively. Full and broken lines represent radio-frequency and optical links, respectively. 

Pairs of links representing spontaneous emission are always parallel. 

The relative weights of these resonance functions will depend on the spectral dis¬ 

tributions of the pumping light and the monitoring light, and the relative strengths of 

the optical transitions. The resulting expressions will clearly be cumbrous, but a study 

of the functions themselves reveals some useful characteristics. 

The functions A, C, Z), F, H, Y and Y' are symmetrical functions of 5, while B, E, 

J, X and X' are anti-symmetrical. The resultant expression, formed by adding the 

above products with appropriate weights, will be of the form P+ iQ, where P is sym¬ 

metrical and Q anti-symmetrical. Hence the net second-order signal should consist 

of a symmetrical signal with an anti-symmetrical signal in quadrature. 

4.3. Net modulation at 4<o0 

The net signal at 4cu0 is obtained by adding the first- and second-order contributions 

(17) and (18), each multiplied by the appropriate B and coefficients and the time- 

dependent factor. We notice an important difference between the first- and second- 

order contributions, namely that the B coefficient occurs once in the first order and twice 

in the second. The B coefficient is a rate constant for excitation. We may remove the 

m and /x dependence, and extract a common factor Tp (the reciprocal of the pumping 

time Tp of BC-T). The final expression may then be written in the form 

7(4o>o) <x ( F + ^P^ cos4to0£ + -^Osin4a>0T (20) 

It is to be noticed that the term in cos AoaQt represents a symmetrical resonance signal 

which arises partly from the first-order solution and partly from the second. The general 

form of this signal is bell shaped. On the other hand, the term in quadrature represents 
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an anti-symmetrical signal which arises only in second order. The general form of this is 

dispersion shaped. It will be recalled, however, that we have neglected a first-order 

bell-shaped term (2o)0IY)F sin 4cj0t (equation (17)). The relative magnitudes o>0/T 

and rp/r are independent of one another, so that it is possible to choose experimental 

conditions which justify the neglect of this term, and leave the quadrature signal entirely 

composed of anti-symmetrical components. Detection of such a signal will constitute 

strong evidence of second- (or higher-) order processes. 

4.4. Dependence of signal strengths on oj0/r 

A condition for the occurrence at full strength of the modulation at 4tu0 is o» o/r <« i. 

However, if this ratio is allowed to increase, the various components of the signal de¬ 

crease at different rates, and may thereby be distinguished. 

When the radio-frequency field is large, the first-order terms decrease as 1/(T + 2iw0) 

(equation (12) and the table in §4.1; when p is large only the terms lx — If need be 

considered). Under the same condition, the second-order contributions generally 

decrease more rapidly. Some terms, represented by route (u) in figure 2, for example, 

decrease as 1/(T + 4zco0)(r + 2iajQ). On the other hand, terms represented by route (b) 

decrease at the same rate as the first-order solution. 

4.5. Comparison with experiment 

The signals found experimentally consisted of a strong symmetrical signal together 

with a weak anti-symmetrical signal in quadrature. The symmetrical signal was compared 

with plots of the function F} but appeared to fall more steeply. A better representation 

was given by the expression (1—2A)F. The anti-symmetrical signal could be ap¬ 

proximately represented by the expression DE. 

The strength of the symmetrical signal was studied as a function of frequency, and 

compared with the expression l/(r2 + 4o;02), which represents the frequency dependence 

of the first-order solution. The strength decreased more than twice as rapidly as pre¬ 

dicted by this expression. This behaviour is typified by the functions (i) and (iii) in 

the second-order solution (18). 

The experiments provide strong evidence for the reality of the second-order processes; 

indeed, they appear to be dominant. The reason for this has not been explained quanti¬ 

tatively. 

5. Conclusion 

It is predicted that the absorption of light by optically pumped atoms undergoing 

magnetic resonance will be modulated at integral multiples of the applied frequency, 

and that the amplitudes of modulation will be resonance functions. These functions are 

combinations of functions already familiar from double-resonance experiments. They 

are more complicated than the well-known solutions of Bloch’s magnetic resonance 

equations. 
The modulation at frequencies higher than twice the applied frequency corresponds 

to coherence which has survived spontaneous decay. The coherence does not survive if 

the frequency greatly exceeds the damping constants of the ground states. 

Signals have been observed experimentally which correspond to the circulation of 

coherence through at least two complete cycles of optical pumping. 

12 
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Abstract. Magnetic resonance in the ground states of 3He has been studied 

through the interaction with metastable atoms in a gas discharge. Modulation 

showing the characteristics of the ground-state resonances is observed in a trans¬ 

verse beam of light absorbed by the metastable atoms. This is evidence of the 

transfer of transverse magnetization (coherence between eigenstates) by collision. 

A theory is developed which explains the observations in detail. 

The fact that coherence can be transferred by spin exchange in collision 

offers the possibility of exploitation in level-crossing or modulation experiments 

on spectroscopically inaccessible systems. 

1. Introduction 

In a type of optical pumping experiment first performed by Dehmelt (1957) a 

mixture of vapours is illuminated by the polarized resonance radiation of one of them, 

and polarization so generated in this system is communicated to the other by collisions. 

Magnetic resonance experiments in the second system may be monitored by changes in 

transparency of the first. 

By an extension of the method nuclear resonances in the ground state of 3He have 

been studied (Colegrove et al. 1963, Greenhow 1964). The interacting systems in this 

case are metastable 3He atoms (ls2s 3S1) polarized by optical pumping as described in 

the preceding paper (Partridge and Series 1966), and 3He atoms in ground states 

(Is2 1S0). Since, in the ground states, the electronic angular momentum is zero, the 

polarization which the atoms acquire by collision is entirely nuclear. Magnetic resonance 

at the nuclear precession frequency can be monitored by studying the absorption of 

radiation (2 3S-2 3P:10 830 A) by the metastable atoms. 

In 'experiments of this type attention has usually been directed to the longitudinal 

polarization. It is known that the transfer of longitudinal polarization is very efficient. 

The cross section for this process in 3He is of the order of 4 x 10~16 cm2. Less attention 

has been paid to the transfer of transverse polarization, although Colegrove et al., and 

also Greenhow, monitored the transverse relaxation of 3He nuclei with a transverse beam 

of light. Schearer et al. (1963) also observed modulation at the nuclear resonance 

frequency in the transverse beam and constructed a magnetometer based on their 

observations. The experiments reported here were designed to extend the observations 

and interpret the phenomenon. 

Ruff and Carver (1965) have recently performed similar experiments with the 

Na-H system, both types of atom being in the ground states. Modulation at the 

hydrogen resonance frequency was observed in a transverse beam of sodium light. 

We wish to underline the point which Ruff and Carver make concerning the sig¬ 

nificance of experiments of this type. Observation of modulation is interpreted as 

f Now at Palmer Physical Laboratory, Princeton University, Princeton, N.J., U.S.A. 
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evidence of coherence between the eigenstates (that is, transverse polarization) of the 

absorbing system. This coherence, the characteristics of which are those of the system 

undergoing resonance, must have been transferred to the absorbing system in the 

process of collision. If coherence can be transferred in this way, then it should be 

possible to apply the recently developed spectroscopic techniques which depend on 

coherence between eigenstates to systems which themselves are spectroscopically 

inaccessible. The point should not be overlooked, however, that the success of Ruff 

and Carver’s experiment and of our own depends on the strength of the electron ex¬ 

change in relation to other interactions. 

In §§ 2 and 3 of this paper we shall describe the experiments and the observations, 

and in § 4 develop a theory in terms of which the observations may be interpreted. The 

theory is based on earlier theories of spin exchange (Wittke and Dicke 1956, Purcell and 

Field 1956, Balling et al. 1964), and incorporates the concept of metastability exchange 

(Colegrove et al. 1963). A ‘strong’ collision between one atom in the ground state and 

one in the metastable state results in an exchange of electron spins and excitation energy, 

so that a nucleus which enters the collision in a ground-state atom may leave it in a 

metastable atom. It is assumed here that the transverse, as well as the longitudinal, 

components of the spins are conserved in the collision. Owing to the shortness of 

duration of the collision in relation to the hyperfine interaction the nuclear and electron 

spins in the newly formed metastable atom are entirely uncorrelated. However, because 

the spin orientations of the nuclei which enter the metastable atoms are conserved, a 

precessional motion at the driving frequency of the nuclear resonance is transmitted to 

these atoms. This frequency is very different from their Larmor frequency. The ampli¬ 

tude of the response is determined by the difference between the two frequencies in 

relation to the damping constant. 

The principles of the theory could be applied to other colliding spin systems, but the 

details in § 4 are worked out for the particular system under discussion. 

2. The experimental arrangement 

This closely resembled the arrangement described in the preceding paper (Partridge 

and Series 1966). It is shown diagrammatically in figure 1. 

The sample cell in this experiment contained 3He gas at a pressure of 1 mmHg. 

The same cell was used by Greenhow (1964) for his experiments on nuclear nutation in 

3He. 

The sample was pumped by-circularly polarized 1 /xm radiation from a4He lamp. The 

cell was placed in a weak static field H, of order 0*2-0*4 G. The radio-frequency field 

for magnetic resonance (Hx) was of amplitude less than 1 mG, at a frequency 1*07 kc/s 

(o»0/2tt) in the perpendicular plane. Since this frequency is three orders of magnitude 

larger than the resonance linewidths, an oscillating field was used, and the perturbation 

due to the counter-rotating component ignored. 

The monitoring lamp used in the cross beam contained 3He at a pressure of 

1 *5 mmHg. It was constructed with a re-entrant window to reduce self-reversal of the 

1 fxm radiation. 

The detecting equipment allowed phase-sensitive detection of the modulated 

photoelectric signal, rectification, and direct recording. 

3. Experimental results 

The experiments reported by Schearer et al. (1963) were first repeated. It was 

confirmed that modulated absorption was present in the cross beam at those values of 
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ft Pumpinq 

(jlomp 4Hc 

Figure 1. Disposition of apparatus. The static magnetic field H was in the direction 

of the pumping beam. The radio-frequency field Hi was in the direction of the 

monitoring beam. 

the magnetic field which satisfied the condition for nuclear resonance at the applied 

frequency. The experiments were then extended in an attempt to confirm some of the 

predictions arising from the theory presented in § 4. 

3.1. Resonance functions 

The modulation was present when the sample was monitored by circularly polarized 

light, as in the experiments of Bell and Bloom (1957). The symmetrical resonance signal 

found by Schearer et al. was accompanied by an antisymmetrical signal in quadrature 

as predicted by the theory (equation (196)). Representing the modulated part of the 

signal by 

I a ~ X exp cos x exp sin u>Qt 

we may compare x'exp and X exp with the corresponding functions derived from the 

theory. These are the familiar Bloch (1946) functions: 

b8 bTg 

A s2+62 + iv’ A s2+62 + iy 

with b = ygHlf 8 = yg(H—H0), and H0 = aj0[yg. Tg is the damping constant and yg 

the gyromagnetic ratio. The subscript g indicates that and yg refer to the ground 

states, not the metastable states. 

The experimental and theoretical functions are compared in figure 2 (see p. 986). The 

qualitative agreement is entirely satisfactory. 

The dependence of y and x on b was tested. The linewidth proved to be sensitive 

to spatial inhomogeneities in 6, but with a sufficiently homogeneous field, the dependence 

predicted by (1) was verified. 

3.2. Damping constant 

Measuremenf of A1/2, the half-width of the \ curves at half-height, allowed an 
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experimental determination of the damping constant by use of the relation 

iy = A.f22-(y,fl,)2 (2) 

with yg = 3*245 kc/s G_1 (Anderson 1949). 

The value of Tg so obtained depended on the discharge conditions in the cell: 

values ranging from TO to 3-0 c/s were found. These values agree well with those 

obtained by Greenhow (1964) using the same sample cell, but a different experimental 

method. They are larger than the values reported by Schearer et al. (1963). 

Experimental curves 

ry2-3c/s 

Figure 2. The amplitudes of modulation, x and x"> as functions of magnetic field H. 
For the experimental curves, Hi = 0*18 mG, w0I2tt = 1 07 kc/s, 1% = 2*3 c/s. 

The integrating time constant was 1 sec. The theoretical curves were plotted for 

b/Tg = 0*25, corresponding to the experimental conditions. 

It is particularly to be noticed that these resonance curves, of widths a few cycles 

per sec, were studied by monitoring atoms, the lifetimes of which are of the order of 

10“ 4 sec. 

3.3. Polarization of the light 

The results quoted above were obtained by the use of a circular polarizer in the cross 

beam, either before or after the sample cell. With a linear polarizer the signals disap¬ 

peared almost entirely. For no orientation of the polarizer, placed before or after the cell, 

was modulation found in excess of 1% of the effect with a circular polarizer. 

The theory predicts that no modulation should be generated with a linear polarizer. 

We interpret the small signals as arising from small departures from the ideal geo¬ 

metrical conditions, and regard the experimental test as a confirmation of the theory. 
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We attach as much importance to this null result as to the positive results obtained 

with a circular polarizer. For it is predicted that any system having spin greater than J 

should yield, with this geometrical arrangement, modulation signals represented by the 

B and C functions mentioned in the preceding paper, or some linear combination of 

them (Carver and Partridge 1966). The hyperfine structure of the 2 3S1 states has 

F = \ and f. The fact that strong modulation was not found in the cross beam using 

a linear polarizer is further evidence that the modulation effects are being generated in a 

spin | system, rather than in the metastable atoms themselves. 

4. Theoretical analysis 

Our aim will be to determine the effect of collisions on the density matrix for atoms 

in metastable states when the colliding atoms are in ground states undergoing magnetic 

resonance. With knowledge of this density matrix it is a straightforward, though tedious, 

matter to calculate the absorption of light. 

4.1. The notation 

Let a(g) denote the partial density matrix for atoms in the ground states Is2 1S0. 

In these states there is no hyperfine interaction, and the conventional labels (F, mf) 

are identical with (/, mf. g will be used to label the states, and to represent the value 

of mF The axis of quantization is in the direction of the static field //. 

Let ct(/m) denote the partial density matrix for atoms in the metastable states ls2s 3S1. 

H will be used to label the hyperfine states (F, mF), and to represent the value of mF. 

We shall need to express g(/jl) also in the decoupled representation G*(mIy mf). (The 

asterisk serves to identify the matrix as describing the metastable atoms.) Let T be the 

transformation matrix, so that 

ct(/a) = Ta*(mIy mJ)T~1. (3) 

The electronic properties of the metastable atoms are described by the density matrix 

G*(e), the elements of which are 

c*(mJy mf) = 2 o*(mIymj; mf, mf)S(mI} mf). (4 a) 
mj 

The nuclear properties are described by the matrix <r*(«), the elements of which are 

mf) = 2 mj\mi > mf)8(mJf mf): (46) 
mj 

4.2. The collisions 

<j(g) and g(/jl) and its contracted forms describe the steady-state properties of the 

assembly. The collisions introduce, on the one hand, loss, and on the other hand, 

regeneration, for both ground and metastable atoms. If we represent the collisions as a 

sequence of uncorrelated processes occurring at a uniform rate, we may describe the loss 

and regeneration by introducing rate constants. 

Each collision will yield a pair of atoms, of which one is in the ground state and one 

in the metastable state. There will be two types of collision, one in which the atoms 

(labelled by the nuclei) exchange metastability, and one in which they do not. The former 

case is our main interest. The latter case should, strictly, be written into the equations, 

but since we shall solve them by successive approximation, and since the uninteresting 

case does not yield a major term in the equations, we shall ignore it. 
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In the case where the atoms exchange metastability, the density matrices which we 

use to represent the products of the collision are based on the assumptions (i) that the 

nuclear and electronic parts separately of the density matrices are unaltered by the 

collisions, and (ii) that the nuclear and electronic parts of the newly formed metastable 

atoms are entirely uncorrelated. Accordingly, the density matrices for the ground-state 

and metastable atoms immediately after the collision are written v*(n) and [cr*(^) x <?(£)], 

respectively. 

Introducing now the damping constants iy and Ff to represent loss from the ground 

and metastable states, respectively, and the rate constants Rg and Rm to represent 

regeneration, we may write differential equations for the effect of collisions. The 

equations are 

coll 

r d 
I 

-rg'G(g) + Rg<y*(n) 

-ru’'j(n) + Rm[Ta*(e)xc(g)T-1]. 

(5a) 

(5b) 

We shall later make use of a selection rule which can be derived from the last term 

of (5b). Since [i — g + nij, we have 

(fi-n') = (g-g') + (mj-m/). 

While this rule must hold in general, we wish to apply it when the matrix G*(e) cor¬ 

responds to a random, isotropic distribution of electron spins (the zero-order solution 

G*(0)(e), § 4.4.1). In this case, the off-diagonal components of cr*(e) are zero, and all 

components of g([x) vanish unless nij = m/. We have, therefore, 

^-^=g~g' (6tf) 
which must be satisfied for all collisions in which the newly formed metastable atoms are 

described by <r*(0)(^) x G(g). 
It is worth noticing that (6a) holds also if the electron spins are polarized but uncor¬ 

related, for it depends, not on the equality of the diagonal elements of G*(e), but on 

the absence of off-diagonal elements. (6) and (6a) are analogous to the rules which 

govern the transfer of coherence in the interaction of atoms with light (see Series 1966, 

to be referred to as I, and references quoted there). 

4.3. The equations of motion 

The complete equations for the time derivatives are obtained by including the other 

perturbations (static field, radio-frequency field, optical pumping, other causes of 

damping). The equations are 

J°(g) = --^[(^o + ^tat+^rf), ^)]-raa(^) + i?,a» (la) 

—c(n) = -7[(jr0 + n(fi)] - Tua(fi) + + Ba(fi)Bf 
dt ti 

+ Rm[TG*(e) x <t(^)T-1]. (lb) 

The notation is similar to that used in I, the first paper of this series. B is the operator 

which represents one cycle of optical pumping, and Fu is taken to include all forms of 

damping of metastable atoms. The term R1 represents the regeneration of atoms by 
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the discharge at the rate R/s into a statistical ensemble of ^ equally populated, uncor¬ 

related, metastable states. No regeneration term other than Rga*(n) is written for <j(g), 

and is identified with iy, since the collisions constitute the major source of re¬ 

generation and damping for atoms in ground states. £Fri does not appear in the equation 

for the |/x) since the oscillating field is too weak, and too far from resonance to have 

any direct effect on atoms in the metastable states. 

These equations can be solved by successive approximation. A zero-order solution 

cr(0)(jLt) may be obtained by taking the right-hand side of [lb) as far as the term in R. 

Including next the term in B, one may obtain cr(1)(^), a first-order increment to a(0)(/z). 

Using this in (7a) a solution a(g) may be found which, when used in the final term of 

(7b) will yield a second-order solution g(2\ju). This is the contribution to g(jll) which 

we are seeking. 

4.4. Solution of the equations 

4.4.1. g(0)(/jl). The commutator bracket in equation (7b) is easily reduced to 

— i(ku — ku>)Gull> 

where ku is the Bohr frequency of the state |/x). Taking the terms in Tu and R, together 

with the commutator bracket, the solution is 

<W(0)(°) exP[ ~ (rM + Kku ~ k»')}*] 

The transient, as well as the steady-state, solution has been written here, since we 

need to know the time-development operator for the solutions below. 

4.4.2. a(1)(ju,). Proceeding as in I, § 2.4, the first-order increment, which represents 

the result of one cycle of optical pumping, is 

P-lUi' 

(RIFu)&(t i,/V) 
+ i(ku — ku,) 

This is the steady-state solution. 

The magnitude of the off-diagonal, relative to the diagonal components of a(1)(p,) 

depends on the B coefficient, and on the magnitude of ku — kll, relative to I\. 

For the particular states |F) with which we are concerned, the hyperfine structure 

is much larger than the natural width, and the off-diagonal elements connecting states 

of different F will be negligibly small. Matrix elements of this sort will be discarded. 

On the other hand, off-diagonal-elements which connect states of the same F but dif¬ 

ferent mF will not necessarily be small. For such elements, we shall write 

= (fi-p)gFuL 

where gFcoL is the Larmor frequency of the level F, and /x, F are the values of mF) mF'. 

Although we shall need these matrix elements later, we shall discard them at this 

stage because, if the pumping light is polarized so as to generate maximum polarization 

in the metastable states, the coefficient B will be zero for these off-diagonal elements. 

It is nevertheless worth noticing that, if B does not vanish, then the condition coL Tu 

(see equation (12) below), which allows the coherence in collisions to survive in the steady 

state, would also allow off-diagonal components of g(F) to be generated in the optical 

pumping cycle. These in turn would generate an initial coherence in G(g), and lead to 

modulation terms additional to those calculated below. Of these terms, those at the 

frequency co0 would be of comparable strength with those calculated; terms at harmonic 

frequencies would also be found, the amplitudes of which would depend on the ratio 
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4.4.3. <t(£). With the exclusion of the off-diagonal elements of o(1)(^), equation (9) 

represents a polarized incoherent assembly of metastable atoms, and a*(n) is propor¬ 

tional to ^ We need not write down the coefficient. The solution of (7a) is now 

straightforward (equation (8) of I, for example, without the summation over fi0), and 

yields 

<V(0 « exp{-%-^')cu0«} 2 
1,1' 

<go\i><i\g><g'\n<r\go> 
r s+i(i-i')p 

(10) 

where <^|/> etc. are elements of the rotation matrix, and p = yAiH-Hof + HW*. 

4.4.4. cr(2)(/u,). Returning to (lb) with the expression for a(g, t), and using for G*(e) 
the steady-state zero-order solution G*(0)(e), we may integrate the equation by the 

methods used before. It is found that the (/jl, /ll\ g, g) component has the denominator 

(ii) 

The selection rule /x —V = g— g\ equation (6a), is applicable to this case. Hence, 

g— g' may be eliminated from (11) in favour of [i — /z', and the solution of equation (lb) 

written in the simple form 
R m 

r« + *0*-W)(gr<»L ~ "o) 
(12) 

This result shows how the time dependence of c(g, t) is incorporated into af2)(/x, t). 

It goes beyond the assumptions concerning the collisions in that it describes the steady- 

state situation, rather than the effect of a single pulse. Assumption (i) was that all the 

components of a(n) are transferred in the collision, whereas (12) shows that, in the 

steady state which results from a sequence of uncorrelated pulses at a uniform rate, 

the off-diagonal components of the density matrix do not survive if gFooL—(*> o ^ IV 

A condition of this sort is not peculiar to the collision interaction: it is a feature of rate 

processes in general, and in particular of the optical pumping cycle (cf. § 4.4.2). 

A diagrammatic representation of the condition for the survival of coherence is 

illustrated in figure 3. k is proportional to the energy exchanged in the collision. An 

V wo 

Figure 3. Condition for the survival of coherence in collisions, k is proportional to 
the energy exchanged in the collision. Case (a), (n — n')gF<*>L—(g—g')o)o< rM, 
k falls within the region of resonance for /x and n' and coherence survives; case (6), 
(l*—H'/)gF<*>L—{g-g')<*>o > k falls within the region of resonance for n, but 

not for n\ and coherence does not survive. 

354 



Transfer of coherence by collisions 991 

arrow labelled k links the states |^> and |/x) of the atom which is to be excited. An 

arrow of the same length links |g'> and |ju/> also. The diagram shows that if k occurs 

within the resonance region for one transition, and if 

then both transitions may be stimulated, whereas if (fx — ^')gFu>L~ (g~/)wo > rM> one 
transition or the other, but not both, may be stimulated. Coherence which may have 

existed between |^> and g’)> will be transferred to |^i> and |/T> in the first case, but not 

in the second. The condition simplifies to the form given above by use of the selection 

rule — = g-g\ with£,/ = ±\. 

4.5. Explicit form of a(2)(/u, t) 

The transformation matrix T consists of the array of Wigner coupling coefficients as 

shown in the table. 

Fy 

m j, mi 

mF 

1, 4 1, -4 0, 4 o
 

1 -1, 4 -1, 

t, 4 1 0 0 0 0 0 

f > 4 0 (4)1'2 (4)1'2 0 0 0 

1, -4 0 0 0 (4)1/2 (4)1/2 0 

1, -f 0 0 0 0 0 1 

4, 0 (4)1'2 -(i)1'2 0 0 0 

4, --4 0 0 0 (i)1/2 -(4)1/2 0 

We have also 

<7*(0)(e) = G*w(mjy m/) = % 

and we shall write 

°(g> t) = ("** •-). 
\G-+ O’-/ 

(13) 

(14) 

The matrix elements are given by equation (10), in which gy g', /, take the values ± 

In writing the denominators T^ + ifa-n')(gFu)L- co0)y we shall suppress the subscript 

on ru, and write gp^L — wo as wa» for F = f and F = | respectively. 
Using these expressions in equation (12) we find 

/3cr++ 31/2<7+_ 

[a(2V, 0]f = 3/2 = A 

r r+io>a 
31/2ct_ + 2d+ + + cr„ 

0 

C7+_ 

r - icoc 

o 

r + ico. 

2 cr_ + + + 2(7. 

0 

0 

31/2(7. 

r—ico. 

0 0 

r 
31/2<7 + 

r+io)A 

3ct_ _ 

ICO, 

(15«) 

and 
+ + 4-2cr__ — (7+ _ 

[<J<2)(/A, 0]f = 1/2 = 4 
— (7 _ 

T-iajh 

r + tajft 

2<J+ + + <7_ _ 
(15 b) 

where A is a constant. 
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4.6. Cross beam modulation signals 

4.6.1. Spectral density of the light. The rate of absorption of radiation by the meta¬ 

stable atoms is given by the generalized form of I, equation (14): 

La = Tr[s/aQitt)] (16) 

where = 2m(&m/#)p(&m)</F|ej0*.P]m)<m|ef0.P|jLi>, e*0 is the unit vector speci¬ 

fying the polarization of the light, P is the electric dipole operator, and the \m) are 

the states belonging to 2 3P0,i,2* p(km) the spectral density of the light in the region 

of absorption, km. 

If p(km) were constant for all transitions in the sum over m, the net absorption would 

be constant. This is because of the orbital spherical symmetry of the metastable level. 

For the lamps used in the investigation (both 3He and 4He) the spectral density was not 

constant over the m. 

4.6.2. Character of the polarizer. A significant difference between the results to be 

expected in monitoring magnetic resonance experiments with a linear and with a circular 

polarizer was pointed out by Carver and Partridge (1966). The present case affords an 

example. 

Evaluation of the monitoring operator for the linear polarizer specified by the 

vector e° = k sin 6+ j cos 6 yields, for the states F = J, 

rWUTX 
F = 1/2 

1 + K' cos 2d 

0 0 ) i+iCcos 2eJ 
(17) 

where K and K' are constants which depend on the spectral density of the light. For¬ 

mation of the trace specified in equation (16) shows that only the diagonal components 

of cj(gy t) appear in the result; that is to say, the F = \ components will contribute no 

modulated absorption to the cross beam. Similarly it may be shown that no modulation 

is contributed by the F = § components. It is predicted that the absorption from a 

linearly polarized beam should be unmodulated. 

This result is characteristic of systems having spin J, and derives from the spin \ 

system out of which o(fi, t) was built. The result does not apply to systems having spin 

greater than J. Modulation would have been found for a linearly polarized cross beam 

monitoring magnetic resonance within the states of F = § themselves. 

On the other hand, the monitoring operator which corresponds to the circular 

polarizer specified by e° = 2~1/2(k + zj) is, for the states F = J, 

circ (K" K" \ 

X") 

where K" and K'" again are constants. Formation of the trace in (16) now leads to the 

result 

(Aa.)f = 1/2 — 
const. I 

T2 + o>h2( 
const. + 

b(TS + r gct>b) 

r0(S2 + Z>2 + Fg2) 
COS -j- 

*(rr,-tub8) 
rs(82+ft2+r„2) 

sin to 0* (19) 

and a similar expression for (TA)F=3/2. 

This is the modulation in which we are interested. The amplitudes of modulation 

are resonance functions of the variable S with the characteristics of magnetic resonance 

in the ground states. 

It is instructive to study equation (19) in the limiting cases o>b V and o>b > T. 

Although we are thinking of 8 as the variable, its value in the region of resonance will 

be of the order of Tg. We have, therefore, the following cases: 
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case (a) ct>b T 

(^Oa H 

case (b) a>h > T 

const. 

rra v 
(const. 

b8 

82+b2+r2 
COS COnt 4* 

tr. 
s2+b2+r2 

sin aj0t (19«) 

(iA), 
const. 

ojhr, 
const. + 

*r. 
s2+62+ry 

COS OJnt — 

b8 

82+b2+r2 
sin co o*j • (1%) 

In case (b) the signal is smaller than in case (a) by the factor a>b/I\ This exemplifies 

the condition for the survival of coherence, a>b < I\ 

For reasons of practical convenience this condition was not satisfied in the experiments. 

Numerical values were: T ~ 75kc/s; coh ~ 600 kc/s. The fact that signals were 

detected under these unfavourable conditions demonstrates the efficiency of the postu¬ 

lated mechanism for the transfer of coherence in collisions. 

5. Conclusion 

It has been confirmed that transverse magnetization in the ground states of 3He 

leads to modulation in light absorbed by metastable atoms. Earlier studies (Schearer 

et al. 1963) emphasized the application to magnetometry. The present interpretation 

of these experiments in terms of the transfer of coherence between eigenstates suggests 

that the spectroscopic techniques which rely on such coherence (modulation and level¬ 

crossing phenomena) might be applicable to systems which are themselves spectro¬ 

scopically inaccessible. It is unlikely, however, that the transfer of coherence would be 

efficient if interactions other than electron exchange dominated the collisions, or if the 

frequency mismatch of the systems were greatly in excess of the damping constant of 

the receiving system. 
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Should resonance curves in optical pumping be 

Doppler-broadened ? 

G. W. SERIES 

Clarendon Laboratory, Oxford 

MS. received 1st March 1966 

Abstract. Existing theories of optical pumping do not take into account the 

relative phase of the optical field which monitors the resonances. In experiments 

on excited atoms the optical phase relations have a profound effect on magnetic 

resonance curves. Signals in the forward-scattered light show Doppler broadening, 

modified by strong coherence narrowing; a result quite different from that for 

the laterally scattered light. The question is raised as to whether similar effects 

are to be expected for resonances in the ground states. 

The problem is analysed in terms of the classical theory of the propagation 

of light in polarizable media. The (complex) polarizability of the sample under 

conditions of optical pumping and magnetic resonance is calculated to first order 

in perturbation theory. An expression is obtained similar' to that found for 

resonance in the excited states, but different in so far as the factor which describes 
the magnetic resonance (the density matrix for the ground states) is independent 

of the factor which describes the Doppler effect (the plasma dispersion function). 

Since the intensity of the transmitted light is a function of the imaginary part of 
the polarizability, the conclusion is that the ground-state resonance curves should 

not be Doppler-broadened, which is in agreement with the known facts. 

1. Introduction 

Theories of optical pumping are usually formulated by studying the response of an 

atom, or a statistical assembly of atoms, to a bath of radiation for which the phase in the 

optical field is not specified, whereas experiments are normally performed by subjecting 

the atoms to a beam of light which propagates through the sample. The phase of the 

radiation is therefore a function of the position of the atoms, and the question arises as 

to whether this has any bearing on the optical pumping signal. 

In a recent study of this question in relation to double-resonance and level-crossing 

experiments in excited states (Corney, Kibble and Series 1966, to be referred to as 

CKS) it was predicted that profound differences are to be expected in the magnetic 

resonance curves found in forward-propagated, as against laterally scattered, light. The 

differences arise from the coherence of phase in the light wave scattered by different 

atoms in the forward, as compared with the oblique, directions. The consequences of 

this coherence were predicted to be (i) that magnetic resonance curves taken at low 

vapour densities should be Doppler-broadened by an amount proportional to the 

frequency of the optical transition, and (ii) that the coherence narrowing which occurs 

with increase of vapour density should be much more pronounced in forward than in 

lateral scattering. 
It is to be understood that the Doppler effect we are here concerned with is the effect 

in relation to the optical frequencies. The effect at the magnetic resonance frequency, 
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for which questions of motional narrowing would have to be taken into account, is a 

different problem which we shall not consider. It is, in any case, an effect which differs 

by many orders of magnitude from the Doppler effect at optical frequencies. 

In so far as they were tested by experiment, the predictions of Doppler broadening 

and coherence narrowing in double-resonance and level-crossing curves were fulfilled. 

On the other hand, it is well known that optical pumping experiments yield exceedingly 

narrow resonance curves, showing no evidence that the Doppler effect at optical fre¬ 

quencies has any effect whatever on their width. The object of this paper is to show how 

the results for optical pumping on the one hand, and double resonance on the other, can 

be reconciled. 

The method of analysis used in CKS was to describe the fields classically, and to 

seek solutions of Maxwell’s equations. The interaction between the fields and the atoms 

was taken into account by calculating the bulk polarizability of the medium, obtained by 

summing the polarizabilities of individual atoms. In this way proper account is taken 

of the phase of the scattered radiation. By virtue of the complementary nature of 

absorption and scattering, this method of analysis should suffice for optical pumping 

signals (absorption) no less than for double resonance (emission). 

•The problem is approached in this paper in the same way as in CKS. The polariz¬ 

ability of the atoms under conditions of optical pumping is calculated to the first order 

of approximation in time-dependent perturbation theory. It is immediately obvious 

from the result that Doppler broadening is not to be expected for ground-state reson¬ 

ances. The experimental results for double resonance and level crossing on the one 

hand, and optical pumping on the other, can therefore be reconciled by the same method 

of analysis. 

2. Formulation of the problem 

The case chosen by Corney, Kibble and Series for calculation of the polarizability 

tensor was the intercombination resonance transition (6 1S0-6 3P1) in the even isotopes 

of mercury. Since, in that case, the ground level is single, the results of the calculation 

cannot be used to interpret optical pumping experiments. The model and the notation 

used here for calculating the interaction between the radiation and individual atoms will 

be similar to that used by Barrat and Cohen-Tannoudji (1961) and by Series (1966, to 

be referred to as I). In the latter paper the notation was adapted to a semi-classical 

calculation. 

The light which is used for pumping and for monitoring excites atoms from a set of 

ground states |/z> to a set of excited states |m>. It is supposed that magnetic resonance 

is confined to the ground states—a perfectly realistic situation, since either the ^ values, 

or the lifetimes, or both, will generally be entirely different for the |/x) &nd the |m}. 

2.1. The optical field 

To find the polarizability as a functibn of frequency, we need the response of the 

atoms to a Fourier component of the monitoring field. This represents only an infinitesi¬ 

mal part of the total perturbation due to the light. We treat this infinitesimal part as a 

small perturbation superimposed on the interaction due to the total pumping field E^t). 

It is supposed that the density matrix is known for atoms irradiated by the field E^f) 

and undergoing magnetic resonance. The perturbation due tc the Fourier component 

E(k)dk e~ikt is calculated. E(k)dk t~ikt may be a Fourier component of Et(f) itself, or 

of a separate monitoring beam, provided this is weak. 
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2.2. The complete Hamiltonian 

The problem may be solved in general terms without specifying the other perturba¬ 

tions in detail, but for the sake of definiteness we shall suppose that the atoms are sub¬ 

jected to the perturbations detailed in I, namely, a static magnetic field H, a rotating 

magnetic field Hi which is driving the in forced precession, together with the optical 

field Ej(/), and radiative decay. All these perturbations are described by a Hamiltonian 

Jfp Adding the perturbation due to E(k)dk e~lkt, we write the complete Hamiltonian 

jtr = (i) 

In the electric dipole approximation we have 

•9T = — {E(k)dk t~ikt} . P = -FE(k)dke~ikt (1 a) 

where F is the operator (e°.P). e° is a unit vector in the direction of E(&). 

2.3. Method of solution 

A quantized field calculation of the effect on an atom of an incident radiation field 

yields the so-called coherent and incoherent contributions to the scattering cross section 

(Breit 1933, especially pp. 106, 107, Heitler 1954). Only the coherent scattering con¬ 

tributes to the refractive index, which is our present concern. In a semi-classical calcula¬ 

tion of the induced dipole moment the same distinction is found. One calculates the 

perturbation of the atom by the incident field, postulating also the presence of an 

incoherent field to take account of spontaneous decay. The effect of this field on the 

excited states may be represented by a damping constant. Its effect on the ground 

states is to introduce terms which are incoherent with the incident radiation. In the 

following calculation only terms coherent with the incident field are kept. 

The effect of the perturbation is calculated to first order, and the expectation value 

of the induced electric dipole moment is obtained. Hence the polarizability for the 

atom in question may be calculated, and averaged over an assembly. This yields the 

bulk polarization in terms of <jmm>(/), the density matrix of the assembly under the 

Hamiltonian which is supposed to be known. 

2.4. The perturbation calculation 

Let 

0 = 2 a«(OlfO+ 2 am{t)lm> 
U m 

represent the state of an atom at time t under the Hamiltonian Jfq. The perturbation 

introduces into the equations of motion terms mu'(t)au(t) and Hm,?Fum'(t)am(t). 

The former represent stimulated absorption, the latter stimulated emission. We shall 

discard the latter since the am(t) are much smaller than the au(t). In this approximation 

the au(t) are unaffected by the perturbation, and we need only calculate the increments 

to the am(t). 
Let a m(1)(&, t) be the (infinitesimal) increment to am(t) generated by the perturbation. 

From the Schrodinger equation of motion we have 

dma\k, t) = -i{km-\iTm)ama\K t)-l-2 (3) 
» u 

hkm is the energy of \m} in the static field, and the term JzTm represents the effect of 

spontaneous emission. (The radio-frequency field is supposed to be ineffective for the 

excited states.) 
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In order to integrate equation (3) we need to know the time dependence of au(t). 

The form of this was found in earlier studies of atoms undergoing magnetic resonance, 

with damping and regeneration (see I, and references given there). It is 

«»(*) = 2 a«!° eXP(-*'*«!*) • (4) 
l 

The frequencies kare combinations of integral multiples of the precessional and 

nutational frequencies. 

With given by equation (la) and au(t) by (4), we find 

amw(k,t) = E(k)dke~ikt2 
u.l 

Frrwaul° exP( ~ ihS) 

»Tm) 

In ordinary circumstances the nutational frequencies kul — kuV are very much smaller 

than rm, so that we can ignore the l dependence of the denominator, which then becomes 

h(km — ku — k — J«Tm). The summation over / may be carried out by (4), and (5a) reduces 

to 

ama\k, t) = E(k)dk exp( — ikt) 2 
u 

Fmuav(t) 

Kkm-K-k-\ iTm) 

The addition of the ama){k, /) to the coefficients am(t) in equation (2) yields the state 

which represents the effect of the perturbation in first order. 

2.5. The polarizability tensor 

The expectation value of the electric dipole moment is given by <£'|P|/'>. The 

dipole induced by the perturbation is the difference between this and We find 

terms in eifct as well as in e~ikt. We retain only the latter, since the former couple with 

the complex conjugate wave in the medium. 

The induced dipole is then given by 

F»= 2 <fi'\P\m}au,*(t)am^\k,t) (6) 
u',m 

and the polarizability a(i)(&, t) of the zth atom is obtained from the defining equation 

P<1> = <x(i)(&, t)E{k)dk z~ikt. (7) 

Introducing unit vectors er°, es°, members of the set e-^ = — (i + *j)/21/2, e0° = k, 

e.!0 = (i —y)/21/2, and using (56) and (6) in (7), we obtain the following expression 

for the components of a(i): 

where 

«rS<0(*, t) = 2 

& TS 

U 
m = u + r 
u' = m - s 

h(km-ku-k-\iTm) 

&rs= <^'|es°* .P|m></H|er° 

The bulk polarizability is calculated from (8) by summing over the N atoms per unit 

volume. These have a Doppler distribution of resonance frequencies, kmil = km — ku. 

The distribution function is dN = {Njl^n112) exp[ — {(8kmu)21\2}]dkm/l1 where 

^mu (^mw)o 

and (kmil)0 is the peak of the distribution. In making the sum we must replace au(t)aar*(t) 
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by its average value a wit). The result is 

ars(M) = 2 -VA S<*uAt)Z(Xmu + iy) (9) 
u nil 

m = u + r 
u'-m-s 

where Z{x + iy) is the plasma dispersion function 

Z(x+iy) = exp( ~?2) dt 
t — (x + iy) xmu ~ 

k-(kmiL)Q 

A 
and y = 

m 

2A 

Equation (9) is to be compared with equation (12) of CKS, but it is to be recalled 
that the notation there is different. The |/x> in CKS(12) are the states into which the 
|my transform under rotations, and are not ground states of the atom, as in this paper. 

2.6. Interpretation of the result 

It is easy to deduce from equation (9) that the optical pumping resonances will not 
be Doppler-broadened. The signal, that is the variation of light intensity with magnetic 
field, is determined by the variation of the polarizability with the field. The variations 
we are interested in are those described by the terms cr^(/) (see I, equations (12) and 
(13), for example). A resonance in <sUU’(t) is traversed in a range of magnetic field of 
the order of Tu> and over this range the changes in the functions Z are completely 
negligible. Hence the signal is determined solely by the behaviour of aUU'(t) with field: 
the Doppler effect, which is contained within the Z, is completely irrelevant. 

The situation is entirely different for magnetic resonance in the excited states. The 
only terms in the polarizability (CKS, equation (12)) which go through a resonance are 
the Z functions themselves, by virtue of the terms jttp/A in the denominators where 

p = y{(H-H0y + HW2- 

Doppler broadening arises since these changes are scaled in relation to A rather than 
to rm. 

2.7. Intensity of the transmitted light 

Knowledge of the polarizability enables us to calculate the eigenwaves and propaga¬ 
tion constants as in CKS, and hence to determine the intensity of the transmitted light. 
The result will be approximate in that it is based on perturbation theory in first order, 
but if the monitoring beam is different from the pumping beam, and relatively weak, 
the approximation will be very good. We shall not carry out the calculations here, but 
will draw attention to some features of the result. 

(i) If no analyser is used, or if the analyser passes some component of the incident 
light, and if the vapour density and path length are small, then the signal is a linear 
function of the imaginary part of the polarizability. This represents absorption from the 
monitoring beam, and corresponds to the solution 

4=2 

which is usually given (Barrat and Cohen-Tannoudji 1961). 
(ii) At higher vapour densities the optical thickness of the sample would lead to 

exponential attenuation at a rate proportional to the imaginary part of the polarizability. 
Thus, multiple products of the form aull'Gu"um ••• could arise in the solution. If, for 
example, one were studying a modulated signal at the frequency (f.t — ^')co0, one might 
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find also, in higher order, frequencies (/x — // + — etc. Moreover, one might 

expect broadening and distortion of the resonance curves just as spectral profiles ob¬ 

tained in absorption are broadened and distorted when the samples are optically thick. 

(iii) If the analyser is crossed with the polarizer, the term linear in the polarizability 

is suppressed. The first non-vanishing terms are quadratic. These terms correspond to 

the forward-scattered radiation which was analysed in considerable detail in CKS. For 

such terms the relative phase of the eigenwaves is more important than the attenuation. 

This is the underlying reason why the Dopoler distribution is important in the one case, 

but pot in the other. 

3. Conclusion 

A study of the polarizability tensor for an assembly of atoms undergoing optical 

pumping reveals that Doppler broadening is not to be expected when magnetic reson¬ 

ance in the ground states is detected by measuring the absorption of light. This result 

is to be contrasted with the Doppler broadening of excited-state resonance curves 

obtained by measuring the forward-scattered light. Doppler broadening arises in the 

latter case because the coherence between waves scattered from different atoms is 

partially destroyed by the spread of resonance frequencies due to their random motion. 

The assembly of moving atoms behaves approximately like an assembly of static atoms, 

the damping constant of which has been greatly increased. In the case of absorption 

the important phase relations are those between the induced dipoles and the driving 

field: the relative phases of different atomic dipoles are irrelevant. 
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Abstract. Analyses of the level-crossing effect have usually been given for broad¬ 

band excitation of resonance fluorescence. The fluorescence excited by mono¬ 

chromatic light from an assembly of static atoms would be expected to show a 

modified form of level-crossing effect, but, when motion of the atoms is taken into 

account, the same result is obtained as for broad-band excitation. 

1. Introduction 

‘Level-crossing’ phenomena in the resonance fluorescence of atomic vapours are 

anomalies in the spatial distribution of fluorescent light which occur when a pair of 

excited levels in the atomic term diagram is degenerate (Colegrove et al. 1959, Franken 

1961). The effects are usually studied by measuring the changes in intensity of the 

fluorescent light recorded by a detector in a fixed position as a magnetic field is varied 

through the region where the levels intersect. With a suitable geometrical arrangement 

the changes in intensity, as a function of magnetic field, may be represented by Lorentzian 

curves whose widths are simply the sum of the natural widths of the intersecting levels. 

Experiments of this sort are normally carried out with ‘broad-band’ excitation 

that is, the spectral width of the exciting light is large compared with the natural width 

of the levels concerned. The purpose of this paper is to draw attention to the form of 

level-crossing curves to be expected for sharp-line excitation, that is when the spectral 

width is small compared with the natural width. Experiments using this type of excita¬ 

tion are clearly feasible using laser light sources, but have not yet been reported so far as 

we are aware. 
A first glance at the problem might lead one to expect that level-crossing curves 

excited in this way should be exceedingly narrow. It is recalled (Heitler 1954) that the 

spectral profile of resonance fluorescence excited by broad-band excitation from a two- 

level atom should be a Lorentzian of width equal to the natural width of the excited level, 

but that when the exciting radiation is monochromatic, the fluorescent light should 

also be monochromatic. It might be supposed that the level-crossing curves should be 

correspondingly narrow. 

We believe this result to be wrong because it neglects both the perturbation which 

gives rise to spontaneous emission and the random motion of the atoms in the vapour. 

The result predicted by the following analysis is that level-crossing curves excited by 

monochromatic light should be identical with those obtained by broad-band excitation, 

provided that the Doppler width for absorption in the vapour is large compared with the 

natural width, which is generally the case. 

2. Theory 

The treatment of resonance fluorescence by Heitler (1954) forms a convenient 
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starting point. Consider the absorption of light of frequency k, and specified wave 

vector and polarization, by an atom originally in state |z>, and the emission of light of 

frequency k\ and specified wave vector and polarization, which leaves the atom in state 

|/>. |/> may be, but need not be, identical with |/>. The probability amplitude for this 

two-stage process proceeding via the intermediate state |py is proportional to 

(k-kp+iiT^k-k'-kj+iir,) 

(Heitler 1954, p. 199, equation (10)). The notation here is different from that of Heitler. 

/Pi and gjp are matrix elements for absorption and emission, respectively. They take the 

form </>(e/ . P|t), <j|es°* • P|/), where P is the electric dipole operator, and e/ and es° 

are unit vectors in the direction of the electric vectors of the incident and scattered light. 

kp and Tp, kj and Tj are the resonance frequencies and damping constants of |/>) and | jy 

respectively, where kp and kj are measured relative to the energy of |z)>. A result substan¬ 

tially identical with (1) was obtained by Kibble and Pancharatnam (1965) in a semi- 

classical calculation of the step-wise excitation of an atom by two monochromatic 

radiation fields. 

It is to be understood that equation (1) is the result of a first-order calculation whose 

validity rests on the assumption that the probability for absorption is very much smaller 

than the probability for spontaneous emission. This is a very realistic assumption for 

light fields of ordinary intensity and we shall proceed on this basis. 

An expression similar to (1), with kp and Fp replaced by kq and Fg, obtains for scat¬ 

tering via the intermediate state |<?>. (In cases which are generally studied, Tq is equal to 

Tp since the states are members of the same hyperfine or Zeeman set. It is convenient, 

however, to retain the generality and to introduce T = |(Fp-t-Fq) in equation (36) 

below.) 

When the scattering may take place via either jpy or |<?>, the probability amplitude is 

the sum of the two expressions. The intensity of fluorescent light of frequency k' is 

proportional to the squared modulus of the sum, and the level-crossing phenomena are 

represented by cross terms such as 

I 
fpi8 jpfqi*8 j< 

(k - kp +%irp)(k - kq -iirq){(k -k'- k3f + (jr,)2} 

The total emission, irrespective of frequency, is obtained by integrating (2) over k' from 

0 to oo. The result is 

(2”lri)fpigipfq*gi* 

(k - kp +\iYp)(k -kq~ J/Fg) 

which is more conveniently written 

A+iB / 1 1 

S-^r \fc —fcp+£*Tp k-kq-\iYq 

where 8 = kp — kq and T = !(rp + rg). Gallagher and Lurio (1964, appendix, equa¬ 

tion (19)) give this result in substantially the same form. 

2.1. Broad-band excitation 

Since the spectral components of the exciting light contribute independently to the 

fluorescent intensity, the terms which represent the level-crossing effect in this case are 
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obtained by integrating (3b) over k. If the range of integration spans kp and kq, and is 

much greater than Tp and Fq, the terms inside the brackets integrate to + ni respectively, 

and the result is 

2tt(A + iB) 

r+is 

which is the well-known result (Franken 1961). 

2.2. The Doppler effect 

The equations we have so far obtained refer to a static atom. If the atom is in motion 

with velocity v, we need to distinguish between frequencies measured in the laboratory 

frame and in the rest frame of the atom. In the laboratory frame k is unaltered, but the 

resonance frequencies of the atom to light of wave vector k need to be corrected by the 

factor (1 + v . kIk). Similarly, the frequency of the fluorescent light (k' in the rest frame 

of the atom) needs to be corrected by a factor which takes account of its direction relative 

to v and k. Details of this frequency distribution have been studied, for example, by 

Hummer (1962). However, the frequency of the fluorescent light is of no interest in the 

experiments with which we are concerned, since the detector measures the total intensity 

of the fluorescent light without spectral discrimination. The effect of atomic motions 

on the intensity of the light is adequately described by correcting kp, kq and S in equa¬ 

tions such as (3b) with the factor written above, and integrating over the corresponding 

distributions of kp, kq and S', where kp = kp(l + v .k/k), etc. The distributions of 

kp and kq represent the Doppler broadening of the absorption profile of'the assembly 

and are generally much wider than Tp or Fq. On the other hand, the values of S in 

which we are interested are of the order of magnitude of T, and the Doppler broaden¬ 

ing of S is negligibly small. The factor 8 — iF may therefore be treated as constant, 

and the integration over the velocity distribution reduces to integration of the two terms 

inside the brackets over ranges of kp and kq large compared with Tp and PQ. 

These integrations, with fixed k, give exactly the same result as the integration over a 

wide range of k with fixed kp and kq. The relevant variables are not k or kp or kq con¬ 

sidered in isolation, but k — kp and k — kq. The predicted result for the level-crossing 

effect stimulated by monochromatic light in the region of absorption is therefore the 

same as that for broad-band excitation, provided that the Doppler broadening of the 

absorption line is large compared with the natural width. 

3. Conclusion 

The well-known result for the level-crossing effect in resonance fluorescence was 

obtained for excitation of the atoms by broad-band excitation, without consideration of 

the motion of the atoms in the sample. If the exciting light is monochromatic, a different 

result is obtained so long as the atoms are considered to be static, but wrhen their random 

motion is taken into account, the same result is obtained as for broad-band excitation. 

The important variable is the spectral distribution of the exciting light as seen by the atoms 

in relation to the natural width of the excited levels. If this distribution is broad com¬ 

pared with the natural width, either because of the character of the light source or 

because of the Doppler effect of the moving atoms, the level-crossing curves will be 

represented by some superposition of the functions r2/(r2 + S2) and Sr/(r2-f §2) as 

calculated by Franken (1961). 

These predictions are related to the well-known fact that when monochromatic 
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light is scattered by moving atoms, the scattered light is not monochromatic, but is 

subject to a spectral distribution which reflects the velocity distribution of the atoms. 

The details of the spectral distribution are not relevant in level-crossing experiments 

since the quantity which is measured is the intensity integrated over frequency. 
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Abstract. A treatment of resonance fluorescence is given in which the properties 

of the incident and scattered light are expressed in terms of coherency matrices. 

Calculations are made for two successive scattering processes corresponding to 

the experiments described in an accompanying paper. For the first process the 

scattering atoms are subjected to a magnetic field consisting of parallel static 

and oscillating components. The fluorescent light is frequency-modulated and 

may also be polarization-modulated. This light excites fluorescence in a second 

cell in which the atoms are subjected to a static magnetic field. The equations 

show under what conditions the second fluorescence is intensity-modulated and 

describe the resonances in the amplitude of modulation which occur when the 

modulation frequency matches a Zeeman interval of the excited atoms. 

1. Introduction 

An accompanying paper (Chapman and Series 1970) gives an account of a variety 
of double-scattering experiments for light interacting with atomic vapours subject 
to static and time-dependent magnetic fields. An analysis of the scattering processes 
is given here. 

The work forms part of a continuing programme of studies of modulation effects 
in resonance fluorescence. The present set of experiments was designed to look for 
resonances associated with frequency modulation of the exciting light. The source 
of frequency-modulated light was itself a scattering cell, so that analysis of the 
experiment requires the analysis of two consecutive processes of resonance fluores¬ 
cence: first, the excitation of fluorescence in a vapour under conditions such that the 
fluorescent light is frequency-modulated, and, secondly, the fluorescence of a similar 
vapour when illuminated by fluorescent light from the first. 

The outcome of the experiments was that under certain conditions the fluorescent 
light from the second cell was intensity-modulated (and hence gave rise to a modulated 
photoelectric current), and that the amplitude of modulation showed resonances when 
the modulation frequency matched a Zeeman interval between the excited states of 
the scattering atoms. An important condition for generating this intensity modulation 
was that two orthogonally polarized modes of the frequency-modulated light should 
be coherent, that is to say, the exciting light should be polarization-modulated. 
From this point of view the experiments have much in common with the work of 
Aleksandrov (1965). The two sets of experiments differ in the way in which the light 
used for the excitation of fluorescence was prepared. Aleksandrov used an arrange¬ 
ment based on the Faraday effect to bring about sinusoidal oscillation of the plane of 
polarization of light from a conventional light source. His analysis is based directly 
on the concept of polarization modulation. The arrangement used by Chapman and 
Series sprang from a desire to study frequency modulation, and the present analysis 
reflects this point of view. In Aleksandrov’s case the description of the polarization- 
modulated light does not call for an analysis of the emission of light from a source and 
his analysis relates to one scattering process only. 

f This work was carried out at the Clarendon Laboratory, Oxford 
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2. Statement of the problem 

We distinguish the two scattering processes in the experiments of Cha 
Series as taking place in the ‘source cell’ and ‘experimental cell’, respectiv( 

Atoms in the source cell are subjected to magnetic fields (Hs + H1 cos ft 
k is a unit vector. We shall take the direction of k to be the axis of quanti 
atoms in the source cell. 

Atoms in the experimental cell are subjected to a static magnetic f 
where h is a unit vector in an arbitrary direction. We shall take this direc 
the axis of quantization for atoms in the experimental cell. 

We shall specify the light by the elements of coherency matrices defined 
dimensional physical space. These matrices represent the measurable pro 
the light. For each of the two scattering processes we shall show how t 
representing the scattered light may be obtained from the matrix represe 
incident light. Fields representing the light will be used in the course of tb 
tion, but will not appear in the final results. The calculation itself will 
classical, similar to that given in an earlier paper (Dodd and Series 1961). 

The essential features of the analysis are brought oXit by studying as 
example the case of an even isotope of mercury (transition 3P1-1S0; 2537 a 
work could be generalized as was the earlier work (Franzen and Alam 1964 
et al. 1968). 

The significant difference between the situation analysed in the earlier ] 
the situation considered here is that here, for the source cell, we are concerr 
time-dependent field oscillating parallel to a steady field, whereas in the ea 
the time-dependent field was rotating round the steady field. In both cases th< 
for the time development of the excited state can be solved exactly. A furthe 
difference is that, in this paper, the fields representing the light are treal 
more completely. 

3. Scattering in the source cell 

The Hamiltonian for atoms in the source cell may be written 

+ yJ . k(Hs + Hx cos ft) + - £(0)(0 . P 

where Jf70 is the Hamiltonian in the absence of fields, J is the angular m 
operator, y is the gyromagnetic ratio, Jf7D describes radiative damping of tl 
states, E(0\t) is the field of the incident light, regarded as independent o 
over the volume of any particular atom, and P is the electric dipole operate 

The only states with which we need to be concerned are the gro 
^SqjO), which we shall call and the space-quantized states |3Pi; C 
the excited level, which we shall call |n}. (We use n} which takes the valu 
as the space quantum number for excited atoms in the source cell and m, wl 
the same values, for excited atoms in the experimental cell.) 

We shall treat the interaction with the light as a small perturbation, an< 

^s = ^s'-£(O)(0.P. 

The equation of motion under Jiff will be solved first. Expressed in ter 
time-displacement operator U'(t, /0), the equation is 
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The solution of (3) is 

U'(t, t0) = exp i) {^?0 + 34?D)(f —10) + y(J . fe)J Hs(t —10) 

'Hx 
+ ^yj(sin/r- .in A)) • 

U'(t, t0) is diagonal in the |£>, |w) representation. Its eigenvalues are 

(5) 

and 

Unn(t, to) = exp I -i 

UgsV* fo) = 1 (M 

(&s-£ir)(f-f0) + «jws(*-f0) + (sinft - sin//0)j 

= exp — i(k3 + wo»s — Jir)(^ —10) 2 Jr(fl«)Js(«w)exp{-i/(^-^o)} 
' ' r c = — on r,s -- - oo 

(66) 

where the energy of the ground state is taken as zero. We have introduced ks for the 
Bohr frequency of the excited states in the absence of magnetic fields, and T for their 
damping constant. a>s = yHs> oj1 = yH±. 

In equation (6b) we have used the expansion in Bessel functions 

00 

exp( — ian sin ft) = 2 J r(an) exp( — irft) ■ (?) 

in which a = aq//. 
The complete equation of motion 

r = - oo 

(8) 

may now be solved by methods of approximation. The solution, to first order in 
£<°>(?), is 

• £ 

I<> = |^>+ ^ f dt0U’(t, t0)[Em(t0). P]U'(t0, (%> (9) 
n J Q 

where the atoms are taken to be initially in the state g). 
If the field E(0\t) were linearly polarized we could write it in the form E(0\t)e(0\ 

where e(0) is a unit vector. We need not work under this restriction. Retaining 
generality, we write 

&°\t) = 2 £v(0)(*K(0) (10) 
v = i,/,fc 

where the unit vectors e(0) form an orthogonal set. Equation (9) may then be expanded: 

10= L?>+72 C dt0E™(t0)Unn’(t,t0)<,n\e™ .P\g)\n}. (11) 
"" n.v * 0 

The field of the light radiated by atoms represented by this state vector is obtained 
semi-classically in terms of the matrix element (g\P\ty. With the help of equa¬ 
tions (11) and (6), and with some rearrangement of the time dependencies, this matrix 
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element is proportional to 

J>sa\K, t) = - 2 (Cv<0> • Dns)Dln 2 Jr(an)ls(an) exp{ — i/(r — s)t} 
n,v r,s = - oo 

x f dr0Ev{0\t — r0) exp{ — i(ks 4- n<os +fs — Hr)r0}. (12) 
J o 

We have retained only the angular parts Dng = (n\D\g} of matrix elements such as 
(n\P\g)>, and replaced the variable t0 by r0 = t—tQ. 

The radiation field JE(r, t) at a point P displaced r from the oscillating dipole 
D is proportional to the projection of the retarded value of D on to the plane perpendicu¬ 
lar to r: 

(13) 

where P(r0) is the dyadic (</— r0r0). f — ii+jj+kk and r0 is a unit vector along r. 
The action of a linear polarizer in the direction of the unit vector ea) perpendicular to 
r is given by replacing P(r0) by the dyadic ea)ea\ Similarly, a general dyadic T(1) 
would represent the action of a birefringent plate or other polarizing device. 

The field at P due to all the atoms in the cell will be a sum of expressions similar 
to equation (13), in which, if P is well outside the source, the geometrical factors will 
be approximately the same for all atoms. However, the distances r will be random, 
resulting in random phases between the contributions from different atoms. There 
will also be random-phase factors arising from the random phase of the primary light 
at the sites of different atoms in the cell. In forming quadratic functions of the field 
we may therefore ignore cross terms between the fields of different atoms. 

For the moment we may ignore also the random motion of the atoms. This will 
be taken into account in due course by introducing a Doppler distribution of the 
frequency. 

4. Matrix representation of light fields 

We have derived an expression for the scattered field E(1)(f) in terms of the vector 
components of the primary field E(0\t), but these fields are not measurable. We shall 
now define coherency matrices whose elements are measurable quantities. The defini¬ 
tions are very close to those which have been used elsewhere (see, for example, the 
textbook by O’Neill (1963), where references to the original work are given). 

For the field given by 

E(t) = 2 Ev(t)ev (14) 
v = i,j,k 

where the ev form a set of orthogonal unit vectors, the coherency matrix c(t, r) is 
defined by its elements 

°u(t, *) = T yyt'EWHt'-r) (15) 

where the asterisk denotes complex conjugation. 
In forming these cross-correlation functions of the field, the averaging time T is 

to be long compared with optical periods but short compared with the period of any 
modulation in which we may be interested. 

We take Tr a(t, r — 0) as proportional to the intensity of the light at time t. The 
intensity as usually defined would be the value of Tr o(#, r = 0) as T tends to infinity. 
By averaging over a finite rather than an infinite time we retain the freedom to study 
time-varying fields. Fluctuations of the intensity are not considered. 
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5. Matrix of the primary light 

We have supposed the field of the primary light to be given by equation (10). Its 
coherency matrix a(0)(£, r) is constructed as in equation (15). We shall suppose that 
a(0)(£, r) is independent of t. It may then be expressed in terms of the spectral cross¬ 
correlation coefficients Pi/0)(&):’ 

°f/u,(T) = (27T)-1 f d& pij{0\k) exp( — ikr) (16) 
" - 00 

where pf;(0)(^) are the cross products Ei(0\k)Ejm*(k) of the Fourier components of 
the field. 

6. Matrix of the light from the source 

The field at P of the light scattered by one atom of the source (labelled by ks) is 
given by equations (12) and (13), with T(1) written as the generalization of P(r0) in 
equation (13). The coherency matrix is 

<rfci(1)(^s» T) = 2 ( 2 1 r(an)1 s(an)1 r'(an')1 S'{an') exp{-i/(r'-s')t} 
n.n' \ r, r' 
i.j ' s.s' 

12T 

v 

— f dt' exp{ — if{r — s — r' + s')t'} 
1 J t-T 

x f dr0 E?\t'-t0) exp( - i«sr0) f* ’ dr0'E^*(t'-r-r0') 
J 0 d 0 

in which 

and 

x exp(iasT0') (T(1). Dgn)k(Dng . e{°>)W0)* • »')(*>»', • T(1)*)/ 

(17) 

as = ^s + wcos+/y-Jir 

(xs = ks-\-n cos ~\~fs +iir. 
6.1. The time integrals 

The time-dependent factors of equation (17), namely exp{ —if(r' — s')r} multiplied 
by the triple time integral, we denote by </>ya\tx r). With some manipulation (see 
appendix 2), this may be expressed in terms of ct{/0)(t) and hence, with the help of 
equation (16), in terms of po(0)(A). For broad-band excitation these latter quantities 
are independent of k and may be treated as constants pf/0)(&0) in the region of interest. 
The integrals may then be evaluated to yield 

flj/0)(&0) exp{ — if(r-s-r' + s')t} 
, r) = ^-7T77~exp{ — i(ks -f n'ajs +/r' +^ir)r}. 

r+i{(«~w )o>s+(j-5 )/} 
(18) 

The ^-dependent modulation appears explicitly. There is a Lorentzian denominator 
describing the possibility of resonances between the driving frequency / and the 
Larmor frequency a>s. 

6.2. Assembly of atoms: Doppler distribution 

The above result has been obtained for a static atom interacting with the fields. 
For atoms moving with velocity v the interaction with a field with wave vector k may 
be represented by scaling the atomic frequencies with the factor (1 ±v . k/k) (Series 
1966). The generalization of for the assembly of atoms 0{;-(1) is then given by the 
integral of equation (18) so modified, weighted by the distribution function over v. 
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Let k be the wave vector of the emitted light of frequency kl (measured in the rest 
frame of the atom), and let vn and v± be the components of v parallel and perpendicu¬ 
lar to k. The Doppler shift 8k of the emitted light is kf^v^jc). The Doppler shift 8k0 
in excitation is — (kjc^v^ cos 9+v± sin 0), where 9 is the direction between the 
incoming and the outgoing beams. The distribution function for and v± is 
exp{— oL^v^+vf2)}, where a is a constant. 

Of the frequencies appearing in equation (18), only the optical frequencies are 
significantly affected, that is, we must write pij(0)(k0 +8k0) for pif°\k0)i and 

ks -j- n' ojs -}- fr' -H 8k 

in the last exponential factor. The frequencies n'a>s and fr' are small compared with 
the Doppler width in the experiments we wish to describe, *80 that we may ignore these 
terms and write kx 4- 8k for the Doppler-shifted frequency. Moreover, the value of 
Oi/1) will be vanishingly small for values of r much greater than the reciprocal of the 
spectral width of the distribution function, and, since this is much greater than T, we 
may replace exp(jrV) by unity. 

The net result for the assembly of atoms is that <^iy(1), given by equation (18), is to 
be replaced by 

^>i/1)(L r) 
exp{ — if(r — s — r' +s')t} 

r + i{(„-n')ws + (s-s’)f} 

X -kJJ Pa(0\ko + SA0) exp{ - ot(j'i,2 + t>j_2)}exp{ 

(19) 

i(^i + S^)r}d^n d^± 

where K is a normalizing constant. The integrals assume convenient forms in two 
special cases: 

(i) p(k0) is wide in comparison with the Doppler distribution and may be treated as 
constant in both integrations. (We have previously assumed only that it is wide in 
comparison with r,/and o»s.) In this case the integration over vL is simply the integral 
over its distribution, since 8k is independent of v±. Changing the variable to 
k = &x(l + vjc), we are left with 

KW°\k0) J expj—exp( - ikr) dk (20) 

where Aj is a measure of the width of the Doppler distribution. 
(ii) The scattered light is taken at right angles to the incident light (9 = J7r). In 

this case the integrand breaks into two parts and the result may conveniently be written 

-J 

oo 

K" pt;yk') exp 
(A'-fti) 

00 

oo 

exp 
— 00 

- (*-Al)S 

Ai2 
1 exp( — i/jT) dk. (21) 

We shall use this second result, replacing the Gaussians by the normalized 
function pa\k, klt Ax). The final form is 

U \ r exp{-i/(r-i-r +s )<} 
(*’T) = jrrrj:-r—77-77: p (k> *1. Ai) exp( - ikr) Lr+i{(»-» )ui,+(s—s )f}j 

X 

{(«-n')tu. + (i-i')/} 
I* 00 

ja,/0>(*V1,(*'. *1, Ai) dk'. 
^ —00 

dk 

(22) 

6.3. Final form of the matrix 

Returning to equation (17) with the result (22), we notice that the indices r, r\ sy s' 
occur only in the combinations s — s' and r - r' — s + s’, and in no other terms apart from 
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the Bessel functions. It is therefore useful to contract the summations over these 
indices as follows: 

2 J r(an)Js(an)J rfan')Jsfan') = 2 Iq(an-an')1 p + q(an-an') (23) 
r. r' q,(P + Q) 
s. s' 

with q = s — s' and p =* r — r' — s + s'. 
The last four sets of parentheses of equation (17) may be taken with the factor 

dkf^\k')^\k\ku^) 

of equation (22) to form a matrix with elements Gkta\n, n'), which by virtue of the 
summation over i and j may be regarded as formed by a succession of transformations 
on the matrix p(0)(&'): 

G (1) ^kl 

/» 00 

(«, n) = 
J — 

dk’ pa\k', *lt A1){T<1)D.„D.nt R“>p‘®(A') R<1)_1 

x D„.Df)*T«V (24) 

In this expression the matrices R(1) are introduced to rotate the basis vectors e(0) from 
the frame S(0) used to specify the primary light (§§ 4 and 5) to the frame S(1) used for 
quantization of the atoms (§3). The matrices D^n(Dffn+) are three-by-one column 
(row) matrices representing the vectors Dgn (Dng — Dgn*). 

We have now reduced the elements of the coherency matrix of the light scattered 
from the assembly to the form 

with 

3?(1)(w, n\ t, r) 

T) = 2 *, r)G^»(n, n') 
n,n’ 

r% 00 

dk p{1\k, k1} Ax) exp( — ikr) 
* — CO 

J Q(an — an')Jp + q(an — an') exp( — ip ft) 
x 2 

p.q T + i{(n~n')cos + qf} 

(25) 

and Gkia\n, n') given by (24). It should be noted that all the time dependence of 
o(1) is contained in the factors ^(1). 

The intensity of the light passing the device represented by T(1) is proportional to 

I(1)(t) = Traa\ty r = 0) = 2 ^(1)(«> t = 0) Tr Ca\n, n'). (27) 
n,n' 

7. Scattering in the experimental cell 

The Hamiltonian in this case is 

3? e = 3?o + yJ • h{He) + D - Ea\t). P. (28) 

Proceeding as in § 3, with h as the axis of quantization and |ra) as the excited eigen¬ 
states, we find the time-displacement operator corresponding to the first three terms of 
equation (28). Its eigenvalues are 

Umm’(t, to) = exp{ - i(*e + mu>e - |ir)(i - ?<,)}. (29) 

As before, we obtain an approximate solution for the state vector under the complete 
Hamiltonian and thence derive the radiated field and its coherency matrix a(2)(f, r). 
The time-dependent parts of the elements of this matrix are reduced to integrals 
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involving okla\ty r). These may be evaluated to yield 

<l>(2Xt, T) 
2vpa\k1) exp(-ipft) 

T + i{(m-m')u)e-pf} 
exp{-i (ke + mfaje + *i TJr} 

which is to be compared with equation (18). The matrix suffixes k, l are in this case 
attached to time-independent factors which have been omitted from equation (30). 

Incorporating the Doppler distribution p{2)(k, k2, A2) as before, we finally obtain 
the following expression for the coherency matrix of the light scattered from the 
experimental cell and passing through an analysing plate T(2): 

a(2)(t,r) = ^ ^(2)(m> n, n'; t, r)G(2)(m, m', n, n) (31) 
n.n' 

. , m,m' 
with 

Om(m, n, n') = T®DfmD,„+R®G<i>(», (32) 

and 

^(2)(m, m', n, nt, r) = 2tt f d*' p(1)(£', kl9 bjp^k', k2, A2) 

x dk p(2\k, k2y A2) exp( — i&r) 

x y Jq(an - any „ + t(an - an') exp( - ipft) 

x 7a [r■+ */{(”-»')4+s}][r+i/{(«-m')/e-p}] ( 

In equation (32) R(2) is the matrix which rotates the axis from |»> to |m} quantization. 
G(1)(w, n') is given by equation (24). In equation (33) we have introduced the dimen¬ 
sionless symbols ls = a>Jf = yHJf and le = wjf = yHJf. Similarly, a — yHJf\ 
The quantum numbers n, n\ m and m! take the values 0, ± 1. The integers^), q take 
all integral values and zero. 

The intensity of light reaching the photodetector is proportional to 

T2\t) = Tr o(2\t,T = 0) 

= ^ ^(2)(w> «, n'\ t, t =4 0) Tr G(2)(w, m\ n, n'). (34) 
n.n' 

m,m' 

8. Discussion of the results 

8.1. Light scattered from the source cell 

Let us consider first the properties of the light scattered from the source cell, given 
by equations (24) to (27). Modulation is expressed by the factor exp( —ipft) in 
aa\ty r), but this modulation is not realized under all experimental conditions. Let us 
restrict the discussion to the cases studied in the experiments, where the light in which 
we are interested is that scattered in the direction of the magnetic fields, which is the 
axis of quantization. Suppose that T(1) represents a circular polarizer. Then only one 
value of n survives in the product T(1)Dfn, and the same value in D?n,+T(1)+, so we 
may put n — W — n0. The Bessel functions then have the value zero unless/) — q = 0, 
in which case the factor exp( —ipft) reduces to unity, and the denominator in 
equation (26) to T. To realize the modulation therefore, it is essential to use an experi¬ 
mental arrangement which transmits light of both circular polarizations. This is 
because the modulation is associated with terms n ^ v! in equation (26). 
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This condition is necessary, but not sufficient. Let us consider R(1)p(0)R(1)-1, the 

coherency matrix of the primary light represented in the frame S(1) (z axis parallel 
to the axis of quantization). If the x and y diagonal components are equal, the real 

parts of the scalar quantities Dnf+ R(1)p(o)R(1)-1D^n' vanish. From this it follows that 
a second necessary condition for modulation is that the primary illumination be 
anisotropic in the plane perpendicular to the magnetic fields. If this condition is ful¬ 
filled, the light scattered in the direction of the magnetic field will be at least partially 
plane polarized. 

Suppose this is the case, and that the light is transmitted through a linear polarizer 
(represented by T(1)). The intensity will be modulated as described by the factors 
exp( —ipft) in a(1)(t, r = 0). The amplitudes of the modulation depend on the values 
of the Bessel functions and vary with the static magnetic field on the cell according to 
the values of [F + i{(w — n')ws +qf}]'1. 

If the linear polarizer is rotated by r, the effect is the same as if the primary lamp 
were rotated by \tt about the magnetic field, that is, the amplitude of the modulation 
changes sign. When no polarizer is present, therefore, the net intensity modulation 
vanishes. A photodetector would register a steady current, and spectral analysis of the 
light would reveal the distribution function p{k, klf Aj), which is the same afe that of 
fluorescent light from the cell in the absence of magnetic fields. Nevertheless, the 
light is frequency-modulated. The frequency-modulation sidebands do not appear in 
p(k, kly Ax) because we have assumed that Ax is large compared with the applied 
frequency / and with the Larmor splittings tos. 

8.2. Light scattered from the experimental cell 

The result is given by equations (31) and (34). We are interested only in the cases 
in which the light falling on the cell is not intensity-modulated. T(1) may represent, 
therefore, an unobstructed light path or it may represent a birefringent plate. The 
important condition is that it should not selectively absorb any component of the 
light incident upon it, though it may introduce phase differences. 

The light scattered from the experimental cell is represented by the transformation 
of the coherency matrix o(1\t, r) into a sum of matrices of the form 

T(2)(D»mD„W«, t)( Dsm. D»m.t)T<2)-1. 

For the terms having m = m', the matrices T(2)(D„mDym+) act like the matrices T(1) 
representing a linear polarizer, and the scattered light is intensity-modulated. This is 
true even when T(2) represents the unit dyadic (apart from some special directions). 
However, for terms in which m ^ m! the analogy with a linear polarizer is not exact. 
In this case an important factor is the denominator, F + i{(m — m')o>e — pf} in (33). 
Such terms contribute strongly to the result only if the resonance condition 

(m — m')oje = pf is satisfied. 
Two types of resonance in the amplitudes of modulation are therefore predicted by 

the equations, one a function of the field Hs on the source cell, the other a function of 
the field He on the experimental cell. The resonance conditions are, in the first case, 

and, in the second, 

-g/ 

y(n — nr) 

pf 

e y(m — m') 

(35) 

(36) 

The resonance curves are Lorentzian- or dispersion-shaped, or some combination of 
these. Their width is determined by the damping constant of the excited states. The 
oscillating field makes no contribution to the width of the curves. 
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8.3. Relationship with other phenomena 

The expressions we have derived for the scattered light also represent the results 
of other types of experiment including the Fermi-Rassetti effect, the Hanle effect and 
the excitation of resonances by intensity-modulated light. 

The experiment performed by Fermi and Rassetti (1925) was to study changes in 
the polarization of fluorescent light from an arrangement similar to our ‘source cell’ 
as a function of the quantity a = yHx!f. The result is described by equations (24) to 
(27), and in particular by the dependence of the Bessel functions on a. In the experi¬ 
ments of Chapman and Series a was regarded as a parameter, not a variable. 

The Hanle effect is given in equations (24) to (27) by putting / = 0. The sums 
over p and q may then be evaluated, and the product of Bessel functions reduces to 
J0(0) = 1. The remaining factors are equivalent to the results of Breit (1933) and 
Franken (1961). In a similar way equations (31) to (34) describe the Hanle effect in the 
experimental cell. 

Equations (24) to (27) are equivalent to the results of Geneux and Favre (1964) and 
of Aleksandrov et al. (1964). 

We have shown how equations (24) to (27) describe intensity-modulated light for 
matrices T(1) representing, for example, linear polarizers. With T(1) chosen in this way, 
equations (31) to (34) represent the excitation of fluorescence in the experimental cell 
by intensity-modulated light. The factors exp( — ipft)[T + if{(m — m')le— A}]"1 
typically describe resonance effects in experiments of this type (Corney and Series 
1964). 

9. Diagrammatic representation of the analysis 

9.1. Scattering in the source cell 

Figure 1 is a ‘frequency diagram’ representing the atoms in the source cell. A 
‘frequency diagram’ is a generalization of the normal term diagram for the case when 
the Hamiltonian function is time-dependent (Dodd and Series 1961). Each level 
represents the frequency of a periodic term in the wave function. 

In the middle of the diagram is shown the splitting of the term 3P1 into its Zeeman 
components by the static field Hs — cojy. The effect of the oscillating field is to split 
the levels n, n' — ±1 into an infinite sequence of levels separated by the frequency/, 
the frequency-modulation sidebands, labelled by the integers s, s' or r, r'. Associated 
with each level is an amplitude Js(wy7f1//). A particular level (n, s) may or may not 
coincide with a level (n\ s'). However, as H is varied, the whole structure belonging to 
n = — 1 moves relative to the structure belonging to n' = 1, so that for particular 
values of He the one set of levels is in coincidence with the other set, though displaced 
from it. Resonance effects are to be expected whenever there is a coincidence of 
levels. Figure 1 is drawn for such a coincidence, the relative displacement being 4/. 

The figure indicates also the interaction of the atoms with light. Although in the 
analysis we have not made a Fourier representation of the incident light, it is conven¬ 
ient to use this representation in the diagram. Thus the excitation of an atom by one 
Fourier component of the light is represented by the arrow k, which is shown in 
resonance with the levels (n = — 1,.$ = 1), (n' = 1, s' = —3). By the action of the 
oscillating field along the axis of quantization, transitions Aw = 0 may be stimulated, 
that is, terms in the wave function may be generated in which the frequency changes 
by multiples of /while the quantum number n does not change. These transitions are 
represented by the arrows labelled/. The labels r, r' are used for these new levels. The 
wave function of the excited atom now contains terms represented by (n — — 1> r — 0) 
and (n' = 1, r' — —1). These terms, having been generated by the same Fourier 
component of the light, together with an oscillating magnetic field of well-determined 
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n'— I s'/r' 

Figure 1. Frequency diagram, showing optical and radio-frequency transitions 

for the source cell. ws = yHa is the splitting of Zeeman levels in the field Hs. 

The structures labelled s, s' or r, r' are sidebands generated by the oscillating 

field. The arrow k upwards represents optical excitation, the arrows/ represent 

radio-frequency transitions and the arrows k+2/, k —/ downwards represent 

coherent emission of light leading to modulation. 

phase, are coherent. The light emitted by the atom in its decay therefore contains a 
component modulated in intensity at the frequency 

{k + (r-s)f}-{k + (r’-s’)f} = (r-r' + s-s’)f = pf. 

The net modulation of the light contains components at frequencies corresponding 
to all possible combinations of the type considered above, each combination being 
weighted with products of Bessel functions. The net effect of all combinations for 
which n = ri is that the intensity modulation is zero, though the light is frequency- 
modulated. • By devising experiments in which one obtains interference between 
components of different n (for example, by taking light obliquely to the direction of 
the fields, or by using polarizers or by using a second scattering cell as in the experi¬ 
ment under consideration) the frequency modulation may be converted to intensity 
modulation. 

9.2. Scattering in the experimental cell 

The frequency diagram in this case is identical with the normal term diagram, 
since the only field on the cell is the static field He. Figure 2 shows the splittings 
coe in the field He. 

The Fourier component k of the incident light is coherent with a component 
k+pf\ owing to the modulation. The same coherence exists in the scattered light. 
Resonance effects are found when pf is equal to (m—m')coe, that is, at values of He 
equal to \pf\y and pf\y. These resonance effects are variations in the amplitude of 
modulation of the scattered light. The demonstration of any particular resonance 
demands a geometrical arrangement which allows the appropriate optical transitions. 

379 



Theory of frequency and polarization modulation 95 

m, m' 

Figure 2. Frequency diagram for the experimental cell. The modulated excitation 

is represented by the arrows k, k +pf upwards. A resonance condition is 

satisfied when He = \pfly or pfly. The emitted light, represented by the arrows 

downwards, is also modulated. Resonances are detected by measuring the 

amplitude of modulation. 
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Appendix 1. Classical model 

A simple classical model can be used to find the intensity of light emitted from the 
source. Suppose an oscillating dipole is excited in the x direction at time t0. It pre- 
cesses in the xy plane under the fields Hs + H1 cos ft applied along the z axis. 
The precessional velocity at time t is 

-(0 = y(hb + H1 cos ft) = o>s + coi cos ft. 

The angle of precession executed in time t — t0 is 

t 

a)(t)dt = cos(t — t0) + a(smft— sin ft0) 
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and the damping factor for the amplitude is exp{ — |ir(£ — f0)}. The component of the 
radiated field which passes an analyser parallel to the x axis is proportional to 
exp{~ — /0) cos x}> and the intensity I(t, t0) is given by 

I(t, t0) 00 exp[-r(f-f0) cos2{cus(^ — t0) + #(sin ft — sin/£0)}]. 

Writing the cosine in complex exponential functions and using the expansion in 
Bessel functions given in the text, we arrive at 

*o) = 2 J r(^)Js(^)Jr'(^')J^(ae') exp{i(r + r'-$-$')/*} 
r. r' 
s, s' 

€,€' 

x exp{i(s + s')f(t - *0)} exp[ - {T - i(e + e')a;s}(* - *0)] 

= 2 JP + q(-a€-a€')h(-a€-a€') exp(-i/>/0 exp(-[r + i{^/-(e + e')^s}] 
P.Q 

C, 6' 

x («-(„)) 

where e, e' take the values ± 1. 
If dipoles are excited at a constant rate R} the steady-state intensity at time t is 

given by 

I(t) = R f I(t, t0) dt0 
J o 

R 2 h + d(~ae~ae')h{~a€-a(') 
exp( - ipft) 

P.Q. 

e.e' 
r+iteM«+«>.} 

which is a particular case of the trace of the matrix a(1)(t, r = 0) in the text 
(equation (26)). e and e' are not to be identified with n and n' since in this analysis the 
motion is not resolved into its circularly polarized components. 

Appendix 2. Evaluation of the time integrals 

We evaluate here the quantity fa)(t, r) introduced in § 6.1: 

t) = exp{—if(r 
r 1 rt+T 

~S)t}[2T J(_t dt' exp{— if(r — s — r' + s,)t'} 

fd r0ErV~r0) exp(-iasr0) f * d r0'Es™*{f-t-tq’) 

J 0 *0 

x exp(iasr0') (Al) 

Our aim is to manipulate the order of integration so that, in the integral over t\ the 
integrand is simply — t — 

(i) If 2T is chosen to be much smaller than {f(r — s — r' + s,)}~1, 

exp{ — if(r — s — r' +s')t'} 

can be taken outside the integral over t\ with t substituted for t'. (ii) The integrals over 
t0 and t f are insensitive to the upper limits since we are dealing with fields of short 
coherence time. We therefore have to evaluate 
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f dr0exp{-i(as~as')r0} f dr0' exp{-ias'(T0-r0')} 
J o Jo 

»t+ t 

X [A f d-r- V) (A2) 

where 77 and £ are independent of The quantity in square brackets is simply 
<7i;(0)(T + To ~ to)j which we express in terms of its spectral density by equation (16). 
The broad-band approximation allows us to treat this as constant p{f°\k0), so that we 
have 

CTf/0)(T + T0'-To) = Pi/0)(^0)^(T0-To'-T)- (A3) 

The integration over r0' may then be performed, leaving Pif°\k0) exp( — ias'r). There 
remains the integral over t0 which is readily evaluated to yield 

ifa-flO"1 = [r+i{(#-i»>s+(i-i,)y}]-1- (A4) 

(The integral vanishes at the upper limit since we are concerned with times 77 > T”1.) 
The final result is 

fa\t, r) 
Pi/0)(k0) exP{ -if(r-s-r' + s')t} 

T + i{(n — n')a>s + (s— s')f} 
exp{ — i(&s + rc/o7s+/r'+Jir)T}. (A5) 

References 

Aleksandrov, E. B., 1965, Opt. Spektrosk., 19, 452-5 (Opt. Spectrosc., 19, 252-3). 

Aleksandrov, E. B., Konstantinov, O. V., Perel’, V. I., and Khodovoi, V. A., 1964, Zh. 

Eksp. Teor. Fiz., 45, 503-10 (Sov. Phys.-JETP, 18, 346-50). 

Breit, G., 1933, Rev. Mod. Phys., 5, 91-140. 

Chapman, G. D., and Series, G. W., 1970, J. Phys. B: Atom Molec. Phys., 3, 72-83. 

Corney, A., and Series, G. W., 1964, Proc. Phys. Soc., 83, 207-12, 213-6. 

Dodd, J. N., and Series, G. W., 1961, Proc. R. Soc. A, 263, 353-70. 

Fermi, E., and Rossetti, F., 1925, Z. Phys., 33, 246-50. 

Franken, P. A., 1961, Phys. Rev., 121, 508. 

Franzen, W., and Alam, M., 1964, Phys. Rev., 133, A460-7. 

Franzen, W., Newell, P. B., and Edmonds, D. S., 1968, Phys. Rev., 170, 17-27. 

Geneux, E., and Favre, C. J., 1964, Phys. Lett., 8, 190-2. 

O’Neill, E. L., 1963, Introducton to Statistical Optics (Reading, Mass.: Addison-Wesley). 

Series, G. W., 1966, Proc. Phys. Soc., 89, 1017-20. 

J. PHYS. B : ATOM. MOLEC. PHYS., 1970, VOL. 3. PRINTED IN GREAT BRITAIN 

382 



Opt. Commun. (1970) 2, 93-96 

’ LINE-CROSSINGS ’ IN THE FORWARD-SCATTERING OF 

RESONANCE RADIATION 

R. Q. HACKETT 
Tonbridge School, Tonbridge, UK 

and 

G. W. SERIES 
J.J.Thomson Physical Laboratory, Whiteknights Park, Reading, UK 

Received 10 July 1970 

Phenomena similar to the well-known 'level-crossing' effects are to be expected in forward-scatter¬ 
ing when there are coincidences in the resonance frequencies of different atoms. Such coincidences can 
be established between different isotopes by introducing Zeeman splittings to compensate spectroscopic 
isotope shifts. The phenomena have been demonstrated experimentally. 

1. INTRODUCTION 

'Level-crossing' effects in the resonance 
fluorescence of atomic vapours are normally 
studied in laterally scattered light, in which case 
there can be no interference in the light from 
different atoms. The effects are due to inter¬ 
ferences between different polarization compo¬ 
nents of the light scattered from single-atoms. 

In forward-scattering there are additional 
possibilities for interference since the light from 
different atoms is coherent. Some consequences 
of this - the Doppler broadening and enhanced 
coherence narrowing of level-crossing curves - 
are already known [1]. It is the purpose of this 
note to point out further consequences: that ef¬ 
fects similar to those at 'level-crossings’ are to 
be expected also at the crossings of absorption 
lines of different atoms. It is therefore possible 
to find these effects between different isotopes, 

or between different hyperfine transitions in 
different atoms of the same isotope. We propose 
the name 'line-crossings' to describe these si¬ 
tuations. 

The essentials of an apparatus which we have 
used to study these effects are shown in fig. 1. 
The crossed polarizers would, in the absence of 
the vapour,-prevent light from reaching the de¬ 
tector. If a photocurrent is recorded, it must 
arise from forward-scattered light. (As an alter¬ 
native arrangement for studying the forward- 
scattered light one might use, for example, a 
Mach-Zehnder interferometer [2].) The current 
is measured as a function of the longitudinal mag¬ 
netic field H whose function is to tune the Zeeman 
components of different absorption lines in coin¬ 
cidence. 

H 
-► 

Laap Polarizer Scattering Crossed 
vapour analyser 

Photo - 
detector rmen 

Fig. 1. Essentials of the arrangement for studying forward-scattered light. 
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2. ANALYSIS 7 oc 1 - exp(-2u»2/a2) „ (5) 

The signal may be calculated by treating the 
interaction of the light with the vapour as prop¬ 
agation through an absorbing dielectric [1], An 
analysis of the arrangement shown in fig. 1 leads 
to the result 

7 oc f p(k) | sin 2 exp {-akL)dk (1) 
0 

where p(k) is the spectral density of the light at 
the front face of the cell and = (kL/2c)(n+ - «_). 
n+ and n_ are the complex refractive indices for 
the circularly polarized components of the in¬ 
cident light of angular frequency k, a& is their 
mean absorption coefficient, and L is the length 
of the cell. In the case where n± are real, 4>£ 
will be recognised as the angle of Faraday rota¬ 
tion and p{k) sin2 <!>£ as the intensity passing the 
analyser for the spectral component k. Eq. (1) 
holds also when n+,n~ and $u are complex. 

For optically thin vapours (negligible absorp¬ 
tion, small rotation) eq. (1) simplifies to 

/oc J p(k) |*fc|2d£ . (2) 

0 
In evaluating this expression we use n = 1 + 

+ (2vNP*1/K A) Z for the refractive index. AT is the 
number density of the atoms, P the reduced ma¬ 
trix element of the electric dipole operator, Z 
the ’plasma dispersion function' [3] which repre¬ 
sents the Doppler-broadened polarizability 
through the resonance region, and 2A(\n2)1/A is 
the Doppler half-intensity width. Z is a function 
of k, the resonance frequency k0, the damping 
constant r, and A. 

We first give the result for the case when the 
vapour is a single atomic species with a single 
resonance line which shows the normal Zeeman 
effect. We have 

w+ - n„ = {2t\NP2/KA) [Z{k,kQ - a>,I\ A) 

- z(M0 + w,r,A)] • (3) 

The expression in square brackets is called the 
Faraday function F. It is the difference between 
two Z functions centered at (&0 - co),{kQ + u>), 
where co = yH. 

In terms of F eq. (2) becomes 
OO 

7 cc J p(k) |F|2d& . (4) 

0 
If p(k) is assumed constant, and if we take the 
case A » T, the result of the integration is 
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(Integrals of the type (4) are evaluated in ref. [1] 
without the restriction A »r.) The inverted 
gaussian (5) is the Doppler-broadened level¬ 

crossing curve centered on = 0. 
Now suppose we have two isotopes whose ab¬ 

sorption lines occur at k0 - s, kQ + s respectively 
(isotope shift: 2s). The vapours may be mixed in 
the same cell or placed in separate cells so that 
the light passes through each in turn. For simpli¬ 
city, suppose the Zeeman splittings are identical, 
and that we have the same number density and 
same path length for each. The contributions to 
the dispersion will be additive, so that eq. (4) 
becomes 

I cc J p(k) fFi + F2 I2 dk , (6) 

0 
where Fi and F<i are calculated from the two 
functions, Z{k,kQ ± s,T,A). Evaluating (6) with 
p(k) constant and A » T we find 

I cc l -exp(-2a>2/A2) - |exp[-2(s-u>)2/A2] 

+ exp (-2s2/a 2) - |exp [-2(s+ a^/A2] . (7) 

If the isotope structure is resolved against the 
Doppler width the last two terms will always be 
small. The first three terms describe two in¬ 
verted gaussians: that centered on w = 0 is the 
zero-field level-crossing common to both isotopes 
and that centered on u> - s is the Tine-crossing’ 
which occurs when the cr+ resonance line of oiie 
isotope coincidences with the o~ line of the other. 

The simple results (5) and (7) depend on the 
assumption p(k) = constant which is an unrealistic 
assumption for many experiments one might wish 
to describe. However, the fact that the intensity 
goes through a minimum for a line-crossing does 
not depend on this assumption as we have verified 
by obtaining computer solutions of the equations 
using a variety of particular forms for p(k). 

An analytical proof may be given for the case 
when the spectrum of the incident light is confined 
to the wings of the crossing absorption lines. Here 
we may use a simple lorentzian form for the dis¬ 
persion function and eq. (3) is replaced by 

, , /2ttNP2\ 
(n+ - w_)i+;2_ = y — j 

_ 1 1 = /2trNp2\ 26 
(&0 + s -(o) -k\ \ n ) [{kQ_k)2_52] ’ 

where 5 - s - co is equal to zero at the crossing. 

1_ 
(&n -s+cu) -k 
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Using (8) in the expression for <f>£, neglecting 6 
in the denominator in comparison with (k - k) 
and integrating 4>| over the spectrum of the in¬ 
cident light, one finds that the variation of inten¬ 
sity in the region of the crossing is proportional 
to 5^, which gives a dip at the crossing point, as 
before. 

3. EXPERIMENTAL TEST 

(a) Single isotope 
The phenomenon was tested with mercury 

isotopes, using an air-cooled microwave 198Hg 
lamp. A preliminary interferometric study of 
the spectral profile of the 2537 A line showed 
this to be a bell-shaped curve of width about 
twice the Doppler width at room temperature. 
With this light source and a cell 1.5 cm in length 
containing 198Hg vapour at 0°C, curves of photo¬ 
current against magnetic field were obtained as 
shown in fig. 2a. These curves are well repre¬ 
sented by a computer solution of eq. (1) taking 
p(k) to be a gaussian of the appropriate width. 
The change in intensity between zero-field and 
1 kG is interpreted as the Doppler-broadened 
zero-field level-crossing: the fall at higher fields 
comes about because the Zeeman components of 
198ng are moving away from the source spectrum 
and the Faraday rotation in this region becomes 
negligibly small. 

(b) Mixture of isotopes 
Fig. 2b was obtained by using a cell containing 

the natural isotopic mixture at 0°C instead of the 
198jig cell. Comparison with fig. 2a shows (i) 
that the system transmits light at fields where 
formerly the intensity had fallen away, and (-ii) 
that there is structure, notably dips at about 1.1 
and 2.4 kG. 

To interpret the experiments we refer to fig. 3 
which shows the isotope and Zeeman structure 
of the 2537 A line, representing the absorption 
spectrum of the vapour in the cell in relation to 
the spectrum of the 198Hg lamp used for illumi¬ 
nation. Only the major absorption lines are shown. 

The isotope 198 in the cell is responsible for 
the rise in intensity at small values of the field. 
The finite intensity at higher fields arises mainly 
from the strong dispersion of the 200 a+ compo¬ 
nent as it enters the region of the source spec¬ 
trum between 1.5 and 3 kG. (It will be realised 
that although spectral components on either side 
of the cr+ absorption line undergo Faraday rota¬ 
tions of opposite sign - the o~ lines being rela¬ 
tively far away - these do not cancel one another 

KG 

Fig. 2. Transmitted intensity against magnetic field. 
The light source, a microwave 198Hg lamp, was the 
same for both curves. 
a) cell containing vapour of 198Hg at 0°C. 
b) cell containing natural mixture of isotopes at 0°C. 

but contribute independently to the observed signal.) 
The dip at about 1.1 kG must be attributed to 

the crossing of 200 ct+ and 198 <j~, where the dis¬ 
persion associated with the former is compen¬ 
sated by the latter so that the Faraday rotation is 
greatly reduced. Likewise the dip at about 2.4 kG 
is attributed mainly to the crossing of 202 a+ and 
198 o". Minor components of the 2537 A line, not 
shown in fig. 3, contribute to the intensity, and 
some of these exhibit crossings. Close comparison 
with theoretical curves is not possible without 
more certain knowledge of the spectral profile of 
the source. 

4. CONCLUSIONS 

Notwithstanding these uncertainties it is 
claimed that the observations constitute evidence 
of anomalies in the intensity of forward-scattered 
light which arise from degeneracies of resonance 
frequencies of different atoms. It is tempting to 
offer this technique, in conjunction with the en¬ 
hanced coherence narrowing which is available 
by increasing the optical density, as a method 
for measuring isotope shifts with high precision. 
Although it seems to us feasible to apply the 
method in some simple cases its general applica¬ 
tion would appear to be impracticable. The diffi- 
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■ k 

O I 2 3 KG 

Fig. 3. Isotope and Zeeman structure of the 2537 A line 
in relation to the emission line of the 198Hg source [4]. 
Only the strongest lines are shown. Relative abundan¬ 
ces of the three isotopes are; 198: 10%, 200: 23%, 

202: 33%. The significant crossings are encircled. 

culties are: first, one needs accurate knowledge 
of the spectral profile of the source. Secondly, 
it is to be realised that different degrees of 

coherence narrowing would result if the isotopes 
were present with different abundances. Further, 
it is incorrect to assume that the dispersion 
function is independent of the vapour density. 
One effect of pressure broadening is to change 
the damping constant and hence the dispersion 
function. We have found that changes of this sort 
distort the zero-field level-crossing curves so 
that the effect of incrasing the vapour density can 
no longer be described as a narrowing of the 
curves. In the cases we have studied (sodium 
and mercury) it appears that this distortion sets 
a limit to what can be achieved by coherence¬ 
narrowing in forward scattering. 
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Abstract. Fluorescence from the 32P states of sodium was studied as a function of time and 

magnetic field. The signals were recorded digitally and stored. By the use of a computer 

the signals Were biased in favour of the longer-lived atoms and integrated over time. The 

improved resolution of the resulting level-crossing curves allowed the positions of level 

crossings to be determined with improved accuracy. A variety of biasihg functions was 

studied and the advantages of the gaussian demonstrated. 

Satisfactory agreement between theory of the line shape and experimental profiles 

was obtained after, allowance had been made for the non-uniform spectral distribution of 

the exciting radiation; it was also necessary to allow for a small temperature-dependent 

component of the signal. 

An iterative analysis of the level-crossing curves leads to the values a = 18-7 ± 0-1 

MHz, o = 3-0± 0-2 MHz for the hyperfine interaction constants of the level 32P3/2. 

These results are compared with those of other authors for the same level and for the level 

^2^3/2 • 

1. Introduction 

Level-crossing spectroscopy has been widely used over the past decade as a method for 
investigating fine or hyperfine structures of the excited states of free atoms. In some 
cases—the 32P3/2 level of sodium is a case in point—the accuracy attained has been 
limited by incomplete resolution of the level-crossing signals. Recently attempts have 
been made to improve this situation by modifying the line profile which, in a conventional 
experiment, is governed by the sum of the natural widths of the crossing levels. We 
report further progress in this direction. 

We have refined an experiment reported in 1968 by Copley et al in which level¬ 
crossing curves were narrowed by the device of taking fluorescent light from a sample 
of excited atoms biased in favour of those which had survived longer than average. 
The substance investigated in their experiment was sodium vapour, the atoms being 
excited to the level 32P3/2 by resonance radiation from a sodium lamp. A Kerr cell 
interposed between the lamp and the vapour allowed atoms to be excited at a well- 
defined time by a pulse of light and the fluorescence light was detected photoelectrically 
after a predetermined delay. In this way the detector recorded the fluorescence from a 
biased sample. The experiment was set up using the normal geometrical arrangement 
for level-crossing experiments and was repeated for different values of magnetic field 

applied to the vapour. 
The level-crossing curves obtained by Copley et al indeed showed improved resolu¬ 

tion over level-crossing curves obtained in steady-state experiments, but the analysis 

t On leave from the Division of Chemical Physics, CSIRO, PO Box 160, Clayton, Victoria, Australia 3168. 
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showed that spurious effects might be present owing to the sudden switching on of the 

detector. The spurious effects—oscillatory structure in the wings of the level-crossing 

curves—have their origin in the precession of the excited atoms in the magnetic field. 

Since the dipole radiation pattern rotates with the atoms, a detector in a fixed position 

will record a modulated, exponentially decaying signal following the excitation pulse. 
The modulation will appear as a function of time for a given field or as a function of the 

field for a given time. In the experiment just described, the dominant contribution to 

the signal will be for times immediately following the switching on of the detector: hence, 

for a given delay, oscillatory structure will appear as a function of the field. Such structure 

has been observed recently by Schenck et al (1973) and by Figger and Walther (1973). 
This additional structure complicates the level-crossing curves.. It may be eliminated, 

in principle, by biasing the signal in a different way. The present experiment was designed 
to allow different forms of biasing to be investigated systematically. The decay of the 

excited atoms was recorded by standard techniques as a function of time following the 
exciting pulse and the biasing introduced subsequently by performing an integration 

over time, incorporating afiy desired function of time into the integrand. The actual 
integrations were carried out in a computer, so that a whole family of biasing functions 
could be studied with the same experimental data. 

The level 32P3/2 of sodium was chosen for this case study because the level-crossing 
curves obtained by conventional methods contain barely resolved structures. We have 
improved the resolution and obtained values for the hyperfine interaction constants 
which we believe to be more reliable than those obtained by steady-state methods. 

2. Description of the experiment 

The most significant differences between this experiment and that of Copley et al are to 
be found in the techniques used for recording the signal and analysing the data. In 
addition, the magnetic field in this experiment was calibrated more accurately. 
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Figure 1. The apparatus. 
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Resonance radiation from a sodium lamp was pulsed by means of a Kerr shutter. 
Both the and D2 lines were transmitted. The width of the optical pulse was approx¬ 
imately 20 ns with rise and fall times of about 8 ns. Its repetition rate was approximately 
500 Hz. This optical pulse was focused into a cell containing sodium vapour at a 
pressure of about 4 x 10~6 Torr, corresponding to a temperature of 140 °C. Helmholtz 
coils surrounding the cell allowed the earth’s field to be compensated and an additional 
field B to be applied in the direction of the incident light. The field B was calibrated in 
terms of the current in the coil by means of a rubidium magnetometer. The coil constant 
was measured to be (34-68+ 0-031G/A. 

The geometrical parameters of the experiment were as follows: 
(i) magnetic field: Oz 

(ii) incident light: direction, Oz; polarization (linear), Oy 
(iii) detected light: direction, Oy; polarization (linear), Ox. 

With this arrangement, only level-crossing signals due to Aw = ±2 crossings are 
detectable (see figure 3). Moreover, the intensity of the fluorescent light from 32P1/2 
should be independent of B provided that the spectrum of the incident light is uniform 
over the line. 

The commonly-used technique of delayed coincidences was used to measure the decay 
of the excited atoms as a function of time following their excitation by a pulse of resonance 
radiation. A reference pulse was derived from the high voltage pulse used to operate 
the Kerr shutter. The reference pulse was delayed and applied to the ‘start’ input of a 
time-to-amplitude converter. The photoelectron pulses from the photomultiplier 
(EMI 9816QB), after discrimination to eliminate spurious pulses not originating from 
the photocathode and to standardize those that were acceptable, were applied to the 
‘stop’ input of the time-to-amplitude converter. The output from the converter has the 
form of a pulse of standard width whose amplitude is proportional to the time delay 
between a ‘start’ pulse and a ‘stop’ pulse. No output is produced if this delay is greater 
than the maximum conversion time which was set to be 200 ns. In addition, once a 
conversion has taken place, or if the maximum conversion time is exceeded, the converter 
is dead until the next ‘start’ pulse arrives. The spectrum of pulse heights from the output 
of the converter represents the probability of an atom spontaneously emitting a photon 
in the direction of the detector at a particular time following its excitation. These pulses 
are stored according to their amplitude in twenty channels of a 400 channel analyser. 
A channel width of about 9 ns was chosen in order to allow each decay spectrum to be 
studied over 180 ns, that is, .for more than ten mean lifetimes of the excited state. 

The emission of light as a function of time was investigated in this way at twenty 
different values of the magnetic field (this number was limited by-the total availability of 
400 channels in the analyser). The size of the field step could be set to any desired value, 
allowing either a ‘panoramic’ field scan over the entire range of interest (0-30 G) or 
a scan over any smaller region within this; the latter was useful when investigating the 
position of a particular level-crossing. 

The procedure in carrying out an experiment was to start at the lowest field required 
and to collect a decay spectrum in the first twenty channel subgroup of the analyser for 
about two seconds. The field was then stepped to the next value and a decay spectrum 
accumulated in the second twenty channel subgroup for a further two seconds. After 
twenty values of the magnetic field in an increasing sequence, the field sweep was 
repeated. In practice about 4000 sweeps were carried out, each sweep requiring 

a time of about 40 seconds, so that an experimental run lasted for approximately 50 

hours. 
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In order to sweep the magnetic field, a current generator was designed that could 

step from one current to another on a command pulse. The steps could be reproduced 

to within one part in a thousand over a period of 50 hours. The pulse that stepped the 

magnetic field was also used to switch the multichannel analyser from one twenty channel 
subgroup to the next. Another pulse, which started a few microseconds before the 
stepping pulse, was applied to the anticoincidence input of the multichannel analyser 

and remained there for two milliseconds. This ensured that data could not be accu¬ 

mulated while the magnetic field was changing from one value to another. Finally, 
a pulse was required every twenty steps to initiate a new sweep. The sequence of pulses 
needed to control the experiment (other than those needed to operate the Kerr shutter) 

was generated from logic circuits designed by Besch et al (1970). 

Figure 2. Oscilloscope display of experimental data accumulated in the multichannel 

analyser. Decay spectra are shown for twenty values of the magnetic field, increasing from 

left to right. 

Figure 2 shows an oscilloscope display of the contents of the memory of the multi¬ 
channel analyser after an experiment such as that described above. The twenty decay 
spectra are easily identifiable, though it is difficult to distinguish visually the small 

differences between them. Before analysing-data such as shown in figure 2, the spectra 
were corrected for ‘pile-up’ using a mathematical procedure similar to that described 
by Coates (1968). The correction is necessary because of the long dead time of the 
time-to-amplitude converter: only the first photoelectric ‘stop’ pulse following activation 
of the converter by a ‘start’ pulse can lead to an output. The converter then remains 

inoperable until the next ‘start’ pulse, and these arrive with a frequency of about 500 Hz. 
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By employing a count-rate of about 100 pulses per second at the output of the time-to- 

amplitude converter, the pile-up correction was kept small. The corrected data were 
analysed in the manner to be described in § 4. 

3. Theory of the experiment 

A theory of the shape of level-crossing curves to be expected for a variety of biasing 
functions applied to the fluorescence from a simple two-level system was given by 
Copley et al. It was assumed that the interval between the levels was linearly proportional 

to the magnetic field, and that the electric dipole matrix elements were independent of 
the field. Neither of these assumptions is valid in the present case. The analysis of the 
simple system did, however, bring out the following important points: (i) the use of 
step biasing functions introduces an oscillatory structure on the wings of the level- 
crossing curves and (ii) this structure may be eliminated by the use of a suitably chosen 
biasing function; it was shown that a gaussian function of a particular width in relation 
to the position of the peak has this desirable property, and it was further pointed out that 
the resultant modified level-crossing curves, being themselves gaussians, would have the 
advantage of improving the resolution of overlapping lines on account of the more 
sharply falling wings of gaussians compared with lorentzians. 

These considerations guided the choice of biasing functions used in the present 
analysis. Step functions and gaussians of various widths were used, the oscillatory 
structure was observed, and its effect in ‘pulling’ the true level-crossing curve was 
examined systematically. 

The analysis that follows takes account of the hyperfine and Zeeman interactions in 
the actual system, as distinct from the purely Zeeman interaction in the simple two-level 
system; it takes account also of the finite duration of the exciting pulse and allows for 
an arbitrary biasing function f(t). The existence of the hyperfine interaction brings 
about a field-dependence of the electric dipole matrix elements. This also affects the 
shape of the level-crossing curves. 

3.1. The Hamiltonian 

The experiment is concerned ultimately with the determination of the hyperfine inter¬ 
action constants a and b in the following hamiltonian, applied to the 32P3/2 level of 

sodium: 

+ al. J T b 
2 t2 3(/./)2+i</.y)-/2/ 

2/(2/— l)J(2J — 1) 
+ ■ (gjJ~ gif) (1) 

(see eg Ramsey 1956). Jf0 includes all interactions other than the hyperfine and Zeeman 
interactions, gj and gj are the electronic and nuclear Lande factors, a and b are 
proportional to the nuclear magnetic moment and the nuclear quadrupole moment 

respectively. pB is the Bohr magnetoa B is the external field. 
This hamiltonian was diagonalized from the representation {F2, Fz} where F = I-\-J 

and its eigenfunctions |m> and eigenvalues Em were determined. A plot of these eigen¬ 
values as a function of B (relative to the unperturbed energy of 32P3/2) is shown in 
figure 3. The values of a and b used here are those obtained as a result of this work. 
The level crossings detectable in the present experiment, those having Am = ±2, are 

marked A, B, C in the figure. 
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Figure 3. Energy eigenvalues for / = f, J = §, plotted against magnetic field, with a = 18-7 

MHz, b = 3-0 MHz. 

A similar hamiltonian was used to find the eigenvalues and eigenfunctions |/i) for 
the ground state hyperfine Zeeman components. The interaction constants were taken 
to be a = 885*8 MHz, 6 = 0. 

3.2. The intensity of the resonance fluorescence 

To calculate the intensity we used a formula given by Franken (1961). It atoms are 
excited instantaneously from their ground states at time t0, then the intensity of 
fluorescent light at time t may be written in the formf 

K(«i.10) = constant £ e*P -Ue„-Em)(t-t0) 
m,m' L n 
M.M' 

xexp[-T(( —10)]. (2) 

K(cj, e(, t —10) is the rate of emission of photons of polarization e{ after excitation with 
light of polarization ex. The flj and gu are matrix elements of vector components of the 
electric dipole operator for absorption and emission respectively: they are functions of B. 
T_1 is the mean lifetime for decay of alignment. 

t The sign of the argument of the complex exponential given by Franken is incorrect, as pointed out by Stoke 

et al (1968). 
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Implicit in equation (2) is the assumption that the spectrum of the exciting light is 
uniform over the absorption spectrum in the neighbourhood of the resonance line. To 
allow for non-uniformity of the spectrum we introduce a weighting factor, Z^F), for the 
terms in (2) representing excitation from the states belonging to the different (F) of the 
ground level. The ratio r = Z^F = 1 )/Zfl{F = 2) was treated as a parameter in fitting 
calculated to experimental level-crossing curves. 

In our experiment, the excitation pulse has a finite duration. The intensity of 
fluorescent light must be calculated by summing the intensities from atoms excited at all 
previous times t0. If we disregard the statistical nature of the excitation process we may 
write 

I(t) = j‘ E(t0)R(t-t0)dt0 (-3) 

where E{t0) is proportional to the rate of excitation at time f0.and R{t-~t0) is given by 
equation (2) supplemented by the factors ZM. For simplicity we shall assume that E{t0) 
is a rectangular function of time; Hilborn and DeZafra (1972) have shown that the exact 
shape of the pulse is not critical provided that the rise and fall times are shorter than the 
natural lifetime of the state being excited. We therefore write 

E{t0) = constant for ti < t0 < t{ 

= 0 for t0 < ti and t0 > t{. (4) 

The result of evaluating the integral in equation (3) is 

/(S,0=KI (flggLexpdow - r)(t - tf)[l -expOaw - T)(t, - tA (5) 
mfn' \ r- l(Omm, I 

where comm. = (Em - Em )/h; <D(m, m', p, p') = . / is a function of B through 
$, as well as through the a)mm . K is a constant of proportionality. 

Equation (5) applies for times t >tf, but if the time of observation occurs before the 
end of the excitation pulse, then t must replace tf in the equation. In that case the first 
exponential factor reduces to 1 and the time dependence appears in the second exponen¬ 
tial in the factor {t — tf Furthermore, I(B, t) = 0 for t < fj. It should be noticed that, 
for t > tt, the intensity is modulated at the frequencies a>mm- which are functions of B. 

33. Use of a biasing function 

The level-crossing signal is given by integration of I(B, t) over all observation times. 
The biasing function is incorporated at this stage: 

S(B) = r I(B, t)/U) it. (6) 

The calculated signal was in fact obtained by using a summation instead of the 
integration in (6), to correspond with the conditions of the experiment, namely, the 
accumulation of counts over finite intervals of time. Nevertheless, important conclu¬ 
sions concerning the effect of/(f) on S(B) can be drawn by evaluating the integral for 

special cases, and this we shall now do. 
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3.3.1. /(f) = immediate step function. If/(f) = Oforf < ff and is a constant for t > ff, we 

find 

Si(S) = K' 
<D(m, m\ /z, n') 

(r-iaw)2 
Z„[1 - exp(iaw -rw] 

where we have used W for the pulse width (ff —tf For very small values of W we obtain 

the expression for steady-state level-crossing experiments, with denominators (r - icomm). 
For long pulse widths, W » T~*, the expression in square brackets is 1 and the expres¬ 

sions (F — ico^-) are squared in the denominators. This modification to the steady-state 
expression has come about by supposing that a detector has been suddenly switched on 

immediately after a long period of irradiation. 

3.3.2. f (f) = delayed step function. Let 

/(f) = 0 for t < fd 

= constant for t > td with fd > t{. 

This corresponds to introducing a delay Ds = (fd — rf) between the end of the irradiation 
and the switching on of a detector. We find 

S2(S) = K" Y y — - ffzjl -cxpflcw - n^3 exp(i(Bmm —r)Ds. (8) 
(r-ico™,-)2 

The important point to notice about this expression is that modulation at the fre¬ 

quencies co^ is to be found for all values of W and Ds, and the signal is exponentially 
attenuated by the factor exp( — TDs). Oscillatory structure is always present with this 
type of biasing function. 

3.3.3. /(f) = delayed gaussian function. Let 

f(t) = exp In 2J. 

An example of such a gaussian is shown in figure 4 where the times fmax, t{ and ff are 
indicated, together with various time intervals which are used in the analysis. 

A particularly simple result emerges if the gaussian function, equation (9), is chosen 
so that its half-value width T is related to the delay at the peak, Dg = fmax — ff, by 

D% = rT2/8 In 2. (10) 

We use (9) and (10) with (5) in equation (6) and make the further assumption that the 

contribution to the integral for values of t < tf is negligible. This allows us to use (5) as 
it stands and to take the lower limit of the integral in (6) as — oo. 

S,(/».*-1 
ICO, mm 

(11) 

ff W is sufficiently small, the sole dependence of the result on cumm- is in the gaussian 

factor in the last bracket, that is to say, the oscillatory structure has been eliminated and 
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Figure 4. Gaussian biasing function showing parameters used in the analysis. 

the normal lorentzian level-crossing function of width 2T has been replaced by a gaussian 
of width (8 In 2)7” \ which is under our control. Though the curves can be narrowed by 
increasing T (and also D, to preserve the relation (10)), it is undesirable to make T too 
large on account of the factor exp[ — (Tr)2/16 In 2]. 

It should be emphasized that the curves are no longer gaussian functions of B as they 
are in the simple case treated by Copley et al, since, on the one hand, the are not 
linear functions of B and, on the other hand, <X> is a function of B. 

To find a realistic condition under which it is a good approximation to neglect the 
contribution to the integral from values of t < rf, we might require, say, Dg > T. With 
the help of (10) we find, in this case, 

Dg > 8 In 2/T = 5-5t (12) 

where z is the mean lifetime of the excited atoms. Using z = 16 ns, we obtain 
Dg > T > 88 ns as the required condition. This value should be CO** ed with the 
values quoted in table 1. 

In the reduction of the experimental data, it was not possible to ensure that the 
conditions of validity of equation (11) were satisfied, partly on account of the finite 
duration of the exciting pulse and partly on account of the finite time resolution of the 
equipment. For gross departures from the condition (10), the oscillatory structure was 
clearly seen (figure 5). When the condition was approximately satisfied this structure 

was suppressed. 

4. Treatment of experimental data 

In this section we first describe the way in which experimental level-crossing curves 
were derived from experimental decay spectra. We go on to explain the procedure used 
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to obtain the best values for the magnetic dipole and electric quadrupole interaction 

constants. 
Decay spectra were obtained in both positive and negative field directions over two 

regions of magnetic field. The first, in the range 0-30 gauss, spanned the complete 

region of interest which included the regions of the level crossings A, B, and C; we shall 

refer to these experiments as panoramic scans. The second, in the range 9—15 gauss, 

provided detailed scans in the region of. crossing A. 

4.1. Construction of the experimental level-crossing curves 

Let n(tk,B) represent the experimental decay spectra after correction for pile-up and 
subtraction of background counts. tk is the time at the start of the kth channel of the 
multichannel analyser and B is the value of the magnetic field. Level-crossing curves, 

represented by N(B), were obtained by evaluating the weighted sum of the n(tk, B) for 

fixed B: 

JV(B) = £„(tk, B)f(tk). (13) 
k 

The summation was carried out for a variety of biasing functions f(tk). The level-crossing 

curves so obtained were scaled to make N(B) = 1 when B ~ 0. An average was then 
taken of the curves obtained in both positive and negative field directions in order to 
eliminate effects due to slight misalignment of the field: 

Sexp = i[N{B)+N( —B)]. (14) 

We shall refer to the symmetrical functions Sexp(B) as ‘experimental level-crossing 

curves’. Examples of these curves for the panoramic scans are shown in figure 5 and for 

the detailed scans in figure 6. 

4.2. Interpretation of the experimental curves 

It is possible, in principle, to obtain values of a and b by making these constants adjust¬ 
able parameters in seeking the best fit between the experimental curves and those calcu¬ 
lated from the theory of § 3. Some previous investigators have chosen this approach, 
but we have preferred to rely less heavily on the theory of the line profile. We deter¬ 

mined from the detailed scans the .value of the magnetic field corresponding to the 

minimum in Sexp(B); this gives an approximate value for level-crossing A. The theory is 
used to calculate small corrections to this value. Rather more reliance on the theory is 
needed to interpret Sexp(B) in the neighbourhood of the crossings B and C. 

The theory itself is tested on the panoramic scans which are sensitive not only to the 

positions of the level crossings, but also to the relative strengths of the various compo¬ 
nents of the signal over a wide range of magnetic field. 

4.2.1. The panoramic scans: test of the theory. Comparison of S(B) (equation (6)) with 
Sexp(B) (equation (14)) for a particular biasing function/(t) requires 

(i) a value of T: this was always taken to be (L61 x 10_8)~1 rads-1; 

(ii) trial values of a and b: initial values were available from earlier work and these 

were improved iteratively; 

(iii) the constant K in S(B) : the field-dependent signal S(Bl ^ 0) — S(B = 0) at some 
convenient field Bx was scaled to coincide with the corresponding experimental quantity 
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at that point. At the same time an allowance was made for the field-independent 
fluorescence from 32P1/2, which is included in Sexp(B) but not in S(B), by adding a 
constant to S(B) to make S{B = 0) = Sexp{B = 0) = 1; 

(iv) a value of the parameter r — ZU(F = \)/Zu{F = 2): this was determined by 
least-squares adjustment. 

Comparisons for the panoramic scans made on this basis showed fair agreement 
between theory and experiment, but a small systematic difference remained which could 
not be eliminated by variation of the parameters. It was found empirically that the 
difference could be taken up by subtracting from Sexp(B) a term proportional to B2: 

S'eJLB) = Sexp(B)-kB2. (15) 

The same value of k secured agreement between theory and experiment whatever 
biasing function was chosen. It is to be emphasized that this was a small correction: its 
magnitude was about 1 % of the signal at the highest fields used (30 G). By studying 
steady-state level-crossing curves, it was found that the effect depended on vapour 
density: it was present when the vapour density was maintained at the value used for the 
pulsed experiments, but disappeared when the density was reduced to ^ of that value: 
(temperature: 105°C). We believe the effect to be associated with the trapping of 
resonance radiation, and note that a similar effect has been reported by Feichtner et al 
(1967). These authors also used a correction proportional to B2. 

Figure 5 shows a series of comparisons between S'exp(B) and the corresponding S(B) 
The same experimental data were used with different biasing functions. All these were 
gaussians of various widths, the position of the peak relative to the exciting pulse being 
fixed. The values of the parameters are r — 1-3 (a similar value was used by Baumann 
(1968) though the actual value depends on the particular lamp and optical depths used 
in the experiment) and k = 1-6 x 10 5 G~2. There is satisfactory agreement between 
S'exp{B) (circles) and S(B) (solid lines). In addition to the minima at about 12, 22 and 
25 G, arising from the level-crossings A, B, and C respectively, oscillatory features will 
be noticed which become more conspicuous as the width of the biasing function is 
reduced. The matching condition (10) is approximately satisfied for T = 78 ns with 

Dg = 82 ns as in the figure. 
The values of a and b which ultimately emerge from the analysis depend on the values 

of r and k. r affects the relative strengths of the level-crossing signals at A, B and C and k 
adds a slight curve to the baseline. The simplest theory would have r = 1 and k = 0. 
The values of r and k that were actually used change the values of a and b systematically 
by amounts comparable with the random errors. 

4.2.2. The crossing A. Data from the detailed scans covering the region of the crossing 
A were treated as before to obtain S'exp{B), except that the correction term in equation (15) 
was taken as linear in B. (At the time when this calculation was carried out the linear 
correction appeared to be adequate: when the quadratic correction was adopted for the 
panoramic scans it was established that the linear correction actually used over the 
limited range gave results indistinguishable from those obtained with the quadratic 
correction.) The reduced data were fitted by least-squares analysis to a polynomial of 
sixth degree and the value of the magnetic field at the minimum was found. This 
procedure was carried out for a variety of biasing functions. Such a polynomial and the 
points from which it was derived are shown in figure 6. 

To obtain values for the magnetic field corresponding to level-crossing A, the posi¬ 
tions of the minima in the experimental curves need to be corrected for ‘pulling’ by the 
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Figure 5. Comparisons between S^xp (points) and S (solid lines) for gaussian biasing functions 

having D't = 82 ns and values of T marked in the figure. Values of other parameters are: 

a = 18-7 MHz, b — 3 0 MHz, T-1 = 161 ns, r = 1-3, k = 1-6 x 10~5 G~2. 

overlap of other level-crossing signals (in particular, those centred on zero field), by the 
distortion of the level-crossing signal arising from curvature of the energy levels and 

from variation of matrix elements with magnetic field, and by oscillatory structure 
which may have been introduced by the biasing function. The theory of the line profile 
was used to calculate these corrections. For assumed values of a and b, the position of 
the level-crossing could be calculated exactly. S(B) and the positions of its minima were 

then calculated using the values of a and b assumed for the calculation of the level¬ 
crossing and the set of biasing functions that were used for S’exp{B). The differences 
between the position of the level-crossing and the positions of the minima constituted a 

set of corrections which could be applied to the positions of the minima in Sfexp(B) to 
obtain experimental values for the level-crossing A. The corrections were insensitive to 
variations of a and b over the range of uncertainty of these quantities. 

Table 1 summarizes the results obtained for the position of the level-crossing A 
using a family of gaussian biasing functions. In each entry the upper figures give the 
positions of the minima of the experimental level-crossing signals and the lower figures 

(in italics) show these positions corrected for ‘pulling’. The figures in italics therefore 
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Figure 6. Experimental curve in the region of level crossing A. Parameters of the gaussian 

biasing function were D'g = 82 ns, T = 73 ns. 

Table 1. Positions of the level-crossing A obtained with a family of gaussian biasing functions. 

(In each entry the upper figure is the experimentally-determined position of the minimum 

in Stxp(B) and the lower figure (in italics) is the corrected position corresponding to the 

level-crossing. The errors shown are rms statistical errors.) 

£>g (ns) 

T(ns) 73 82 91 100 

36 12-28±012G 

12-54 
12 47±0 15 

12-58 
12-60 ±0-17 

12-63 
12-67 ±0-19 

12-72 

55 12 28±0 11 

12-50 
12-36 ±013 

12-54 
12-44 ±0-14 

12-58 
12-51 ±0 16 

12-62 

73 1218 + 008 

12-52 
12-26 ±0-11 

12-52 
12-33 ±0-12 

12-54 
12-38 ±0-14 

12-55 

91 1207 ±007 

12-56 
12 15 ±0-09 

12-54 
12-21 ±0 11 

12-55 
12-26 ±0-13 

12-53 

represent the experimentally-determined positions of the level-crossing. The error limits 
shown in the table represent rms statistical errors. 

The delay of the peak of the gaussian is represented in the table by D'g, measured 
from the peak of the excitation pulse (not from the end of the pulse as in § 3). T is the 
width at half intensity. The values of Dg and T represent a useful working range for this 
particular level-crossing signal: at smaller values of T the oscillations are large and 

errors due to timing uncertainties in the experimental data become important; at larger 
values of T and smaller values of D’g there is a significant loss of resolution and the 
corrections become large; at larger values of Dg the statistical errors become large. The 
results in table 1 indicate that the corrected position of the level-crossing minimum is 
almost independent of Dg and T except for the T = 36 ns row where the corrections 
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are the least reliable. If we discard this row of values, we find the position of the A 

crossing to be 12 55+ 010 G. The quoted error includes the estimated systematic 

errors as well as the statistical error. 

4.2.3. Evaluation of the interaction constants a and b. Owing to the difficulty of resolving 

the level-crossing signals at B and C (see figure 5) no attempt was made to determine the 
positions of these minima directly. Instead, experimental data from the region from 19 

to 30 G, which includes the level-crossings B and C, were fitted by least-squares analysis 
to the functions S{B). For this purpose the position of level-crossing A was constrained 

to 12*55 + 0T G. The values of the constants a and b obtained in this way were 

a = 18-7 + 0*1 MHz b = 3 0 + 0-2 MHz. 

4.2.4. Assessment of the biasing functions. In figure 7 are shown the corrections of § 4.2.2 

evaluated for two families of biasing functions: step functions (7(a)) and gaussian func¬ 
tions (7(h)). In 7(a) the correction is plotted against the delay, D'. In 7(h) the correction 

is plotted against Dfor a range of widths of the gaussian. It is clear from the figure that 
the correction is less sensitive to delay in 7(h) than in 7(a), provided that the parameters 
of the gaussian are chosen so as to suppress the oscillatory structure. This advantage of 

the gaussian is important experimentally, since ff, the cut-off time of the excitation pulse 
is difficult to establish. The peak of the pulse may be located more accurately and was 

used as a time reference in the present experiments, but whatever reference point is used 
it is an advantage to work with functions where time delays need not be known accurately. 

o so ioo 

Dq (ns) 

Figure 7. Corrections [JB(level-crossing) —B(minimum in 5)] for level-crossing A evaluated 

from the theory of the line profile for two families of biasing functions: (a) step functions. 

The delay D's is measured from the middle of the exciting pulse (D' = Ds-f (b) gaussian 

functions with delay Dg ( — D +j\V). The behaviour of the curve T — 37 ns reflects the 

oscillatory structure which develops in the level-crossing curves as 7'is reduced. 
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5. Discussion of results 

In table 2(a) we compare the values of the magnetic dipole and electric quadrupole 
interaction constants of the level 32P3/2 of sodium found in the present investigation 
with those obtained by previous workers using various techniques. Also included in 
table 2(a) are the computed values for the position of the level-crossing A corresponding 

to the a and b values quoted by various authors. Table 2(b) shows magnetic dipole and 
electric quadrupole interaction constants for the level 42P3/2. 

Table 2. 

Reference Technique a (MHz) b (MHz) A (Gauss) £>hfs (barn) 
<n (2) (3) 

(a) The level 32P3/2 

Sagalyn (1954) ODR 19-5±0-6 24 ±1-4 (13-3 ±0-9) 0-098 ±0-060 

Perl et al (1955) ABMR 1906 ±0-36 2-58±0-3 (13-0 ±0-3) 0-108 ± 0-015 

Dodd and Kinnear (1960) ODR 18-5 + 0 6 2-25 ±04 (12-7 ± 0-5) 0-097 ±0-021 

Baumann et al (1966) ODR 18-5^8! 3-2 ±0-5 (124 Ilf) 0-138±0-025 

Ackermann (1966) ODR 18-7 ±0-4 34 ±04 (124 ±0-5) 0-145 ±0-021 

Schonberner and Zimmerman (1966) LC 18-65 ± 0-10 2-82 ±0-30 (12-6 ±0-2) 0-121 ±0-014 

Baylis (1967) LC 19-1 ±0-4 2-5 ±04 (13-0 ±04) 0-104 ±0-019 

Baumann (1968) LC 18-8 + 0-3 2-9 ±0-4 (12-7 ± 0-3) 0-123 ±0-020 

Copley et al (1968) TRLC 18-5 + 04 3-0 ±0-6 124 ±0-2 0-129 ±0-029 

Schmieder et al (1970) LC 18 9 + 0 3 24 ±0-3 (12-9 ± 6-3) 0-101 ±0-014 

Mashinskii (1970a) LC 19-74 + 0-05 3-34 ±0-04 (13-10 ±0-03) 0-135 ±0-002 

Mashinskii (1970b) LC 12-65 ±0-05 

Lange et al (1973) LAB 18-69 + 0-22 3-08 ±0-39 (12-6 ± 0-3) 0-131 ± 0-018 

Figger and Walther (1973) TRLC 18-62 ±0-08 3-04 ±0 19 1246 ±0-05 0-130 ±0-009 

Present work TRLC 18-7 + 0-1 3-0 ±0-2 12-55 ±0-10 0-128 ±0-009 

(b) The level 42P3/2 

Kruger and Schleffter (1958) ODR 6-20 + 0-12 1-0 ±0-3 0-129 ±0-042 

Schonberner and Zimmermann (1966) LC 6-0006 ±0-030 0-86 ±0-09 0-114 ± 0-013 

Schmieder et al (1970) LC 6-2 ±0-2 l-0±0 1 0-129±0-017 

(1,odr—optical double resonance 

abmr—atomic beam magnetic resonance 

LC—level-crossing 

trlc—time-resolved level-crossing 

lab—tunable laser/atomic beam 

(2) Position of the level-crossing A. Values in parentheses are calculated from quoted a, b 

values. In other cases measured values are given. 

<3> Qhf» (uncorrected for core polarization) obtained from quoted a, b values using equation 

(17). 

5.1. The level 32P3/2 

Our results for the level 32P3/2 are in good agreement with those of most other recent 

determinations, with the notable exception of the level-crossing results of Baylis, 
Schmieder et al (1970) and Mashinskii (1970a); in particular they are in very good agree¬ 
ment with the preliminary results of Lange and his colleagues (1973) which were obtained 
by scanning the hyperfine structure of the sodium D2 line directly by means of a narrow 
bandwidth CW tunable dye laser and with those of Figger and Walther (1973) obtained 
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by a delayed detection method. The good agreement with the results of Copley et al 

(1968) should be regarded as rather fortuitous as in that investigation no allowance was 
made for the perturbing effect of (unresolved) oscillatory structure on the positions of 
the level-crossing minima. The precision claimed in the present investigation represents 
a significant improvement over that claimed in other investigations, with the exception 
of those on Mashinskii and of Figger and Walther. 

The general lack of consistency between the various steady-state level-crossing results 
for the level 32P3/2 of sodium seems to arise, at least in part, from the poor resolution 
exhibited by the level-crossing signals for this level: for the resolution available the 
accuracy of the method would be expected to rely rather heavily on the details of the 
theory used in fitting the data. It is interesting to note that the results pf Baumann et al 
(1968), which are in good agreement with our results, were derived from level-crossing 
curves in which the A and B level-crossing signals appear to be better resolved than in 
other steady-state level-crossing experiments. The improvement in resolution was 
apparently due to the use of a strongly self-absorbed excitation line, resulting in preferen¬ 
tial excitation from the F = .1 states of the ground level. A weighting factor 
ZM(F = 1 )/Z„(F = 2) = 1-44 was required to fit Baumann’s data, whereas Schmieder et 
al (1970) found the white light approximation satisfactory for the interpretation of their 
measurements. The technique of enhancing the relative intensity of a chosen level¬ 
crossing signal by deliberately biasing the spectral profile of the exciting radiation was 
later employed by Mashinskii (1970b) to obtain a direct measurement of crossing A ; 
the value obtained (12*65 + 0 05) is also in good agreement with our value, but it is in very 
poor agreement with the value corresponding to the a,b values found by the same 
author when the relative intensity of the A crossing signal is not enhanced (Mashinskii 
1970a). 

The values of a and b quoted in table 2(a) were used to derive values for the quad- 
rupole moment of 23Na. Using the expression given by Kopfermann (1958) 

Qhfs — 
1 Ifb\2 41(1+1) Mi 1 Fr~| b 

c2\ej J(2J —l)fiNI mp FrJ a 

together with the values nJiiN = 2-217 + 0001 (Sherriff and Williams 1951), 
Hh/e — 5-783 x 10“5 (SI), Fr = 1-0025 and Rr = 1-0051 (Kopfermann 1958), we obtain 

6hfS(23Na) = 0-7983 b/a barn. (17) 

Using our measured values we have b/a = 0-160+0-012, whence 

6hfS(23Na) = 0-128 ± 0-009 barn. 

Correction for core polarization (Sternheimer 1957) yields 

Q(23Na) = 0-128 X0S05 = 0-103 barn. 

The last column of table 2(a) shows our uncorrected result, together with the values 
obtained by using in equation (17) the a, b values of other authors.f 

t The Qifs value we obtained from equation (17) using a,b values reported by Schmieder et al (1970) differs 

significantly from the value they obtained. The discrepancy apparently arises from an error in their evaluation 

of equation (16). A similar error is also present in the values they obtained for the level 42P„, of sodium 

and for the levels 4 P3/2 and 52P3/2 of potassium. 
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5.2. The level 42P3/2 

The level-crossing curves for the level 42P3/2 are considerably better resolved than those 
for the level 32P3/2 (ax ~ 590, compared with ax ~ 300 for 32P3/2). The results are 
assembled in table 2(6). The level-crossing results—particularly the b values—are in 
good agreement with each other and with the results of the optical double resonance 

investigation. Furthermore, the Qhfs values corresponding to the reported a and b values 
are in good agreement with the value obtained from the 32P3/2 data in the present 
investigation. (The difference between the core polarization correction factors for the 
two levels is expected to be small: inspection of the values reported for the levels n2P3/2 

and (n+ l)2P3/2 of potassium, rubidium and caesium (Sternheimer 1957) suggests that 
the factor for the level 42P3/2 of sodium should be greater than that for the level 32P3/2 
by an amount not exceeding 5%.) The improved agreement where the resolution is 
better supports our contention that improvements in resolution of level-crossing signals, 
even at the cost of poorer signal-to-noise ratios in the experimental curves, can lead to 
more reliable values of hyperfine interaction constants. 

5.3. Ratios of the interaction constants and doublet intervals for n = 3 and n 4 

A check on the reliability of our results for the level 32P3/2 may be made by comparing 
the values of the ratios u(32P3/2)/a(42P3/2), 6(32P3/2)/6(42P3/2) with the value of the ratio 
of the fine structure intervals Av(32P)/Av(42P), using a,b values for the level 42P3/2 
reported by other authors. (It is predicted theoretically that the values of these ratios 
should be the same (Kopfermann 1958).) 

Table 3. Ratios of hyperfine interaction constants and doublet intervals 

a(32P3/2)/a(42P3/2) W32PJ(2)/W42P,(^ Av(32P)/Av(42P) 

3 0 ±01 (i, ii) 3-0 ± 0-5 (i, ii) 3-05 (iii) 

3-1+01 (ii, ii) 2-4 ±0-5 (ii, ii) 

(i)—This work 

(ii)—Schmieder et al (1970) 

(iii)—Moore (1949) 

Table 3 shows the values obtained for these ratios, using the 42P3/2 results of Schmieder 
et al. The latter values are expected to be reliable because the 42P3/2 level-crossing curves 
have good resolution. The very good agreement between the three ratios indicates that 
our a, b values for the level 32P3/2 are consistent with the values obtained for the level 
42P3/2 by these authors. The rather poor agreement of the ratio 6(32P3/2)/6(42P3/2) 
obtained using the 32P3/2 value reported by Schmieder et al suggests that their 6(32P3/2) 

value is too small. 

6. Conclusion 

Improved resolution in level-crossing curves has been obtained by biasing the signal in 
favour of longer-lived atoms. This technique is prone to introduce oscillatory structure 
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into the level-crossing curves. It proved advantageous to suppress this structure by the 
use of gaussian biasing functions with appropriate parameters. 

The improved resolution allowed the determination of the positions of the level- 
crossings with less reliance on the theory of the line profile than is required for unresolved 
curves. Differences between results of some earlier investigators are attributed to errors 
introduced by profile analysis. The hyperfine interaction constants, a = 18-7 + 01 MHz, 
b — 3-0 ±0-2 MHz, which were obtained as a result of this work are believed to be more 
accurate than values obtained from unresolved curves. 
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Time-Resolved 

Fluorescence Spectroscopy * * 

J. N. Dodd and G. W. Series 

1. Introduction: Coherence and Superposition States 

We may learn about the force fields that drive dynamical systems by 

studying their evolution in time from nonequilibrium configurations. What 

is to be discussed in this article is the kind of information that can be 

obtained about atoms from measurements of time variations with micro- or 

nanosecond resolution of the intensity of fluorescent light from an ensem¬ 

ble. All the atoms whose fluorescence is to be observed must have been 

prepared in the same way at the same time, to within the desired time 

resolution of the experiment. 

Equivalent information may, of course, be obtained by direct spectral 

analysis, in the radio- or microwave regimes, of the variations in the 

fluorescent intensity. Again, a steady-state version of such experiments is 

provided by the level-crossing technique, which exploits the spatial inter¬ 

ferences between radiations from different states when these are tuned 

* Preliminary Remark. Shortly after the authors had agreed to write this article, but before it 

was actually written, they were privileged to see a copy of the excellent review of the same 

subject written by S. Haroche for High Resolution Laser Spectroscopy, Ed. K. Shimoda, 

Springer, Berlin (1976). While the two articles share a great deal of common ground, that of 

Haroche is more detailed, reports more applications, and gives more technical information. 

Our article has more to say about the relation between “quantum beats” and other 

phenomena of coherence, about the geometrical features of the experiments, and about the 

effects of pulsed magnetic and electric fields. 

J. N. Dodd • 
G. W. Series 
U.K. 

Department of Physics, University of Otago, New Zealand. 

• J. J. Thomson Physical Laboratory, University of Reading, Reading, 
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through degeneracy by the application of magnetic fields (see the article by 

Happer and Gupta, Chapter 9 of this work). Fundamentally, the charac¬ 

teristics of time-resolved measurements of intensity, of the spectral analy¬ 

sis of intensity variations, and of level-crossing experiments, are the same. 

These studies of intensity variations are to be carefully distinguished 

from conventional spectral analyses where one studies (by way of the 

Fourier transform) the evolution in time of the amplitude of the field, that 

is to say, of the electric dipole moments of atoms oscillating at optical 

frequencies. The variations in intensity recorded by a detector at some 

position fixed in relation to the source arise partly on account of variations 

in the number of excited atoms (as, for instance, by radiative decay) and 

partly because of variations in the spatial orientation of the radiating 

dipoles. It is these variations in orientation that we shall be mainly 

concerned with. The detector registers variations of intensity as the dipoles 

in different atoms of the ensemble precess and nutate in synchronism. It is 

not a question of coherence between the fields oscillating at optical 

frequencies, but of the superposition of the anisotropic radiation patterns 

of the individual atomic dipoles. The synchronous precession may be 

brought about, for example, by the sudden application of an external field 

to an assembly of atoms fluorescing under steady excitation, so that the 

resulting modulation of the light recorded by the detector is a direct 

demonstration of Larmor precession, a “searchlight” effect. Less 

obviously, the precession may result from internal coupling of the orbital 

motion of the electron to its spin or to the nucleus. While under steady 

excitation these motions are randomly phased, they can be made syn¬ 

chronous in different atoms if these latter are excited simultaneously by a 

short pulse of polarized light. The intensity of the fluorescence is then 

modulated at fine or hyperfine frequencies. 

The precessional motions can, of course, be determined by measuring 

the splittings of lines in the optical spectra, but we gain a very important 

advantage by studying the modulation of the intensity directly, which is 

that, to all intents and purposes, the Doppler effect is eliminated. The 

Doppler broadening of spectral lines in the optical region, being pro¬ 

portional to the frequency of the radiation, is of the order of 1 GHz. The 

Doppler broadening of the intensity variations, on the other hand, is 

smaller by the ratio of optical to radio or microwave frequencies—a factor 

of 106 or 108—and is negligibly small in the present context. 

1.1. Simple Theory of Quantum Beats 

For a quantum-mechanical understanding of the modulation of the 

intensity of fluorescent light, the elementary notion of the decay of excited 

atoms from energy eigenstates is inadequate. An essential notion is the 
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preparation of atoms into superpositions of energy eigenstates and their 

decay from such superposition states. The preparation is easy to achieve. 

One aims to apply a sudden perturbation which breaks the symmetry of the 

preexisting environment. The atoms will evolve into equilibrium with the 

new environment—usually an exponential change characterized by a rate 

constant—but during the transient period there will exist atoms that were 

prepared in eigenstates of the old environment and that have evolved 

coherently from these states. In terms of eigenstates of the new environ¬ 

ment, they are in a coherent superposition and will remain so for the 

duration of the transient. 

The superposition state is the formal mathematical entity from which 

may be deduced the synchronous precession we spoke of in the last 

section. 

To calculate the intensity of fluorescent light from an ensemble of 

atoms in superposition states it is plausible to use the ordinary formula for 

spontaneous emission from energy eigenstates with the superposition state 

taking the place of the initial eigenstate. 

The ordinary formula reads 

/«IK/lA.k>l2 (i) 
f 

-A - 

where Da is a component of the electric dipole operator, \e) is the initial 

(excited) state of the transition, and {|/)| is the set of final states that may 

connect with \e) (for example, hyperfine states of the ground level)— 

it being understood that \e) and the \f) are eigenstates of whatever 

Hamiltonian describes the system. 

In place of (1) we now write 

nt,t0)ccZ\(f\Da\t,t0)\2 (2) 
f 

with 

\U t0) = lae(t, t0)\e) (3) 

The \e) and the |/) are eigenstates of the Hamiltonian under the new 

environment. Equation (3) shows the superposition state at time t 

generated by a sudden perturbation at time t0. The coefficients ae(t, t0) may 

be calculated with knowledge of the previous Hamiltonian, of the nature 

of the perturbation, and also of the Hamiltonian under the new environ¬ 

ment. This latter yields time-evolution factors exp [(-icoe-|re)(f -10)], 
where tuoe is the energy and Te the damping constant of the state \e). In 

many cases the states \e) will belong to the same hyperfine or Zeeman 
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structure and will have the same damping constant. Accordingly, we shall 

drop the subscript on T. 

Insertion of (3) into (2) yields a sum of terms of the type 

If(t, I [A+B cos coee (t -t0)+C sin <oee (t - f0)] exp (— T(f — f0)] (4) 
e,e' 

where (here, as later) we write coee' — coe—(*)e'. It is often possible to choose 

the method of preparation so that either B or C is equal to zero. Equation 
(4) shows how the Bohr frequencies between levels of the excited super¬ 

position state appear as frequencies of modulation of the fluorescent light. 
Notwithstanding the very simple derivation offered here, the equation is 

indeed sufficient to describe the fluorescent light from free atoms in an 
optically thin vapor. It is implicit in many detailed studies of the interaction 
of light and atoms, for example, in the work of Breit(1) and of Barrat and 

Cohen-Tannoudji/2 3) It disregards the differences in the time taken by 

light from different atoms to reach the detector, but these differences are 
negligibly small on the nanosecond scale for samples a few millimeters in 
extent. 

When Eq. (4) is derived from first principles by means of the quantum 
theory of radiation the quantity we have called If{t, t0) appears as the 
probability of occurrence of a process after which the atom is left in a state 
/) and the field is left as a coherent superposition of energy eigenstates for 

each of which the photon occupation number has increased by one unit. It 
is legitimate, therefore, to speak of one photon in the emitted field, but it is 
a mistake to suppose that the quantum energy of this photon is uniquely 
specified. Coherence between different energy eigenstates of the field 
implies coherence between time-dependent wave functions oscillating at 
different frequencies. A consequence of this coherence is that the prob¬ 
ability that such a field will liberate a photoelectron at a detector is 
modulated. The modulation may be displayed by recording a large number 

of photoelectrons accumulated in a sequence of repetitions of the experi¬ 
ment, or as a transient current in a single-shot experiment. Since the 
modulation arises from coherence in. the wave functions that enter into 

single quantum events, the term “quantum beat spectroscopy” has come 
into use to describe this kind ofexperiment. 

Before leaving Eq. (4) it is to be noted that the coefficients A, B, and C 

are not necessarily time independent. Whether they are or are not time- 

varying depends on the state of affairs before the sudden perturbation—the 

Hamiltonian might contain an oscillatory term—but in most spectroscopic 
applications these coefficients do not depend on time: The sole time 

dependence arises from the evolution of the system after the application of 
the perturbation. 
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1.2. Methods of Preparation into Superposition States: Sudden 

Perturbations 

The “suddenness” of the symmetry-breaking perturbation is of the 
essence of the preparation of the system into a superposition state. (The 
preparation of the excited superposition state in a level-crossing experi¬ 
ment might appear to be an exception to this statement, but it is not, since 
the states that are coherently excited are eigenstates of the Hamiltonian 
exclusive of the interaction with the exciting light, that is, they are not 
eigenstates of the total Hamiltonian.) Among the common methods of 
preparation are excitation by pulses of light, of electrons, of ions, or by the 
sudden change of some parameter such as the electric or magnetic field. An 
important class of “sudden” preparations arises when an atom is formed 
from an ion by the capture of an electron, as in “beam-foil” experiments. 
Coherence effects generated in this and other ways are discussed in J. 
Andra’s article, Chapter 20 of this wDrk. 

Excitation by pulses is distinguishable from excitation by changes in 
some parameter since in the former case the environment before and after 
the pulse is the same, whereas in the latter this is not so. The former case 
takes on the characteristics of the latter if the pulse duration is long 
compared with the relaxation time of the atoms: the essential requirement 
is that the cutoff of the pulse be sudden, though it is usually desirable also 
that the duration of the pulse be short compared with the period of any 
modulation that is to be studied. Section 2 is mainly concerned with pulsed 
excitation, and Section 3 with sudden changes in magnetic and electric 
fields. 

1.3. Steady-State Excitation and Modulated Excitation: 

Applications 

It is instructive and useful to study the connection between pulsed 
excitation and steady-state excitation, on the one hand, and between 
pulsed excitation and modulated excitation on the other. Steady-state 
excitation, as, for example, by a resonance lamp emitting light at a constant 
rate, or by a uniform current of electrons, may be analyzed as a sequence of 
excitation pulses at random times, each pulse producing modulated 
fluorescence according to Eq. (4). In the case of the resonance lamp the 
pulses are constituted by wave packets of light whose coherence time is 
given roughly by the reciprocal of the spectral width. (Pulses of nanosecond 
duration, such as we have been considering until now, would contain many 
such wave packets). The interaction of the atoms with a succession of 
randomly phased wave packets is an incoherent set of processes so that the 
result of irradiation producing on average N excitations per second is given 
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by 

I(t)°c NI(t,t0)dto (5) 

with 

I(t, f0)oc X [A + B cos coee(t- f0)] exp [~T(t- f0)] (6) 

a simplified version of Eq. (4). We have supposed the irradiation to have 

started at t0 = 0 and, by using the average rate of excitation, we have 

smoothed out the fluctuations. (A profound discussion of the phase pro¬ 
blem and of the fluctuations of intensity in this type of calculation has been 
given by Durrant.(4)) 

Carrying out the integration in (5) we have, for (t — t0)»T~\ 

(7) 

This expression is characteristic of level-crossing experiments. The inter¬ 
ference terms (those with coefficient B) vanish when the coee' »T. 

Suppose now that the sequence of pulses is not random but that the 

rate of excitation is modulated according to N(t0) - N0(l + m cos cot0). 

Using this expression instead of N in Eq. (5) we obtain 

It is seen that modulation of the rate of excitation has the consequences (a) 
that the intensity of fluorescent light is modulated at the same rate—this, of 
course, is to be expected, and (b) that resonances occur when co ~±coee'. 

The resonance is to be seen in changes in the amplitude of modulation of 
the intensity variations. We notice that, if we are exploring a resonance 

with co ~ coee'» T, the expression for the intensity reduces to 

2il/2 COS (frjt 

where 

tan cj) = (co -coee )/V 
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The interference that is responsible for the resonance terms derives 
from a coherent superposition of the nondegenerate states \e), \e'). The 
coherence results from the periodicity of the exciting pulses, not, as 
formerly, from the sudden application of a single pulse or short group of 
pulses. 

Consider now the practical application of Eq. (7) (steady-state excita¬ 
tion), which is elaborated in the article on the level-crossing technique by 
Happer and Gupta (Chapter 9 of this work). “Resonances” are found at 
values of an applied magnetic field such that any of the coee' are zero. But to 
determine a fine or hyperfine interaction constant one needs to know a g 
factor, in addition to the experimentally determined magnetic field value, 
and this is normally done by carrying out a double-resonance experiment. 
However, this brings complications that are sometimes serious. It is neces¬ 
sary to provide a strong oscillating magnetic field in the MHz or GHz 
range. At best, this perturbs the atoms; at worst, it can set up a discharge in 
the cell that is difficult to control. However, the modulated-excitation 
technique can provide an elegant solution to this problem. The 
“resonance” may be shifted, according to Eq. (8), without the application 
of a strong, additional field on the sample. All that is necessary is to 
modulate the exciting light and to study the relationship between the 
frequency of the modulation and the shift of the resonance in the applied, 
static field. The validity of Eq. (8) has been established experimentally by 
Corney and Series(5,6) and by Skalinski et al.(7) 

The technique of modulated excitation can be particularly useful in 
molecular spectroscopy, where one may be interested in measuring some 
small interval that responds only feebly to magnetic tuning. This situation 
arises, for example, where there is no electronic contribution to the 
magnetic moment but where, nevertheless, there may be paramagnetism 
on account of the rotation of the molecule. Magnetic moments arising in 
this way are of the order of nuclear magnetons. To explore the interval by 
double resonance would require an oscillating magnetic field of extremely 
high amplitude. The difficulty may be avoided by using modulated excita¬ 
tion, using an arrangement that generates a coherent superposition of the 
states whose separation is to be found. A recent application of this tech- 

/o \ 

nique to I2 has been made by Broyer, Lehmann, and Vigue. 

1.4. Coherences between Different Atoms 

1.4.1. Forward Scattering 

In all that has gone before we have calculated the fluorescent intensity 
from many atoms in an ensemble by adding the intensities from individual 
atoms. This is a correct procedure for lateral scattering since the optical 
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paths to a point on the detector are random, but it is not correct for 

forward scattering in collimated light. Here, the paths from a plane-wave 

front in the incident beam to a parallel wave front in the scattered beam are 

independent of the position of the scattering atom, so that the fields 

scattered by all the atoms are coherent. This is the basis of the classical, 
atomic theory of dispersion. Because of this coherence it is possible to 

explore, by means of modulation techniques, classes of structures of 

greater generality than we have hitherto supposed. 

The structures we have so far been concerned with are structures in 

the excited states of single atoms. In forward scattering we may expect to 
find evidence of structures in the lower states of atoms of the same kind, or, 

indeed, structures arising from differences between atoms of different 

kinds. As an example of this last class of structure, consider spectroscopic 
isotope shifts. Imagine a vapor consisting of a mixture of two isotopes 

excited by a plane wave front of light, pulsed, and of sufficient spectral 

width to excite corresponding transitions in the two kinds of atom. The 
atoms would respond resonantly at different frequencies, and the forward- 

scattered light from the two kinds of atom, being coherent, would beat at 

the difference frequency, that is, one would expect to find modulation at 
the frequency of the isotope shift. Since the individual resonances would be 

Doppler-broadened (and possibly pressure broadened), one would expect 

the modulation to damp out in a time given roughly by the reciprocal of the 
Doppler width. 

An experiment of this kind has not, so far as we are aware, been 
performed, but a detailed analysis of forward scattering carried out by 

Corney et al.i9) showed that the level-crossing effects and the resonances in 
modulated light which are to be expected in double-resonance experiments 
should, indeed, be Doppler broadened for optically thin vapors, but that 

for optically thick vapors “coherence narrowing” should supervene (see 
Section 2.2). This was demonstrated experimentally for the zero-field level 

crossings in excited states of mercury and sodium. A very thorough study 
of level-crossing effects in forward scattering was carried out by Durrant 
and Landheer.(10) 

That spectroscopic intervals between atoms of different kinds could be 
exhibited in forward scattering was shown by Hackett and Series,11 who 

carried out the “level-crossing” equivalent of the modulation experiment 
described above. Changes in the intensity of forward-scattered light from 

a mixture of isotopes were observed when the Zeeman splitting of a 

particular transition was tuned into coincidence with the isotope shift. 

Since the interpretation is based on degeneracies in the transition 

frequencies rather than in the energy levels of single atoms, this kind 

of experiment was described as “line crossing” rather than “level 
crossing.” 
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The possibility of observing coherence effects arising from structure in 
lower levels has recently been discussed by Chow et al.(l2) The conditions 
that these authors derive are those that are valid in forward scattering, 
namely, that it should in principle be impossible to determine which atom 
of the assembly was responsible for the scattering, and also that any 
modulation effects should be damped through dephasing on account of 
Doppler broadening. 

1.4.2. Selective Reflection 

Closely related to forward scattering is the phenomenon of selective 
reflection: the boundary of a vapor confined in a vessel behaves like a 
mirror if the vapor density is sufficiently high. The reflection coefficient is 
appreciable only in the region of an atomic absorption line, where a 
significant amount of light is scattered by the atoms. The light scattered 
from different atoms is coherent when the mean distance between neigh¬ 
boring atoms is substantially smaller than one wavelength, and when the 
ordinary geometrical conditions governing incident and scattered wave- 
fronts are satisfied. Of course, the back-scattered light contains an inco¬ 
herent component also: the relative intensity of the coherent and inco¬ 
herent components depends on the vapor density. 

The phenomenon of selective reflection is usually analyzed by 
treating the vapor as a homogeneous medium characterized by a (complex) 
refractive index derived from the polarizability of individual atoms. The 
reflection coefficient at the boundary can then be calculated by using 
classical electromagnetic theory. This treatment has been adequate for 
many investigations, though there are complications on account of the fact 
that the behavior of atoms near the wall of the vessel is not properly 

(\ 
characterized by the bulk polarization of the medium (Cojan, 

Schuurmans(14)). 
All those classes of structure that were mentioned in the last section as 

capable of being studied in forward scattering, namely, structures in excited 
states and ground states of single atoms, and between atoms of different 
kinds—as, for example, spectroscopic isotope shifts—should also manifest 
themselves in specular reflection. Very little work has been done in this field, 
though the detailed analysis for level crossing and double resonance in 
excited states was carried out by Series05) on the basis of the conventional 
theory, and the corresponding level-crossing experiment was done by Hanle 
and Stanzel.(16) The theory predicted that the level-crossing curve in 
reflected light under steady-state illumination of the vapor with white light 
should be similar to the ordinary (Lorentzian) level-crossing curve, except 
that it should be Doppler and pressure broadened. Explicit equations were 
given for the case of Doppler broadening. In the experiment, pressure 
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broadening predominated. Reflection from mercury vapor was studied 

under illumination with a mercury lamp. Zero-field level-crossing curves 

were obtained, several kG in width. The pressure-broadened damping 

constant under the conditions of the experiment (460 Torr) was 6.6 GHz, 

corresponding to a linewidth of 3.2 kG. 

The more recent studies of Stanzel(17) and of Siegmund and Schar- 

mann(18) show that the level-crossing curves are actually narrower than 

Series’ theory predicts. The theory of Schuurmans is able to explain this 

narrowing in terms of the wall effect. (The coherence narrowing of level¬ 

crossing curves found in forward-scattered light is a different phenomenon. 

Its explanation lies in multiple scattering in the forward direction, not in a 
wall effect.) 

There is little doubt that modulation phenomena could, in principle, be 
observed in light reflected from the boundary of a vapor under pulsed or 

modulated excitation. Study of such effects might at first sight seem imprac¬ 

ticable on account of the very rapid loss of coherence arising from Doppler 
or pressure broadening. As to the latter, the vapor pressure need not be so 
high as in the example quoted (see, for example, Hansen and Webb{19)); as to 

the former, the Doppler effect could be eliminated by the techniques of 

saturated absorption and dispersion. The prospect is not so unattractive as 
would appear at first sight. 

2. Pulsed Excitation: Lifetimes and Quantum Beats 

Modulation of the light emitted from hydrogen atoms leaving a gas 
discharge through a channel in the cathode (canal rays) was observed about 

50 years ago by van Traubenberg and Levy,(20) by Hertel,(21) and by Waler- 

stein. The modulation depended on the application of magnetic or 

electric fields to the canal rays and is an example of the effects we have been 
discussing. The phenomenon was interpreted in general terms on the basis of 

the known polarization properties of the Zeeman and Stark effects and on 

the classical model which Hanle(23,24) and others had used to describe the 

depolarization of resonance fluorescence by external fields, but the actual 

situation in hydrogen is, in fact, quite complicated and a detailed explana¬ 
tion could not be given. 

With the revival of interest in resonance fluorescence in the late 1950s 

the phenomenon of modulation following pulsed excitation was discovered 

and studied in systems chosen for their simplicity. These we shall briefly 
describe below. 

Since the early nineteen seventies, with the advantages offered by 
fast-pulse technology and tunable, pulsed lasers, the method of quantum 

* See also Chapter 20 of this work (J. Andra). 
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Figure 1. Modulation of fluorescence from the 5*PX state of Cd. The points give the 

observed counts following a 200-ns pulse of optical excitation in a steady magnetic 

field of 34.5 /xT (from Dodd et al.(2H)). 

beats has been increasingly applied to the determination of fine and 

hyperfine structures and Stark splittings. We refer the reader to Haroche’s 
review(25) for an account of this work. In the main part of this section we shall 
discuss the theory of quantum beat signals and shall single out for attention 
certain geometrical factors which arise also in steady-state and in modu- 
lated-fluorescence experiments. These geometrical factors are especially 
important in relation to the measurement of lifetimes. 

2.1. Early Observations of Quantum Beats 

2.1.1. Excitation by Resonance Radiation 

Observation of modulation in fluorescent light from atoms excited by a 
pulse of resonance radiation was first reported by Alexsandrov and, 
independently, by Dodd, Kaul, and Warrington. The technique was 
improved by Dodd, Sandle, and Zisserman, whose experimental results 
are shown in Figure 1. The system studied was the vapor of Cd. The 
sinusoidal modulation at twice the Larmor frequency corresponds to the 
interval 2g/xBB/h between the levels Mj - ± 1 of the excited state 53P\. 
Figure 2 shows the levels and the transitions involved in excitation and in 

fluorescence. 
The transition / = 0 to J = 1 lends itself particularly well to a classical 

interpretation. To achieve coherent excitation of the levels Mj - ± 1 the 
incident light is polarized at right angles to the magnetic field as shown in 
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M 

Figure 2. Energy levels and tran¬ 

sitions involved for the 

experiment illustrated by 

Figure 1. 

53P. 

5'S 

Pulse excitation 

A ivu = ±l 

i 

o 

-I 

Figure 3a. Oscillating electric dipoles excited by light of this polarization 
experience a torque under the field and precess round it (Figure 3b). The 
anisotropy of the radiation pattern from a group of dipoles excited by a pulse 
of light results in a modulated response of the detector at twice the frequency 

of precession (twice the Larmor frequency). A field strength is chosen so that 
several such periods occur within the mean lifetime of the excited atoms. 
Clearly, the depth of modulation is dependent on the ratio of the duration of 
the exciting pulse to the period of precession* It will be noticed from the 

caption of Figure 1 that the duration of the pulse, about 200 ns, was 
substantially smaller than the period of the precession, about 700 ns, but not 

Figure 3. Classical model to illustrate modulated fluorescence, (a) Creation of dipoles 

by a short pulse of light, (b) Precession of bunched dipoles. 
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negligibly so. The depth of modulation is seen to be less than 100%. A 
measurement of the frequency of modulation gave the Lande factor of the 
excited state and the mean lifetime could be ascertained from the envelope 

of the modulation. 

2.1.2. Excitation by Electrons 

It was first demonstrated by Hadeishi and Nierenberg(29) that quantum 
beats could be produced by excitation of atoms with a short pulse 
of electrons. Again, the system studied was cadmium vapor. The states 
Mj — ± 1 of 53Pi were excited coherently and the modulation observed 
in the fluorescent light corresponded to the Bohr frequency between 
them. 

A more recent exploratory study of beats excited by electron impact has 
been reported by Bagaev et a/.(30) The Zeeman components of n lD2 
(n = 4, 5, 6) of He I were excited coherently in.the gas by pulses of about 
10 ns duration. The modulated fluorescence was studied for a range of 
magnetic fields of the order of tens of gauss, and it was concluded that, in 
experiments of this kind, unknown g factors could be determined to an 
accuracy of about 1 in 104. This figure indicates the kind of accuracy one 
might hope to attain in a set of carefully executed experiments, but it should 
not be taken as indicating the best that could be achieved if the method were 
pushed to its limit. 

The method of excitation by electron impact with the object of measur¬ 
ing lifetimes was applied to helium in the early nineteen fifties by Heron et 
a/.(31) Since then it has been used extensively. Recent examples are to be 
found in the series of elegant experiments by King, Adams, and their 
co-workers.(32~34) A highly monoenergetic beam of electrons impinges on a 
jet of atoms to be studied. The energy of an inelastically forward-scattered 
electron is recorded. This defines the state of excitation of the target atom 
and the instant of excitation. The intensity of the fluorescent light as a 
function of time is studied by recording delayed coincidences between 
exciting electrons and fluorescent photons. Impressive accuracy has been 
achieved in the determination of the mean lifetime of a number of excited 
states in Hg I and Cd II. 

For further examples the reader is referred to the article by R. G. 

Fowler, Chapter 26 of this work. 

2.2. Excitation by Light, Theory: Geometrical Characteristics 

In this section we amplify the simple expressions given in Section 1 and 
give an equation for the intensity of fluorescent light in terms of sums over 
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STATES SUBSTATES BOHR FREQUENCIES 

Figure 4. Illustration of the notation used in the theory of fluorescence. 

eigenstates of energy and component of angular momentum, (a, /, Mj or 
a, F, Mf, for example). We then show how, by using expansions in terms of 

irreducible spherical tensors, the geometrical factors may be separated and 
all irrelevant quantum numbers eliminated. 

Figure 4 shows the scheme we have in mind. The initial, excited, and 
final states (g, e, /, respectively) may each have structure, and we use primes 

to distinguish substates. The substates have been shown explicitly only for 

the excited state: the superposition-states of the analysis will be formed from 
these. When summations over g and / occur, these will describe incoherent 

processes. 
We describe the light fields classically by E(r) for the incident light and 

by U(f) for that component of the fluorescent light that is detected. It is 

supposed that the spectrum of E(f) is sufficiently broad to extend uniformly 

over the complex of transitions from the |g) to the \e), making due allowance 

for Doppler broadening of the absorption line, e and u are unit vectors 

corresponding to E and U. 

The following expression can be obtained by first-order perturbation 
theory for the intensity of fluorescent light at time t from N atoms supposed 
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initially to be distributed uniformly over the states |g): 

I(t)=G [ f dt'0dt0E*(t'o)E(to) 
J—OO J—OO 

x X (g|e* • t>\e') exp [fr^e.-|r)(r - ri)]<e?'|u* • 6|/> 
e. e' 
f, g 

x</|u • D|e) exp [(-;a>e -3OO - t0)](e|e • D|g) (9) 

The constant G is the accumulation (p,0/47r)(Nco /&7rch r ), where co is the 
(average) optical frequency and r is the (average) distance from the sample. 
Equation (9) may easily be interpreted. Reading from right to left, the 
matrix element (e|e*D|g), together with a factor (i/h) dt0 E(t0) is the 
increment of probability amplitude of \e) which is created in time interval dt0 
by the interaction Hamiltonian -E(r0) • D; D is the operator representing 
electric dipole moment. Next, the exponential term represents the evolution 
of \e) from t0 to t (Bohr frequency oje, amplitude damping coefficient 2O. 
Then the matrix element (f|u • D|e), together with factors from G, gives the 
element of electric field polarized along u at distance r in emission from \e). 
Summation over the \e) and integration over t0 gives the total field. The 
terms next following from right to left are the Hermitian conjugate expres¬ 
sions, which, correspondingly summed and integrated, give the complex 
conjugate field. The product gives the intensity. The prime on e' exhibits the 
possibility of interference between channels. 

2.2.1. The Pulse Approximation 

If the field E(t0) were specified the integrations could be carried out, but 
in fact the measurable properties of light fields are expressible in terms of the 
statistically averaged quantities <^«/3(^o, r) = {E* (to + r)E0(to)) (subscripts 
denote space components), and the observed I(t) will similarly be the result 
of a statistically averaged equation (9). For the broadband light that we have 
postulated it will be a good approximation to write (E*(t'o)E(to)) = 
3>(r0)<5(T), where r = t'o~t. ^(ro) is the statistically averaged intensity of the 
field E at time r0. Inserting (F(r0)5(r) in Eq. (9), we may carry out one of the 
time integrations and the equation has then been brought to the form used in 
Section 1, Eq. (5). What we have done here is to justify the so-called “pulse 

approximation.” 
It should be understood that, since the above treatment rests on a 

first-order perturbation theory, it does not incorporate stimulated emission, 
but this does not mean that it cannot be used for the irradiation of atoms by 
laser light. The first point to notice is that we have specialized to broadband 
light , so that there is, in this approximation, no temporal coherence. The 
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second point to notice is that, in the context o^quantum beats, the light is 

detected after the irradiation has ceased: Thus the observed fluorescence 
arises from spontaneous emission. However, both strong and weak light 

fields may, by optical pumping, change the distribution of population over 

the substates of |g>. This can be taken into account, if necessary, by 

incorporating a weighting factor in the summation over g. 

2.2.2. Excitation and Monitoring Operators 
*i 

To return to Eq. (9), it may now be observed that the summed 
expression may be written as the trace of the product of two operators: 

y <• • •> = Tr{p(e, r, t0)L(u)} (10) 
e.e' 

/.R 

with 

p(e, t, /0) = £ |e)(e|e • D|g> exp [(- iwee - P)(t - f0)]<g|e* • ti\e')(e’\ (11) 
R 

L(u) = Iu*-D|/)(/|u-D (12) 
f 

p(e, t) is the density operator of the excited states at time t. (Its matrix is not 
A 

normalized to unity because of the damping coefficients.) L(u) is called a 
“monitoring operator” for the emission of electric dipole radiation which 
leaves the atoms in the states \f). Equation (10) is often used when the 
density operator has been obtained for more complicated situations and by 
more elaborate methods. 

For our purposes we wish to separate p(t, t0) into factors that represent 
the excited system at time /0 and the subsequent evolution from t0 to as 
follows: 

p(e, t, t„) = PeF(e)Pe' exp l(-i<oee— r>(r — r0)] (13) 

with 

F(e) = Xe-D|g><gje*-D (14) 
R 

an expression formally identical with that for L(u). We call F(e) the 

excitation operator. Pe, Pe are the projection operators \e)(e\y \e')(e'\. This 
factorization has reduced the expression for the intensity, Eq. (2.1), to the 
form 

• f 

1(1, to) = G dt0 4»(/o) Tr {PeF(e)Pe L(u) exp ((- ia>ee• - f)(; - f0)]} (15) 
— oo 
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We have already discussed the time dependence. We now concentrate on 
the geometrical factors which are to be found in the excitation and monitor¬ 
ing operators F(e) and L(u). 

2.2.3. Irreducible Spherical Tensor Operators 

The summations over g and / that occur in F and L suggest that it may 
be possible to find a basis for these operators in which the summation is 
automatically carried out, and this is indeed the case. The basis that serves 
this purpose is that of the standard components of irreducible spherical 
tensor operators. The simplification that is obtained derives from the fact 
that the spin-1 light vector is a simpler object that the combination of atomic 
angular momenta that it couples. We can make use of this simplification in 
respect of those states that are effectively degenerate, as the g and / states 
are in our analysis, but it is of the essence of our problem that the 
nondegenerate excited states must be distinguished, so we must expect to 
find in our final equations the quantum numbers that differentiate these 
states from one another and factors that represent their projection on to the 
basis of the spherical tensors. Similar factors for the substates |g) would arise 
if weighting factors on account of optical pumping were present. In what 
follows we shall suppose that the |g) are equally weighted. 

2.2.4. Quantum Beats at Hyperfine Frequencies 

The construction of spherical tensor operators is explained in the 
article by K. Blum, Chapter 2 of this work. The operators are labeled by 
integers k, q. When formed from angular momentum states |J, Mj) the 
values of k run from /+/' to |/-/'|, and the values of q from k to —k. 
Operators for the hyperfine states |F, MF) are constructed similarly. Tensors 
that represent the polarization of the light are formed from spherical unit 
vectors in three-dimensional physical space. The possible values of k are 2, 
1, 0. Thus, the k, q component of the tensor that represents the incident light 

is 

Ekq=(2k+l)'/2 I 
1 

~F 

(16) 

The e^ (p = 0, ± 1) are components of the vector e along the unit vectors in 
the spherical basis. In terms of the Cartesian components of e, the e^ are 

e0 = e„ e±t=*(ex±iey)/ 2I/2 (17) 

For the k, q tensor component of the fluorescent light we shall use the 

symbol 17$, formed from the components of u. 
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Figure 5. Quantum beats arising from 

hyperfine structure in 92D3/2 of 

133Cs. /(/) is plotted on a logarithmic 

scale, (a) Experimental points, (b) 

Evaluation of (18) for this case (from 

Deech et al.<36)). 

The orthogonal properties of the tensor operators result in a separa¬ 
tion of terms having the same value of k. Hence the expression for I(t, t0) is 

reduced to a sum of nine terms only for each pair of states, \e), \e'), namely, 
for k = 2, five terms, for k = l, three terms, and for k = 0, one term. 

We give the result of the analysis for the case of atoms having 

hyperfine structure, in zero magnetic field. For this case the spherical 
tensor analysis is particularly appropriate, since the hyperfine structure of 

the states |g) and |/) is quite irrelevant to the problem of determining the 
hyperfine structure of the states \e). Equation (9) requires the summation 
over all these structures explicitly, whereas the corresponding expression in 

spherical tensor analysis contains no reference to the structures |g) and |/). 
Moreover, we find in the spherical tensor expression no reference to the 
space-quantized hyperfine states \Mf) for e, g, or /, since, the atom being in 

zero magnetic field, these are all degenerate. On the contrary, the \e) in Eq. 
(9) would be the individual states labeled | Je, Fe, MFe), and similarly for the 

|g> and the |/>. 
The expression for the intensity in spherical tensor notation is 

i(t, t0)=G|aiiD||jg>i2 x laiiDii/;)!2 

X X (— 1 )F‘~F,+qEq U-qA k (Fe, F'e )B k (F'e, Fe) 
k,q, 

F ,F' 

x exp {[- iaj(Fe, F')- r](t —10)} 
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We distinguish the states e, e' by their hyperfine quantum numbers Fey F'e. 
The initial and final states appear specified only by their electronic quan¬ 
tum numbers, Jg and Jf. 

In the first line of (18) we find the reduced matrix elements of the 
electric dipole operator between the jg) and the \e), on the one hand, and 
between the \e) and the j/), on the other. 

In the second line we find the light tensors Ekq and Ukq, defined by Eq. 

(16). 
The quantities Ak, Bk in the second line are, effectively, 6 — j symbols 

which project the \e) and the transition dipoles on to the /c, q basis. They 
are 

Ak(Fe, Ffe)= (- 1 fl+2JS-Je~Fe 

X [(2Fe + 1 ){2F'e+ 1 )(2 Je + 1 )(2 Jg + 1)]1/2 

fk X 
Je 1 

\k 
Je Je) 

1/ F'e fJ \jg 1 1 1 
(19) 

Bk(Fe, F'e) is the same expression with Jg replaced by Jf. It is to be noticed 
that the quantity that occurs in Eq. (18) is Bk(F'e, Fe), not Bk(Fe, F'e). 

The last line of Eq. (18) exhibits the modulation of the fluorescent 
light at the hyperfine frequencies co(FeF'e) = [E(Fe)~ E(F’e)]/h, and radia¬ 
tive decay of the free atom at the rate T. 

Details of the derivation of Eq. (18) have been given by Luypaert.(33) 
In Figure 5 we show experimental results for Cs which are compared, in 
the lower curve, with an evaluation of Eq. (18) for this case. [The numeri¬ 
cal results were, in fact, checked against an evaluation of Eq. (15) and found 
to be identical.] 

An example of the application of spherical tensors to Zeeman struc¬ 
tures is to be found in Carrington and Corney.(37) 

In Sections 2.2.5-2.2.7 we consider some characteristics of the 
multipoles and show how, by paying attention to the geometrical aspects of 
an experiment, we can select those multipoles that convey the information 
we require. The discussion is not limited to hyperfine structures: indeed, it 
applies to level-crossing and other atomic coherence effects, not solely to 

quantum beats. 

2.2.5. Characteristics of the Multipoles 

The multipoles k= 0,1 and 2 have the following interpretation: 
(a) k= 0. A scalar quantity related to the excited state population. 

The k = 0 component of the intensity is measurable, either by integrating 
the fluorescence over all directions, or by biasing the polarization 
components of the emission in some particular direction so as to represent 

a space average. 
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(b) k = 1. A vector part related to the degree of orientation in the 

excited state and therefore reflected in the content of circular polarization 

of the fluorescence. 

(c) k — 2. A tensor part related to the degree of alignment in the 

excited state and therefore reflected in the content of linear polarization of 

the fluorescence. 

The properties of the 6-j symbols involving k and the quantum 

numbers Fe (for example) lead to the result that, for terms having k = 0, 

Fe — F'e. Modulation effects are therefore not to be expected either in the 

integrated light from the assembly or for those geometrical configurations 

that allow only the k — 0 component to be recorded. Similarly, terms with 

\Fe — F'e\ = 2 arise only in association with k— 2, and terms with \Fe — F'e\ = 
1 only with k = 1. 

Terms with k — 0, 1, and 2 arise in Eq. (18) if circularly polarized light 

is used in the exciting and fluorescent beams, but with linearly polarized 

light one finds only k =0 or 2. These results may be obtained as shown 
below. 

2.2.6. Linearly Polarized Light 

Recall that.e and u are unit vectors along the polarization directions of 
the exciting and detected beams. Let these directions be chosen as prin¬ 
cipal axes of the tensors E and L/, respectively. Then the only nonvanishing 

components of E and U are 

Eko=(2k + l)U2{1Q * o) = (U% (20) 

where the prime on U reminds us that we are referring to U to a principal 
axis different from that of E. Referred to the same axis as that of £, we 
have 

U^=yRkq0(U’)kq = Ro„(Ut (21) 

(since components of U’ having 0 are zero), where the Rk0 are 
components of the matrix that describes a transformation of axes from e to 

u. 
Looking back now to Eq. (18) we see that Uis the only component 

of Uk that we need, since it is to couple with Ekh which is the only 

nonvanishing component of Ek. Finally, the only terms in (18) that do not 

vanish are those containing the factor 

E$t/S = (2* + l)(J * ^ Pk (cos 9) (22) 

424 



Time-Resolved Fluorescence Spectroscopy 659 

where we have written Pk(cos 6), the Legendre polynomial, as the rotation 
matrix element. 6 is the angle between e and u. 

From the symmetry properties of the (3-;) symbol we learn that (i o o) 
vanishes for k = 1. Equation (22) tells us, therefore, that the use of linear 
polarizers and analyzers cannot produce terms other than k — 0 or 2. 
Moreover, we read from the Pk(cos 6) term that there is no angular 
dependence for k = 0 and that the angular dependence for k = 2 is as 
(3 cos 6 — 1). If 0 is chosen to make this expression vanish (54.7°) the light 
reaching the detector will be represented by the k — 0 terms only. With 
pulsed excitation the light will be unmodulated and will represent the 
decay of excited-state population. With steady-state excitation there will 
be no level-crossing effect. 

2.2.7. Circularly Polarized Light 

Let the directions of the principal axes of E and U now be chosen 
along the directions of propagation of the exciting and fluorescent beams. 
By this choice, again, the polarization vector of the light is one of the basis 
vectors (cj or in this case), and the only nonvanishing components of 
the tensor are those with q = 0, namely, 

££ = (2fc + l),/2(_| +J (23) 

As before we have 

E$l/S=(2* + 1)(_! +J fy2pk( cos#) (24) 

The conclusion is that the fluorescent light may contain components k— 0, 
1, and 2, but that, for 0 = 90° the k = 1 component will vanish because of 
the vanishing of Pi (cos 0) = cos 0. This is an important result in relation to 
the study of hyperfine structures in S states. Electronic alignment (k = 2) 
cannot exist in such states, so if modulation (or coherence) effects are to be 
studied one must select the k = 1 component of fluorescence. Since this is 
zero for 6 = 90° one must choose some geometrical configuration where, 
not only is the light circularly polarized, but also the exciting and 
fluorescent* beams are at some angle other than 90°. 

2.2.8. Density-Dependent Effects: Multipolar Damping Coefficients 

The equations we have given so far relate to the fluorescence of an 
assembly of isolated atoms. As has been shown by (among others) 
D’yakonov and Perel’,(38,39) Omont,(40) Happer and Mathur,(41) and Car- 
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rington et al.,(42) the method of expansion in multipoles is powerful also 

when the atomic density is increased to the point that other interactions 

occur. There are two important effects. First, when the atomic density 

increases or the vapor cell volume is large enough, radiation trapping may 

occur: The fluorescence from one excited atom may excite others before 

the radiation leaves the cell and is detected. This is particularly likely when 

the lower state of the fluorescence is the atomic ground state. It will be 
appreciated that this multiple scattering of radiation in all directions has 

the effects (i) of increasing the lifetime of the fluorescence, and (ii) of 

changing the polarization character of the light that escapes. 
The second effect is that of collisions between atoms. In simple cases 

the same electronic excitation (J) will be preserved, though it may be 

transferred from one atom to another, but the orientation or alignment of J 
will become randomized (transfer between levels of different Mj or F or 

Mf). In more complicated cases the excitation may be transferred to levels 

of different electronic excitation and the fluorescence may be lost to the 
detector. 

The effects of radiation trapping and of the simple cases of collisions 
may be described formally by admitting the existence of different decay 
constants for the different multipoles. Thus, in Eq. (18), F is to be replaced 

by Tk. Three different damping constants, that is, three different lifetimes, 
make their appearance in the fluorescent light. T0 is not affected by 
collisions (in the simple cases) and, according to D’yakonov and PereF,(38 

the effect of radiation trapping is expressed by the equation 

r°° 

exp (- r) exp [(L//0) exp (-12)\ dt 
J—OO 

(25) 

an integral which is tabulated by Mitchell and Zemansky.(43) L is a charac¬ 
teristic dimension of the scattering cell and l0 is the mean free path of a 

photon whose wavelength is at the peak of the optical transition. F° can be 
determined in the case of the field-free situation we have analyzed by 
setting polarizer and analyzer at 54.7° to one another. When a damping 

constant is determined from Hanle-effect experiments using linear 
polarizers it is that is measured, but T can be determined directly at 

finite magnetic fields, as was shown by Gunn and Sandle,(44) by orienting 
the field in the (111) direction relative to Cartesian axes determined by the 
directions of linear polarizer and analyzer. 

The decay constants F° and T2 for mercury atoms in zero magnetic 

field were determined over a range of vapor densities by Deech and 

Baylis(45) by direct measurements of the decay of fluorescence. With an 
analyzer parallel to the polarizer, two exponential components were 

present, characterized by V and T . The former could be isolated by setting 
the analyzer at 54.7° with respect to the polarizer, and the latter evaluated 
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by subtraction. It was confirmed that the values of T2 obtained from these 
decay curves were in satisfactory agreement with values obtained from 

Hanle-effect experiments over the limited range of vapor density where 
reliable values could be obtained from both kinds of experiment. At low 
densities the subtraction procedure was impracticable. Values of F2 
obtained from Hanle-effect experiments at these low densities tended 
towards the same limit at zero density as did values of T°. 

The general expression for the Ffc in terms of T, the free-atom decay 
constant, is 

rk = r-ck(r-r°)+r(fccoll) (26) 
where 

Ck = 1 for k = 0 

Ck = w(2Je + l)[6 + (— l)fe]j ! 1 M2 for fc = 1. 2 
l J € J e J g ) 

it being understood that this applies only when the initial and final states 
are the same (Jg — Jf). Estimates of T(c0n) can be made from expressions 
given in the literature cited. 

In the so-called “quenching” collisions the energy of excitation is lost 
by transfer out of the original state to some different electronic state of 
either of the collision partners. Part of the energy may be lost as kinetic 
energy, or as vibrational energy if the colliding particle is a molecule of a 
foreign gas, or in a variety of other conceivable ways. The decay constant 
for the population of atoms in the initially excited state is, for these 
“quenching” collisions, represented by 

r°otai = r° + rfeoii), where r“coU)oc v (27) 

T° is determined by measuring the total decay constant as a function of 
density of the perturbing species, v, and extrapolating to zero density. 

For some types of quenching collisions the reverse collisions contri¬ 
bute significantly to the population of the initially excited state. The decay 
of fluorescent light then ceases to follow a single exponential. It may be 
represented by a sum of exponential terms, each characterized by a 
different rate constant. An example is reported in a recent paper by 
Pendrill.(46) The rate constant of the dominant term tends to the T?otai of 
the single-exponential decay at lower pressures. The rate constants of the 
other terms are related to the decay of the partner states and to the 
collisional rate constants. All these rate constants appear also in the equa¬ 

tions describing sensitized fluorescence. 
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2.2.9. Experimental Techniques and Results 

For details of the experimental realization of the foregoing analyses 

and for results that have been obtained we must refer the reader to 

Haroche’s review,(25) to the original papers already cited, and to the article 

by R. G. Fowler, Chapter 26 of this work. 

2.3. Superposition States of Mixed Parity 

The modulation effects that have been described hitherto have been 

ascribed to the synchronous precessions of radiating atomic dipoles, 

motions that find quantum-mechanical expression in terms of coherent 

superpositions of states of different electronic orientation. It was supposed 

that the spontaneous decay constants for all states forming the super¬ 
position were identical. When this is not the case modulation can arise in 

the integrated intensity of the light received. Clearly, this can no longer be 

interpreted as a “searchlight effect” or as the spatial interference of 
components of different polarization, but it may be regarded as a temporal 

interference: radiation from each excited atom is periodically restrained 
and released by the coherent mixing of dipoles of different strengths 
oscillating at different frequencies. An example of such a situation is to be 

found in the superposition of states of opposite parity: the superposition of 
the 2S and 2P states of atomic hydrogen is a case in point. An early 

analysis of the effects to be expected by pulse excitation and by modulated 
excitation of these states was given by Series(47) and is represented in 

Figure 6. It was supposed that the atoms were in an electric field so that the 
eigenstates of the Hamiltonian for n — 2 were superpositions of the S and P 
states. (For the purposes of the present argument we may neglect the spin.) 
The symmetry-breaking perturbation was the application of Lyman-a light 

which was to excite atoms from the ground state IS to the P components of 
the two nondegenerate 2S-2P superpositions. Modulation of the emitted 

Lyman-a light was to be expected at the frequency interval between the 

Stark-shifted S-P levels. 

The experimental realization of this kind of superposition-state has 
been achieved by Bashkin et a/.,(48) by Sellin et a/.,(49) by Andra(50) and 

co-workers, and most recently by van Wijngaarden et al.(51) These last 

authors allow a beam of hydrogen atoms in the metastable state 22Si/2 to 
enter a region where they suddenly experience an electric field that is very 

accurately known. Atoms in pure S states as they enter the electric field are 

no longer in eigenstates of the atom in the field but are in superpositions of 
the S-P eigenstates. They begin to radiate modulated Lyman-a light, 

which appears as a periodic spatial luminosity of the beam and which is 

measured by a movable detector. The modulation may be envisaged as a 
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ELECTRIC 

FIELD 
ZERO NONZERO 

2 

EXCITATION FREQUENCY 6 

IS 

( + negligible P) 

Figure 6. Representation of modulated fluorescence from superposition of S and P 
states in hydrogen. 

Figure 7. Modulated fluorescence from S-P superposition states in hydrogen (from van 

Wijngaarden et al.(5l)). The low-frequency modulation arises from Sl/2-Pi/2 super¬ 

positions; the high-frequency from Si/2-^3/2- The broken curve represents the results of a 

theoretical analysis in which the onset of the field was supposed to be sudden. Closer 

agreement with the experimental curve was obtained when allowance was made for the 

fringing field. 
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periodic oscillation of population between pure S and P states, the latter 
being strongly radiative and the former metastable. The modulation 

frequencies that have been observed in this experiment (Figure 7) cor¬ 

respond to the whole complex of Bohr frequencies in the n — 2 state, that is 
2 2 

to say, the intervals between all the hyperfine components of 2 Si/2,2 P1/2, 

and 22P3/2. 
The fascination of these experiments is that the modulation of the 

fluorescent light provides a direct record of the interval between the S and 

P states in hydrogen, which is the Lamb-shift interval (slightly modified by 
the electric field). No claim is made for the experiments that have been 

described that they give a value for the Lamb shift better than has been 

obtained by other methods, but it is hoped that the method—or something 

related to it—may be applied to hydrogenlike ions of high Z for which 
accurate values of the Lamb shift are needed. If the behavior of hydrogen 

under a symmetry-breaking pulse can be understood in detail, it will be 

possible to interpret with confidence the behavior of hydrogenlike ions 

under similar circumstances. 

3. Pulsed (Stepped) Magnetic and Electric Fields 

3.1. Pulsed Magnetic Field 

The transients observed in the intensity of fluorescence of atoms 
subjected to a pulse of some excitation process were analyzed in Section 2. 
Similar transients can be observed under conditions of constant excitation 
but following a sudden change in some physical quantity that affects the 

atomic structure. For example, a sudden change in the steady value of an 
electric or a magnetic field that determines the energies of the state of the 

atom gives rise to a transient in the intensity as it settles to a new steady- 
state value. 

An early application was reported by Dehmelt.( 2) A beam of circu¬ 

larly polarized sodium D light is passed through a cell containing sodium 
vapor, the dimensions and vapor density being such that about 50% 

absorption occurs. The intensity 7 + A7 of the transmitted beam is greater 

than the initial intensity 7 because the optical pumping process removes 

sodium atoms from those ground-state Zeeman sublevels which more 
strongly absorb the circularly polarized light. A sudden reversal of the 

magnetic field (about 50 jjlT parallel to the optical beam) reverses the role 

of the ground-state sublevels. The intensity drops suddenly to / — A/ and 

then relaxes back to 7+A7 with a lifetime dependent on the rate of the 

pumping process (proportional to 7) and of other relaxation processes such 
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Figure 8. The stepped magnetic field experiment, (a) Magnetic field zero: Detector 

records zero intensity, (b) At time / the dipoles have precessed through 

6 = (oL(t — /,). The intensity at the detector is modulated at the angular 

frequency 2ioL = -2g/xBB/h. 

as wall collisions and collisions between atoms of sodium and the buffer gas 
in the cell. 

An application of the principle in the observation of resonance 
fluorescence was made by Dodd et al.(53) Here the resonance fluorescence 
of the 6 1 S0+->6 3Pj (254 nm) line in mercury was observed. The method 
may readily be appreciated by appealing to a classical model. Consider the 
case of incident radiation, polarized parallel to the x axis, exciting a sample 
of atoms situated in a cell at the origin. This is illustrated in Figure 8. The 
dotted contour represents the polar distribution of fluorescent intensity in 
the x-y plane appropriate to a J — l<->/ = 0 transition as in Figure 3a. 
Under conditions of zero magnetic field the axis of the equivalent dipole 
remains stationary in space. A detector placed along the x axis records 
zero intensity—the zero of the normal Hanle signal. 

When a steady magnetic field B along the z axis is suddenly switched 
on at time t = tu all previously established equivalent classical dipoles (i.e., 
atoms excited with t0< tj), begin to process about the z axis at the Larmor 
frequency coL = —gi±BB/h\ at time t they lie at an angle to the detector 
given by 0 = (oL(t -1^). As these dipoles rotate, radiate, and decay, other 
dipoles are excited and rotate, their angle to the detector at time t being 
given by 6 = coL(t — /0). Under the transient condition the intensity oscil¬ 
lates with frequency 2a)L, damped with a mean lifetime t(2) = 1/F2, and 
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I(t) 

/ 
steady state 

0 2 3 

rt 

Figure 9. Predicted intensity in the stepped magnetic field experiment, (a) The modula¬ 

tion case: The magnetic field is such that two periods of modulation occur in one 

mean lifetime (Att/2ojl = r). (b) The exponential case: The magnetic field is switched 

off after a time interval equal to a half period of modulation [(t2-t\)= tt/2iol = r/4], 

settles to a new steady-state intensity appropriate to a point on the wings of 
the Hanle signal in the field B. If the magnetic field is suddenly switched off 

the intensity decays exponentially back to zero with the same mean 
lifetime. Figure 9 shows the two kinds of transients. The experiment yields 

the values of g and r(2) independently (it is the product gr(2) that is 
determined from the width of the Hanle curve). 

A quantum-mechanical description of the above experiment can 
readily be given by adapting the theory in Sections 1 and 2. The intensity 
I(t, t0) is calculated as before, the interaction with the field B being written 
into the Hamiltonian. The geometrical arrangement shown in Figure 8 

generates alignment (/c=2), the formation of a superposition state from 
/ = 1, Mj = ± 1, and so leads to the expression 

/(/, to)00sin2 0 exp [ —T(f — f0)] (28) 

where 0 = coL(t — ti) for t0^ tx and 6 = coL(t-t0) for t0^ti. The intensity at 
time t is obtained by integrating over t0 from — oo, through the dis¬ 
continuity at fj, up to t. The result is 

with tan 0 = T/2cuL. The first term on the right is just the steady-state 
Hanle signal; the second is the damped oscillation of the transient signal. 

The exponential decay following sudden switching of the field to zero is 

obtained by introducing a further discontinuity at t2 (>bX and> f°r f > hi 
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fixing 0 at the values reached at t — t2. For a more complicated atomic 
system, the method of expansion in multipoles would lead to a generaliza¬ 
tion of Eq. (28). Transients of other kinds may be described by a general¬ 
ization of Eq. (29). 

In the experiments of Dodd et al.(53) the detector recorded single 
photoelectric events and measured the time delay between the step of 
magnetic field and the arrival of the first photoelectron. Use of a time-to- 
pulse-height converter and a multichannel analyzer, with proper correction 

for “pulse pileup” and system linearity, yielded results for rc2) with better 
than 1% accuracy. A typical result is shown in Figure 10. The method was 
used to study the variation of t(2) with atomic density and thereby to check 
theories cited earlier for how this quantity is influenced by the phenomena 
of radiation trapping and atomic collisions. The technique was further 
developed by Piper and Sandle(54,55) to study the effects of cell geometry, 
atomic collisions, and isotopic constitution of the vapor in the resonance 
cell and in the lamp. 

3.2. Pulsed Electric Field 

The method is obviously applicable to the case where a step or pulse of 
electric field is applied to an atomic sample initially in a region free of 
electric and magnetic fields. In this case one obtains a measurement of the 
quadratic differential Stark coefficient rather than the Lande g coefficient. 
The principal advantage of the pulsed method is that, with an electric field 
applied for only a short time, the effects of discharge in the vapor are 
largely eliminated. An experiment of this kind has been performed by 
Sandle et al.(56) and is reported in the article by Kollath and Standage, 
Chapter 21 of this work. 

3.3. Pulsed Radio-Frequency Field 

In the traditional double-resonance method a radio-frequency 
magnetic field creates a coherent superposition of states from a pure state 
excited by appropriately polarized incident light. A transient experiment 
may obviously be developed by applying the rf field in a pulse. Pulses or 
steps of rf field have been extensively used in optical pumping experiments 
to study the relaxation of orientation in the ground state. We refer only to 
the early experiments of Dehmelt,(52) and of Cagnac and Brossel,(5/) and a 
more recent paper of Gibbs and White.(58) These experiments are more 
concerned with relaxation processes than with atomic properties. Of more 
direct application to atomic properties, the method has been used by 
Jacobson(59) for a study of the nutational motion of aligned mercury atoms 
in the metastable 6 3P2 state. In this case, Hg atoms were excited in a 
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resonance vessel by electron impact parallel to the static magnetic field, 
thus producing an alignment in the metastable state. The pulsed rf field, 
perpendicular to the steady field, disturbed this alignment. The transient 
character of the disturbance was monitored by absorption of linearly 

* * *33 polarized light, A = 546 nm, corresponding to the transition 6 P2 to 7 Si. 

4. Resolution within the Natural Width 

By Fourier transformation of the time-resolved intensity variations we 
obtain spectra whose individual components are Lorentz curves centered 
on frequencies corresponding to the intervals coee' between excited levels, 
and whose widths, provided the vapor density is sufficiently low, depend 
inversely on the radiative lifetime of the excited states. (The full width at 
half-height is 2T = 2/r if the lifetimes of the two levels are equal.) 

It is possible to change the shape of the curves by biasing the signal in 
favor of a particular group of atoms, in particular, a bias in favor of the 
longer-lived atoms produces narrower curves. This can readily be shown 
analytically and has been demonstrated experimentally on a number of 
occasions. The technique has been applied in Mossbauer spectroscopy and 
in nuclear physics as well as in atomic physics. It appears to have been 
discovered independently by a number of different authors. 

4.1. Theory 

A simple form of the quantum beat signal, Eq. (4), is 

I(T) = (A + B cos ou0T)exp (-TT) (30) 

where T is the time elapsed after the pulse and oj0 is the interval between 
the excited states. The Fourier cosine transform of (30) is 

I(a>) = AY/{Y2 + a>2)+^BY/[Y2 + (<o-<o0f]+\BY/{Y2 + (a> + a>o)2] (31) 

For a>, (Oq > 0 the second term gives the expected Lorentzian centered at 
co = ojQ. The peak of I (to) is not exactly at co = co0 owing to overlap from the 
other terms, but this can be allowed for if necessary. 

Figure 10. Typical experimental results in the stepped magnetic field experiment, (a) The 

modulation case: 198Hg in cell at — 21.6°C (5.7 x 101 atom m 3); B== 190 7.78± 

0.02ns per channel, (b) The exponential case. 198Hg in cell at -11.4°C (1.09x 

1018 atom m-3); B and time calibration as in (a) (from Dodd et a/.(53)). 
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A biasing function f(T) can be introduced at the same time as the 

Fourier transform is calculated: 

G(w)=[ /(T)f(T)cos caTdT (32) 

Various forms of f(T) have been used. A simple form that corresponds to 
the experimental technique of delayed detection is the step function 

T < Tt 

T^TX 
(33) 

This form of biasing, though easy to realize experimentally, introduces 

oscillatory structure (of period 1/Tj) into the wings of the spectral lines. It 

has been studied by Schenk et al.(60) and by Figger and Walther361) 
An attractive function is the increasing exponential 

f(T)= KeyT, y<T (34) 

which preserves the Lorentzian shape of the lines but narrows them from 
2T to 2(1"—y). It is, however, unrealistic to use a biasing function which 

increases indefinitely, and the function must be cut off at some time, which 
again introduces spurious oscillatory structure. 

The Gaussian Biasing Function 

A biasing function that has greater appeal is the displaced Gaussian 

f(T) = cxp[-(T-af/b2] (35) 

It is easy to show that, if the width, b, of the Gaussian is properly chosen in 
relation to the displacement of its peak, a, the oscillatory structure is 

suppressed. The required relation is 

b = (2a/T)1/2 (36) 

With f(T) chosen according to Eqs. (35) and (36) the biased transform 

Figure 11. The function /(T). 
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G(co) of I(T) [Eqs. (32) and (30)] becomes 

G(aj) = \b7rl/2 exp (-TV/4XA exp (~oj2b2/4) 

+ \B exp [ — {co — a>0)2b2/4\ + \B exp [ —(co Tca0)2£2/4]} (37) 

This is to be compared with E(|. (31) with 4 — B — 1. The Lorentzians 
peaked at co = ± oj0 have been transformed into Gaussians whose full width 
at half-intensity is 4(ln 2)l/2/b. The condition under which this is less than 
the width of the Lorentzian is 

b > 2(ln 2)1/2/F = 1.67r (38) 

Figures 11-13 show the functions I(T), f(T), 1(a)), and G(co). 
When b is chosen so that the widths are equal thb height of the 

Gaussian is about 0.7 times the height of the Lorentzian. It will be noticed 
that the height of the Gaussian decreases exponentially with b2, that is, 
with a, the time interval between the initiating pulse and the peak of the 
Gaussian. This implies a degradation of signal relative to noise and is the 
price one pays for the line-narrowing. On the other hand, the steeper fall of 

> to 

Figure 13. Narrowing achieved by biasing, (a) The unbiased transform. 

/(a>) (b) The biased transform, G(a>). 
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the wings of the Gaussian relative to the Lorentzian gives an important 

advantage when one is trying to improve the resolution of overlapping 

spectral lines. 

4.2. Practicalities and Examples 

The advantages gained by the technique of time-biasing have to be 

weighed against the increased uncertainties introduced by the degraded 

signal-to-noise ratio. If the problem were simply to obtain the best value 

for the center of a symmetrical line it could not be maintained that 
narrowing the width at the expense of increasing the uncertainty would 
lead to an improvement. On the other hand, if the problem is to find the 

relative positions of overlapping lines where the individual line profiles are 
not known with confidence, then improved resolution—even at the 

expense of signal-to-noise ratio—is to be preferred to an analysis based on 

profile synthesis, the alternative method. And although the Fourier-trans¬ 
formed signals of quantum beats are in principle Lorentzian curves, one 

cannot always rely on this on account of instrumental nonlinearities and 
unknown complicating factors. It is a matter of practical experience in 

general that the methods of profile analysis can lead to errors, and resolu¬ 

tion of components, where possible, is to be preferred. A particular case, 
the hyperfine structure of 3 "P3/2 in sodium, was studied in detail by Deech 
et al.(62) It was argued that the results obtained by line narrowing were 
more reliable than those obtained by profile analysis of experimental 
results obtained under comparable conditions. 

An improvement in accuracy of an important spectroscopic interval, 
the Lamb shift in hydrogen, has been reported by Lundeen and Pipkin(63) 
in an application of the time-biasing technique. They measured electric 

dipole resonances between hyperfine components of 2 Sl/2 and 2 Pl/2 in a 
fast beam of hydrogen atoms. The complete pattern of resonances is 
complicated, but was simplified by a technique of state selection which very 
largely suppressed all but one of the transitions. Resonance curves are 

obtained by scanning the frequency of the rf field, so this is not strictly an 

experiment in which time-resolved signals are obtained, but the principles 
of time biasing still apply. Under ordinary conditions the width of the 

resonance curves is determined mainly by the inverse of the very short 
lifetime of the P states—the S states are metastable. In Lundeen and 

Pipkin’s experiment a spectacular narrowing of the resonance curve was 

achieved by employing Ramsey’s well-known two-field arrangement to 

elicit a time-biased signal. Atoms in a beam pass successively through two 
interaction regions before reaching the detector. The main part of the 

signal corresponds to atoms that undergo the transition from S to P in the 
first interaction region, and this resonance is broad. It does not depend on 
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20% 

10% 

Figure 14. Lamb-shift resonance in H. The upper curve is typical of 

“ordinary” resonance curves, the lower shows the response of atoms 

that have interacted with the first field and have survived to interact 

with the second (from Lundeen and Pipkin(63)). 
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the phases of the rf fields. The total signal contains also the contribution 
from atoms that survive to interact v/ith the field in the second region. The 
sign of this contribution depends on the relative phase of the fields, and the 
contribution is separated from the total signal by taking the difference 
between 5(0) and 5(180), signals obtained with the fields in phase and in 
antiphase, respectively. 

The narrowing achieved is seen by comparing the difference curve, 
which is the lower curve of Figure 14 with the upper curve, which is the 
average of 5(0) and 5(180) and so does not reflect the time biasing. The 
width of the difference curve is about three times less than the natural 
width of the P states and the authors claim to have gained a factor of 3 in 
precision over earlier measurements of the Lamb shift. It will be noticed 
that the signal-to-noise ratio in the time-biased curve is very high, 
notwithstanding the reduction in absolute signal strength. The oscillatory 
structure at the sides of the main peak will also be noticed: this reflects the 
spatial (and therefore the temporal) envelope of the rf fields. 

4.3. Conceptual Problems 

It is sometimes asked whether the narrowing of resonance curves 
below the “natural” width does not violate the uncertainty principle. Of 

k 
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course it does not. Curves having the natural width are obtained by taking 

unweighted signals from all members of an assembly of atoms decaying by 

spontaneous emission of radiation. The narrowed curves are obtained by 

taking signals from a selected sample whose mean lifetime is longer than 

that of all members of the assembly. The relation between mean lifetime 

and spectral linewidth is simply the reciprocal relationship of Fourier 

transform pairs. 

A more well-founded objection is to point out that all atoms, irres¬ 

pective of how long they have survived in the excited state, have the same 

probability of decay. Does not this probability govern the spectral line- 

width of the emitted radiation? How, then, can the linewidth be reduced by 

taking the light from a biased sample of atoms? Indeed, the spectral 
linewidth as determined by an ordinary spectrometer is independent of the 

time of observation after an exciting pulse. But the significant point is that 
the spectra obtained in an ordinary spectrometer are transforms of the 

amplitude of the light field correlated against itself, whereas the spectra we 
are concerned with here are transforms of the intensity of the light field 
correlated against a biasing function which we are free to choose. The lines 
are narrowed because we bias against the wings. The information to which 

we attach most weight is that which relates to the region near line center. 

5. Concluding Remarks 

We have attempted in this article to show how the time evolution of 

the intensity of fluorescent light from atoms reflects the dynamical pro¬ 

cesses in the atoms themselves. By implication, and by means of examples, 
we have shown how atomic parameters may be determined by measure¬ 

ments of fluorescent light, and we have shown how such determinations are 
free of Doppler broadening. We have shown also how the time-evolving 

intensity is related to the steady-state intensity and how the same atomic 

parameters enter into both, but we have not discussed the techniques in 
sufficient detail to assess their relative merits or to allow a critical 

comparison between them and alternative Doppler-free techniques such as 
radio-frequency optical double resonance, laser fluorescence or absorption 

from atomic beams, saturated absorption spectroscopy, multiple-photon 

laser spectroscopy, and others. Some comments on the relation between 

double resonance and the technique of modulated excitation were made in 
Section 1.4 and on certain advantages of the technique of pulsed electric 
fields in Section 3.2. 

The impact of lasers on high-resolution spectroscopy has been 

explosive: several of the techniques just mentioned did not exist before 
lasers. The steady-state version of coherence spectroscopy (level-crossing 
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spectroscopy), however, did exist and a great deal of valuable work was 
accomplished using conventional light sources. As for time-resolved 
coherence spectroscopy, the principles were known and the pioneer 
experiments had been done in the prelaser age, but vastly more territory in 
this domain now lies open for exploration with lasers on account of their 
intensity, their tunability and the pulse technology that has been 
developed. The spectral purity offered by lasers is not useful in this work 
since the spectral range has to span the whole structure that is to be 
explored. 

Level-crossing spectroscopy has been invigorated by lasers and many 
new structures have been explored both by this technique and also by 
time-resolved spectroscopy. The results have been gratifyingly in 
agreement. The choice of one or the other method is often determined by 
the equipment available to the experimenter—he or she requires magnetic 
fields and steady-state detection on the one hand, and short-pulse tech¬ 
nology and counting techniques on the other. Where time-biasing is to be 
applied, time-resolved detection is essential (or, if atomic beams are used, 
space-resolved detection). It is sometimes useful to combine the two tech¬ 
niques, as when the intervals in zero field are uncomfortably large (time- 
resolution uncomfortably small) for pulse-counting but can be made 
manageable by the application of a magnetic field. Then, time-resolved 
measurements are made for a set of values of magnetic field, and for each 
field point an integration is made over time, incorporating a biasing 
function if required.(62) In this way one obtains a set of values of intensity 
as a function of magnetic field, which constitutes a level-crossing curve. 
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Comments Atom. Mol. Phys. (1978) 7, 117-121 

Collisional and Radiative Relaxation as an Eigenvalue Problem 

Attention is drawn to some recent studies of excited Cs atoms in collision with ground state 
atoms. The multi-exponential decay of the populations of excited energy eigenstates is 
seen as the single-exponential decay of linear combinations of these populations. The notion 
of eigenstates of relaxation is explored. 

L.R. Pendrill1 has recently reported studies of the decay of populations of 

excited caesium atoms under the competing perturbations of radiative damping 

and collisions with atoms in ground states. He finds that the decay of population 

following selective, pulsed excitation cannot be represented by a single 

exponential but requires a sum of exponentials: terms must be added progressively 

as the vapour density increases. An interpretation is given in terms of collisional 

transfer to and fro between the state first excited and close-lying ‘partner’ states. 

The progressive increase in number of terms required corresponds to the partici¬ 

pation of additional partner-states, sequentially according to the relative 

magnitudes of the collisional transfer cross-sections. 

Pendrill demonstrates that the dominant partner-states for the /?D3/2 sequence 

(n = 8 to 14) are, as expected, the corresponding nDs/2 states, whereas for nS\/2 

the dominant partner-states are (n - 4)F. In both cases these collision partners 

are the closest lying of all other states, and the energy differences are very much 

smaller than kT. The identification of dominant partner-states relies heavily, but 

not entirely, on the fact that the decay of sensitized fluorescence from such 

partner-states can be interpreted by a sum of exponential terms having the same 

rate constants as the decay of fluorescence from the primarily excited state 

(direct fluorescence). 
An analysis is given in terms of solutions of the well-known rate equations, 

which we shall summarise below. We wish to enlarge on the analogy which Pendrill 

draws between the variation of the rate constants (which we may regard as the 

imaginary part of the energy of the excitation) with density of perturbers and 

the more familiar variation of real energy eigenvalues under an external perturba¬ 

tion. 
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The rate equations for the populations NUN2 of a pair of excited states, 1 and 

2, are 

N = — (r! -h 72l)Vl + 7l2^2 

N = y2lNl - (T2 + 712VV2 (1) 

where the T are free-atom radiative decay constants and the 7# are collision^ 

transfer rates from / to i. These equations are approximate to the extent that 

smaller terms representing transfers to other states have been neglected. A mean 

collisional transfer cross-section aiy- is introduced by means of the equation 

7ij = OijNcjV, where A^g is the number density of atoms in the ground state and 

v the mean relative velocity. 

The solutions Ni(t),N2(t) of Eq. (1) are linear combinations of eigenfunctions 

N±(t) = N0 exp where the eigenvalues A+ and A_ are given by diagonaliz¬ 

ing the square matrix of rate coefficients on the right-hand side of Eq. (1), the 

signs of all terms having first been changed. The eigenvalues are 

= kr, + r2 + 7l2 + 72l) ± \ [(r, - r2)2 + 2(72. - 7«)(Ti - r2) 

+ (712 +72i)2P (2) 

The constant A^0 turns out to be equal to the total number of atoms at time 

t = 0. 

We concentrate attention first on A±. Limiting values are 

a) for low vapour densities, (y12 + 721 ^ I Ei — r21), 

A_ = r2 T 712 = T2 + 0\2(Nqv) 

A+ = Tj +721 = Ti 4- o2i(Ngv) (3) 

b) for high vapour densities, (712 + 721 ^ I Fi — r21), 

= fei e 1 +g2r2)l(gi +g2) = T 

^+ = OiE2 +g2^i)l(gi +£2) + (712 +721) = r + (712 +721) (4) 

In (b) we have used the ratio of the statistical weights, gly g2 to replace the 

ratio 712/721 = (gi/g2) exp (-AEi2/kT) ^gi/g2. 

A_ is independent of the 7 and therefore of NCj. A+ differs from A_ principally 

by (712 + 721), but additionally by f - F = - (gi - £2)+ (Ti - r2)/ 
(g 1 + g2). While this term may be of order T it will always be smaller and will 

sometimes be very much smaller. In any case it is negligible in this approxima¬ 

tion. We shall, however, retain T in A+ and rewrite equations (4) as 

A_ = P 

A+ = T + (o12+ a2i)(AfGv) (5) 

t r- r = -(gl -g7url - r2y(gl +g2) 
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Figure 1 shows a plot of \± against Nq v.The resemblance to plots of energy 

against an external perturbation is immediately obvious and stems from the tact 

that both cases represent the diagonalization of a 2 x 2 matrix. Nevertheless it 

is instructive to apply to the present case of imaginary energy the ideas which are 

familiar in the case of plots of real energy eigenvalues. 

FIGURE 1. Plot of decay constants X+ against Nc,v. Notice the similarity to plots of energy 

levels of states against the magnitude of a decoupling perturbation. 
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Recall that the eigenfunctions N±(t) are those linear combinations ofN\(t) 
andN2(t) whose decay can be represented by single exponential functions. In 

the low density regime the eigenfunctions correspond closely to the populations 

of states 1 and 2 and the eigenvalues tend to the radiative decay rates Ti and 

r2 as the density tends to zero. In the high density regime, on the other hand, 

the eigenfunctions correspond to complete mixing of the populations. Consider 

this regime in more detail. For initial excitation toN2 (i.e.,jV2(0) = N0, Afj(O) 

= 0) we find the solutions 

Ni(t) = N0g{ [exp(-X_0- exp(-X+f)]/fei +£2) 

(sensitized fluorescence) 

N2(t) = N0 [g2 exp (— X_0 +gx exp (-X+01/fe, -I- g2) 

(direct fluorescence) (6) 

The eigenfunctions, in terms of Nx and7V2, are 

N_(t) = Nt(t)+N2(t) = N0 exp (- X_t) 

N+ (t) = N2(t) - (g2/gi)Nl(t) = N0 exp (-X+f) (7) 

The sum of the direct and sensitized fluorescence therefore decays at the rate 

X_ = T, the statistically averaged radiative decay rate, while the difference 
between the direct and sensitized fluorescence (weighted, in each case, by the 

reciprocals of the corresponding statistical weight) decays at the rate X+ = 

P + (712 + 72i)> i.e* at a rate which exceeds F by the sum of the collisional 

transfer rates. 

We may give the following interpretation to the change in composition of 

the eigenfunctions between the low and high density regimes. The eigenfunctions 

in the low density regime represent relaxation arising predominantly from the 

stochastic interaction responsible for radiative decay (zero-point fluctuations 

of the radiation field). The difference in the radiative decay rates represents a 

differential effect of the perturbation between the two states. When the collisional 

relaxation is small in comparison with the radiative relaxation the effect of the 

collisions appears as a small admixture to the radiative eigenfunctions. As the 

collisional rates increase, affecting the two states equally (the two transfer 

rates are in the ratio of the statistical weights), the collisional interaction pro¬ 

gressively breaks down the differential radiative interaction until, in the high 

density limit, the eigenfunctions represent pure states of the collisional inter¬ 

action. In the one case (X+) we find the sum of the collisional rates operating 

within the system, whereas in the other case (X_) the collisional effects have, 

been eliminated. The situation is analogous to, for example, the breakdown of 

hyperfine coupling in an atom by an external magnetic field. 

We may take the analogy further by considering the slopes of the curves in 
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Figure 1. In the case of plots of energy against magnetic Field, the negative 

slope (— dE/dB) gives an effective magnetic moment whose value is a function of 

the field. The value may pass through zero: it is a measurable, physical property 

of atoms in eigenstates of the total Hamiltonian. Similarly, the slopes of our 

plots of X+ against Nqv are effective collisional cross-sections for physical 

states corresponding to the respective eigenfunctions. In the region of weak 

perturbation these cross-sections are a12 and a2i, respectively, i.e. cross-sections 

for transfer out of the states 2 and 1, which are good approximations to the 

eigenstates in this region. The cross-sections can be determined by fitting the 

direct fluorescence from states 2 and 1, respectively, to single exponential 

functions. In the region of strong perturbation the eigenvalue X_ is 

independent of A^v: the effective collisional cross-section is zero. The eigenstate 

corresponding to X+, on the other hand, has an effective collisional cross-section 

°n T °2\- 
The experimental results reported by Pendrill for the nS, (n — 4)F states 

could be represented by the equations we have been discussing. The plots of 

decay constants against Nqv were curves similar to those in Figure 1 in which 

Tj =£ T2. For the /?D3/2, nD5/2 states, on the other hand, we have = f2 = 

T, and the collisional perturbation acts on states which are degenerate under the 

radiative perturbation. In this case the eigenvalues simplify to X_ = F, 

X+ = T + 712 4- 721 for all values of Nqv: the‘repelling’ curves degenerate 

into a pair of straight lines which intersect at Nq — 0 and the‘mixing of 

states’ is complete from the outset. The effective collisional cross-section is 

always zero for the eigenfunction N_ and always aI2 + a21 for N+. This situa¬ 

tion was also explored experimentally by Pendrill. 

G.W. SERIES 

J.J. Thomson Physical Laboratory, 
The University of Reading, 

Whiteknights. 
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Abstract: 

The article is mainly devoted to a detailed exposition of the method of solution of problems in magnetic resonance by transformations 

to rotating co-ordinate frames. The well-known method of transformation to a frame rotating at constant angular velocity has been 

extended to embrace modulated rotations, thereby allowing the elimination of oscillating fields of any strength. A detailed analysis of 

the Bloch-Siegert problem is given to illustrate the application of the techniques. Since the original work was carried out in relation 

to the study of excited atoms, the question naturally arose, how to deal with spontaneous emission? A general discussion of this question 

is given, and a technique is described which allows spontaneous emission to be included in semi-classical calculations of cycles of 

optical pumping. 

1. Introduction 

The major part of this article represents a development of the method of transformations to 
rotating co-ordinate frames as a technique for solving semi-classical equations of motion in 
quantum mechanics. The method had been developed from the classical theory of Larmor for 
studies in magnetic resonance, particularly for nuclear magnetic resonance and for resonance 
experiments on atomic beams, and was to hand when the optical-radio-frequency double resonance 
technique for excited atoms was introduced by Brossel and Bitter in the early nineteen fifties. 
In this context the two different kinds of resonance which were taking place simultaneously 
presented very different features: the optical resonance was induced by a broad-band radiation 
field where perturbation of the atoms was exceedingly weak compared .with the resonance fre¬ 
quencies, whereas the radio-frequency field was monochromatic and interacted very strongly with 
the atoms. Both interactions could be treated by semi-classical methods, but the latter was parti¬ 
cularly amenable to solution by the method of rotations. 

Over the years my colleagues and I have applied this method to interpret a great variety of 
resonance phenomena in excited atoms. The extension from uniform rotations to frequency- 
modulated rotations led to the analysis of a whole new class of resonances, and the combination 
of uniform with frequency-modulated rotations has enabled quite complicated problems to be 
solved - in particular, the Bloch-Siegert effect has been analysed to cover shifts of the resonance 
as great as the resonance frequency itself. 

The theoretical work has been published, as the occasion demanded, in the primary research 
literature, but a systematic account, including the more recent work on frequency-modulated 
rotations, is extant only in the form of lecture notes which I have prepared from time to time. 
I welcome the opportunity provided by the publication of this volume in honour of Willis Lamb 
to present as a whole the theory as it has been developed so far. The sphere of its application, 
atoms and fields and resonances, is a territory which Willis himself has explored with great dis¬ 
tinction. We shall barely touch upon the subtleties which he has exposed with such success, but 
the elements we use are those which he also has used so often in the analysis of his experiments: 
atoms, classical fields, and Schrodinger’s equation. We trust that he will give the work at least 
a qualified approval. 

I must record, at the outset, that the shape of the theory as it is presented here owes much to 
discussions I have had with my collaborators in research: in particular to Professor J.N. Dodd, 
in the early days, and to Dr. D.T. Pegg, more recently. Dr. Pegg, and also Dr. B.J. Dalton have 
been kind enough to read the whole manuscript, and to give me the benefit of their comments. 
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4 G.W. Series, Semi-classical approach to radiation problems 

1.1. Quantized fields ana classical fields 

There are those who consider that no analysis of interactions is worthwhile unless the fields 
are quantized; and this, notwithstanding the tremendous successes of semi-classical methods in 
treating electric and magnetic resonances in atomic and molecular beam experiments, in esr, 
in nmr, in optical pumping and indeed, in the functioning of lasers. True it is that quantized fields 
carry fluctuations, but these can be provided by other models if the phenomena to be interpreted 
require them. Here, for the most part, we shall be concerned with the analytical description of 
resonance experiments where the results (transition probabilities, line profiles, resonance con¬ 
ditions) obtained by semi-classical methods are identical with those obtained by quantized field 
methods in those cases where the comparisons have been properly and fairly made. 

Our formal definition of “semi-classical” is this: a treatment in which, while the atoms are treated 
as quantum-mechanical systems, the fields which interact with the atoms are represented by 
c-numbers within the quantum mechanical analysis. This contrasts with the fully quantum- 
mechanical treatment in which atoms and fields are treated as one quantum-mechanical system. 

That semi-classical and quantized field theories should lead to the same predictions when the 
fields are very strong is to be expected in terms of the necessity of correspondence between classical 
and quantum mechanics, for in such circumstances the change in quantum number (An — ± 1) 
is much smaller than the quantum number itself (n, the quantum number labelling the Fock state; 
the number of photons present in the field). This has been spelt out in detail in a number of publica¬ 
tions, for example, by Stenholm [1]. When the fields are strong the dominant interactions are, of 
course, the stimulated absorption and emission processes. 

It is perhaps, less widely appreciated that the semi-classical and quantum treatments agree 
in their predictions of the probability of absorption even when the fields are weak (n < 1). This 
stems from the fact that, in both theories, the absorption coefficient is found to be proportional 
to the energy density of the stimulating field, in the one case, | E |2, in the other, nhco, with no restric¬ 
tion on the weakness of the field. 

The probability of emission, on the other hand, is proportional to (n + 1 )ha) for the quantum 
field theory, for the same stimulating field as before. In the semi-classical theory the probability is, 
again |JE|2. The “ + 1” contribution to the probability in the quantum field theory - commonly 
interpreted as spontaneous emission - is missing from the result of the semi-classical calculation 
if the fieldE is taken to represent the emission from a laboratory source. That this field needs to be 
supplemented to account for spontaneous emission by semi-classical theory is beyond question, 
but quantum field theory is not essential to meet the situation. A well-known thermodynamical 
argument, the equilibrium between atoms and radiation in a black-body cavity, for example, 
allows us to calculate the probability of spontaneous emission (Einstein ^-coefficient) in terms 
of the probability of absorption (Einstein B-coefficient) which, as we have seen, can be calculated 
correctly by semi-classical methods. It will be recalled that the argument can be made without 
appealing to Planck’s law - we go to the limit of high temperatures and use the Rayleigh-Jeans law. 
By this route Planck’s constant is introduced into the A/B ratio through the photoelectric (inter¬ 
action) equation, e = hv, not via the properties of the radiation field. 

The need to supplement the “laboratory” field £ by a term to account for spontaneous emission 
having been admitted, it is not difficult to find a field with the required properties. It needs to be 
isotropic and its temporal properties can be specified by an autocorrelation function or, alter¬ 
natively, a power spectrum. An energy density of jhv per mode gives the required result. This 
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corresponds, of course, to the zero-point fluctuations of the quantized radiation field, but the 
derivation we have outlined is not based on that quantization. 

A feature of this derivation, namely, that we need not specify the field analytically but only 
by its autocorrelation function, solves a problem that is present also for “weak” laboratory fields. 
We cannot measure the field from a conventional laboratory lamp, for example, though in the 
analysis we use a symbol to represent it. What is measurable about such fields are the components 
of a “coherency matrix”, <^/t) = (E^fEfit + t)>. Here, the suffixes refer to spatial components 
and the angle brackets indicate time averaging. The <^£j(t) may be determined by measurements 
made with photodetectors, polarizers and spectrometers. The interaction between fields and atoms 
is determined by calculating a scattering matrix for the 4>£j- Symbols representing fields may enter 
the calculation, but there is no implication that these fields are measurable. The situation is quite 
analogous to the use of a wave function to represent an atom- 

The approach outlined here is implied in the traditional semi-classical calculations of the inter¬ 
action of light with atoms, for example, in text-book calculations of the Einstein 5-coefficient. 
The “scattering matrix” point of view was explicitly taken by the present author [2] in a paper on 
the double scattering of resonance fluorescence. The auto-correlation method applied to spon¬ 
taneous emission will be demonstrated in section 7. The merits of the method for fields at optical 
frequencies are not so apparent for fields at radio or microwave frequencies. This spectral region 
is characterised by the following features, (i) the fields used in experiments are usually mono¬ 
chromatic (to an extremely high degree), (ii) the fields are usually strong (in the sense n P 1), 
and (iii) spontaneous emission is usually entirely negligible, not only because the fields are strong, 
but also because the probability for spontaneous emission, being proportional to the cube of 
the frequency, is many orders of magnitude smaller at these than at optical frequencies. 

Additionally, the spectral structures studied are usually simpler at these frequencies than at 
optical frequencies: the latter are characterised by the very irregular distribution of energy levels 
between the ground states and ionization potentials of atoms, the former by Zeeman or hyperfine 
structures which are more regular. Indeed, we shall make much use of a model in which an atom 
is supposed to be characterised by a magnetic moment whose magnitude is independent of field 
strength, yielding a set of energy levels which, in an external magnetic field, are equally spaced. 
The bulk of this article has to do with the response of atoms characterised in this way to strong, 
monochromatic fields at radio or microwave frequencies. 

1.2. Interaction of time-dependent magnetic fields with paramagnetic atoms 

A special feature of the magnetic interaction is that rotations in physical space correspond to 
the establishment of additional magnetic fields on magnetic spin systems interacting with them. 
By a suitably chosen combination of rotations any specified time-dependent field can be reduced 
to a static field within any desired accuracy, and the quantum-mechanical problem correspondingly 
reduced to a solution of the evolution of an atomic state vector in a static magnetic field - the 
Zeeman effect. This is the path we shall follow. We remark, in passing, that the methods can be 
applied, in suitable cases, to electric dipole interactions, although the “rotations” are then in an 
abstract space, not in physical space [3]. We confess also to a preference for the interpretation 
of phenomena as “Zeeman effect in a transformed reference frame” rather than as “renormalization 
of the forward-scattering mass operator”, a form of expression to which adherents of field quantiza¬ 
tion have, on occasion, been led. 
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There are two configurations of fields for which the equation of motion of a paramagnetic 
atom in these fields can be solved exactly. These we refer to as case A and case B. Our approximate 
solutions for more complicated cases will rest upon the solutions for cases A and B. 

The configuration for case A is that of a magnetic field rotating uniformly in a plane perpendicular 

to a static field. This is the arrangement of fields for the conventional magnetic resonance experi¬ 
ment. The analysis by the method of rotating co-ordinate frames, now extremely well known, was 
spelt out in classical and semi-classical terms in a review article in 1954 by Rabi, Ramsey and 
Schwinger [4]. 

The configuration for case B is that of a magnetic field oscillating uniforthly parallel to a static 
field. The analysis by co-ordinate transformations for this case was given by Pegg and Series [5,6] 
and used to study the Bloch-Siegert shift (section 6) and other phenomena which we shall meet 
later (section 4). 

Our approach to the solution of these two basic situations will be to find the corresponding 
time-shift operators U(t, t0) for the evolution of the atomic state vector in the interval t0 to t: 

|t>= tf(t.t0)|‘o>- (1) 

11}, |t0) are kets in the space of eigenkets of Hamiltonian operators describing the atom, and U 

is unitary. U will be derived as a function of operators representing rotations in physical space 
and the angular momentum operators of the atom. The role of the Larmor frequencies in the 
transformed frame will be evident. 

2. Case A 

2.1. Exact solution 

The configuration of fields for this case is shown in fig. 1; 

Bx(t) = (cos cot i + sin cot j) + B0k. (2) 

We represent the atom by its magnetic moment operator ft and angular momentum operator /: 

P = yJ, (3) 

where the gyromagnetic ratio, y, is supposed to be independent of fields. The interaction Hamilto¬ 
nian is then 

^A(t) = -fi BA(t) = -yJ BA(t) = co0J2 + ia)l(Jx + iJy) exp(-iwt) 

+ i<Wi(*4 - i^) exp (icot), 

with oJq — —yB0, cul = —yBl. 

It is required to integrate the Schrodinger equation of motion 

(4) 

i h 
dt 

t> = JfA(t)\t), (5) 
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z 
* 

Fig. 1. Configuration of magnetic fields for case A. Fig. 2. The fields of case A in the rotating frame, represented 

by their corresponding frequencies, to, = — yB{. 

in which we take h — 1. Using (1) we have, equivalently, 

i^t/A((,t0) = JfA(t)l/A(t, »„)• (6) 

The method of solution is 
a) make a co-ordinate transformation to eliminate the time-dependence of ^A(t), 
b) integrate the equation of motion in the transformed frame, and 
c) apply the inverse co-ordinate transformation. 

It is also convenient to diagonalize the Hamiltonian in the transformed frame. 
It is apparent geometrically that the fields will be static in a frame (x', /, z) rotating about the 

z-axis with constant angular velocity, co. Transformation to this frame is achieved by use of the 
unitary operator 

SA(t) = exp (iJ2ojt). (7) 

Denoting transformed states and operators by ', we have 

|'0 = S»|t>, (8) 

whence 

UA(t, to) == S\(t)UA(t, t0)SA 1(t0). (9) 

If we write the equation of motion in the new frame 

i - U'A(t, t0) = t0), (10) 

we find, using (6), that 

= sA(i)rA(os;‘(I) - isA(t)(d/et)s; l(t). (ii) 
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The first term on the right corresponds to the purely geometrical aspect of the rotation which 
clearly leads to 

= B0k + Bxr (12) 

and 

S(t)^A(t)SA \t) = -y(JzB0 + J^BJ. (13) 

The second term on the right in (11) is readily evaluated as — Jzco. It exhibits the effect of the 
rotation in simulating an additional magnetic field of magnitude — co/y in the transformed frame. 
The net result is 

-^a = («o - atfz + (14) 

It is to be noticed that we have used the operator SA(t) in the passive sense to achieve a rotation 
of co-ordinate axes. The ket |'f> describes the original atomic system, referred to the rotating 
frame, and the corresponding operators represent measurements made by instruments fixed in 
that frame. We shall continue to make this interpretation of the transformations. An alternative 
view (the active sense) is to regard SA(t) as inducing a transformation of the wave function, which 
then describes a set of atoms upon whose motion has been superimposed a rotation with respect 
to the laboratory frame. This view would lead to eq. (14), with Jx. replaced by Jx. The state vector 
and operators in the active sense are the same functions of (x, y, z) as the state vector and operators 
in the passive sense are of (x', y', z). 

We return now to eq. (14). The transformed Hamiltonian is independent of time but it does not 
commute with Jz. It does, however, commute with Jzwhere the z'-direction is related to the 
z-direction by a rotation through an angle /? = tan^fcOi/laio — &>)] about O/ (see fig. 2). The 
rotation may be achieved by the operator 

@(P) = exp (i pjy). (15) 

The transformed Hamiltonian and time-shift operators are 

jpZ = £>(P)jrA@-l(P) 

and 

(16) 

= @{P)U'A®-\P\ respectively. (17) 

Since 2 is not time-dependent this transformation leaves the equation of motion invariant and 
we have 

i|.[/"(t,i0) = xzv'Xt.to), (18) 

whence 

UA(t, t0) = exp [-iJfA(t - t0)]. (19) 

j^A is diagonal in the basis of the eigenstates of J2.. Its eigenvalues are the Larmor frequencies 
in the field [(cu0 - co)2 + cuf]1/2 (see fig. 2). We have reduced our problem to that of the Zeeman 
effect in a static field along Oz'. Before elaborating this we write the formal solution for UA(t, t0) 
obtained by applying to UA, eq. (19), the inverse transformations obtained from eqs. (17), (16), (9) 

and (7). 
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The result is 

Ux(t, t0) = exp (— Uza)t)<2> ~1 exp ^ — \{S> 3^fS>~l)(t — r0)]^ exp (\J2cot0). (20) 

Notice the effect of the time variables in this operator. The term on the right, in t0, gives a 
reference phase marking the beginning of the interaction. The term on the left, in r, shows how the 
time evolution ol the field is subsequently imposed on the wave function of the atom. The evolution 
from t0 to t at the Larmor frequency in the transformed frame is expressed by the middle term. 
The time-independent rotation operators, Q) and its inverse, project the eigenstates of J2 on those 
of J2. and, by virtue of the Larmor precession about Oz', have the effect of inducing transitions 
between eigenstates of J2. 

2.2. Zeeman effect in the transformed frame: the Rabi frequency 

Eq. (16) may be written more explicitly in terms of a vector p — pk' which represents rotation at 
the Larmor frequency of the atom about Oz'. The components of p along z and x' are: 

p2 = a)0 - co, px. = (21) 

so that 

= p2J2 + px Jx. = pj, . (22) 

= pJ2,, with p =*= [(cu0 - co)2 + cuj]1/2. (23) 

Let the eigenstates of Jz. be labelled p, with corresponding eigenvalues ph (h = 1). The eigenvalues 
of are — pp. These are the Zeeman levels in the transformed frame. The frequency p was 
introduced into the solution of this problem by Rabi, and bears his name. (Sometimes the name 
“Rabi frequency” is given to cuj.) 

In fig. 3 we see how the levels qfl are generated from the Zeeman levels of the atom in the labora¬ 
tory frame. For illustration we chose the particular case of an atom having J = 1 and label the 
eigenvalues of J2 (laboratory frame) by m. The Zeeman levels in the field B0 are mco0, represented 
in fig. 3(a). The transformation to the rotating frame generates the additional energy — moo, giving 
fig. 3(b). Notice that these are the Zeeman levels, seen in the transformed frame, under B0 alone. 
The consequences of adding Bx are: (i) that the levels are no longer linear, but hyperbolic functions 

(a) (*>) (c) 

Fig. 3. Zeemah levels for J = 1, plotted against the frequency co0. (a) Laboratory frame, &>, = 0; (b) Rotating frame, = 0;(c) Rotating 
frame, a), =£ 0. 
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of (o0, as shown in fig. 3(c), (ii) that the eigenstates, now labelled by /i, are iinear superpositions 
of the eigenstates of the earlier figures according to 

I/O = i24) 
m 

Hence, in the transformation back to the laboratory frame (subtract — mcu), each level of 3c is 
split into three levels, the result being shown in fig. 4. 

1 1 

01 

1 1 

1 0 

00 

1 0 

1-1 

0-1 

-1 -1 

Fig. 4. Frequency diagram for J = 1 in case A. Plot of q)ab against co0. m, p label eigenstates of f2, f2., respectively. (Oc is the axis of 

symmetry in the laboratory frame.) (By permission of the Royal Society.) 

There are now (2 J + l)2 levels, each labelled by a different combination of the quantum numbers 
m and p. The equations of the levels are 

(/tab = mco + pp (25) 

with m, p taking all the allowed values of component of j. 
Diagrams of which fig. 4 is an example were named “frequency diagrams” by Dodd and Series 

[7]. They are a generalisation of energy level diagrams to give a representation of time-dependent 
Hamiltonians. In a mathematical sense such diagrams display the possible combinations of 
frequencies which appear in the atomic wave function, but they have a physical reality also. For 
example, at the crossings of levels, which, for the case J — 1, occur in the region oj0 = jco, feu, 
the “level-crossing” phenomena of resonance fluorescence can be explored (see section 2.3.2). 
Frequency diagrams serve the purpose of exhibiting in a compact way the possibilities for the 
design and interpretation of experiments involving strong, oscillating fields. As to the condition 
of resonance, we shall, in section 2.3.1, derive the well known condition co0 — a> for a steady state 
experiment: here we wish to point out that this condition corresponds to the position of closest 
approach of the levels in the frequency diagram. For the symmetrical diagram which results from 
our assumption that y is independent of the fields, the resonance condition may be written as 
dq/dco0 = 0, or - since q2 is the quantity more directly related to the fields - dq2/da>0 — 0. At 
resonance (3 = 7r/2, p = col, its minimum value. 

Diagrams of this sort have been obtained by authors who use different methods to analyse 
radiation interactions. The diagram for a 2-level system was first given by Autler and Townes [8]. 
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Shirley, using Fourier and Floquet expansions (a technique to which we shall return in section 5.2) 
drew similar diagrams to represent the eigenvalues of a time-independent Hamiltonian which he 
constructed, by an analytical method, as an approximation to the time-dependent semi-classical 
Hamiltonian which was his starting point. But the more significant fact is that identical diagrams 
have been drawn by Cohen-Tannoudji and Haroche [9] in their theory of “dressed atoms”. Here, 
the starting point is the quantized field theory of radiation. The diagrams now appear as conven¬ 
tional energy-level diagrams of the quantum-mechanical system (atoms + fields). Shirley drew 
attention to a possible interpretation of his diagrams along these lines. The quantum numbers 
which label the system in the quantized field version are those of the atom (m) and of the radiation 
field (nk - where k labels the mode of the field). It is to be noticed, however, that the levels of these 
diagrams correspond to states which, being eigenstates of energy, cannot separately represent 
an atom subjected to an oscillating or rotating field. To represent such a physical system a linear 
superposition of states of different nk but the same m is called for. 

2.3. Steady-state experiment 

2.3.1. Excitation to an eigenstate of Jz 

Before developing the rotating-frame technique we shall give an example to show how the 
solution UA(t, t0) (eq. (20)) may be incorporated into the analysis of a resonance experiment. 

Consider the fields of eq. (2) interacting with an assembly of atoms specified by eq. (3), but 
subject also to some isotropic, random process of relaxation which destroys the phase-coherence 
of the interaction, and some pumping mechanism which populates preferentially some particular 
eigenstate | n} of Jz. We might have in mind an electron spin resonance experiment in which thermal 
processes are responsible both for relaxation and for preferential population, or an optical pumping 
experiment in which excitation by broad-band light is responsible for the preferential population 
and radiative decay for the relaxation. 

We describe the assembly of atoms by a density matrix p(t). Consider first the evolution of the 
density matrix under the Hamiltonian ^A (eq. (4)), that is, excluding the damping and regeneration. 
With p(t0) = |n> <n| = pn, the density matrix p{0\t) representing evolution under J^A alone is 
given by 

pw\t) = U/J,t,t0)p.UX(t,t0). (26) 

The complete equation of motion is 

p{t) = -i[«^A,p] - Tp + Rpn, (27) 

where — Tp represents damping at the rate T and Rpn represents regeneration into | n> at the rate R. 

The solution of eq. (27) is 

t 

p{t) = p*{t, 0) + R Jp*{t, t0) dt0, (28) 

o 

with 

p*{t, t0) = p(0\t, t0) exp -T(t - t0). (28a) 
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(notice that p* is the solution of eq. (27) with R — 0). The transient part of eq. (28), p*, damps out 
in a time F_1 so that the steady-state solution is given by the second term. 

Let us write out p(t) more fully and consider particular features of it: 
t 

p(t) = R jdt0UA(t,t0)p„U£(t,t0)exp -r(t - t0), (29) 

with (7A(f, t0) given by eq. (20). 
(i) Since we assumed p„ was diagonal in the eigenstates of Jz (notice that the validity of eq. (29) 

does not rely on this assumption and that an interesting class of experiments arises for off-diagonal 
pumping), the terms exp (± iJ2cot0) in Up„U+ will reduce to 1. 

(ii) t0 will appear only in the factors exp [±ipp{t — f0)] of U and U+, and in exp — F(t — t0). 

(iii) Terms exp (± iJzcot) will remain in U, U +. 
From (i) and (ii) we conclude that the integration over t0 will yield denominators (T ± i (p — p)p). 

The frequencies p will not appear elsewhere. Taking note of (iii) we find that the result will be of the 
form 

= X [exp -i{m - ± i{p - p')p\ (30) 
aa' 

We notice 
(i) that the diagonal elements pmm have no time-dependence; 
(ii) that the off-diagonal elements are modulated at harmonics of the driving field. The number 

of possible harmonic frequencies is 2 J; 

(iii) that the magnitudes of the denominators, [T2 + (p — /x')2p2]1/2, are either independent 
of the fields (for p — p') or pass through minimum values (greatest degree of mixing between the m) 
when (p — p)p passes through a minimum. Recall p = [(co0 — co)2 4- co2]1/2. 

Notice that these minima occur when co0 = m, and that the value of p is then {p — p’)<Dl. This 
is the condition of resonance we mentioned in the last section. Notice also that this condition 
does not necessarily imply a maximum value for the pmm-, since the matrix elements of Q) also 
depend on the fields. The pmm■ are, however, symmetrical or antisymmetrical functions of (co0 — co). 

Some of these functions for J = 1 are shown in fig. 5. 
The resonances, then, correspond to terms in which p # p. The widths of the resonances are 

governed largely by the denominators. Notice the occurrence of co2 in these denominators. When 
p — p — 1, for example, the (denominator)2 is [T2 + coj + (cu — co0)2], whose value is double 
the value at resonance, (T2 + co2), when (co — co0)2 = F2 + co2. The occurrence of co2 in this 
equation demonstrates the “power broadening” of the resonance. 

With knowledge of the density matrix we are able to predict the results of any observation 
which may be made on the assembly of atoms by forming the corresponding monitoring operator 
M and calculating the Trace [Mp]. For example, if the p of our calculation is the partial density 
matrix representing a set of excited states, the intensity of fluorescent light of polarization u emitted 
in radiative decay to a set of ground states | /) is proportional to 

I Pmm' {t\u- P\my <m'|«* ■ P\iy = Tr [Mp\, (31) 
l 

m.m' 

where 

M = ]Tif*-P|/></|u P. (31a) 
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Fig. 5. Resonance functions for an aligned spin-system [7, 17, 18]. (By permission of the Royal Society.) 

The intensity of the fluorescent light reflects the behaviour of those elements pmm, which are 
selected by M. 

2.3.2. Excitation to a superposition state of Jz 

This can be achieved if the pumping mechanism is not symmetrical about Oz, for example, 
excitation by light whose electric vector is perpendicular to Oz. In this case p(t0) will contain 
off-diagonal elements | n> <n | = which enter eq. (29) in place of pn. Under the assumption of 
broad-band excitation there will be no £0-dependent phase factors, but the conclusion (i) following 
eq. (29) no longer applies; Upnn U+ will now provide a factor exp i(n — n')cot0 in p(t0) and hence 
in the integrand of eq. (29). Writing this as [exp i(n — ri)cot~\ x [exp — i(n — n')co(f — £0)] we 
find that eq. (30) is replaced by 

M = I 
exp — i(m m n + n)cot 

T± i(p- p')p ± i(n — n')co 
Q) 1 Qj Qj 

ma n a 
1 D (32) 

Rnn‘ is the rate coefficient for pnn,. The conclusions following (30) no longer apply. Instead, we have 
(i) the diagonal elements pmm may be modulated; 
(ji) the number of possible modulation harmonics for the off-diagonal elements is now 4J; 
(iii) the denominators pass through minimum values, not only when p is a minimum but also 

when 

{p — p)p = — {n — n')co. (33) 
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Referring back to eq. (25) we see that eq. (33) is satisfied at the crossing of two levels in the frequency 
diagram. The present analysis shows that observation of the phenomena attendant upon these 
level-crossings is contingent on excitation to a superposition-state of Jz. This is the well-known 
condition for observation of the Hanle effect: indeed, our analysis contains the Hanle effect as 
a trivial special case corresponding to zero amplitude of the rotating field. 

The predictions of eqs. (30) and (32) were confirmed in a series of investigations by the author 
and his colleagues [10-13]. The systems chosen were the excited states 6s6p 3Pi of mercurv and 
5s5p of cadmium, for which the density matrix was monitored by observations of fluorescent 
light, and the metastable state ls2s 3S1 of helium, where the monitoring was by absorption of light. 
The unmodulated terms (m = m') had already been fully investigated in studies of magnetic 
resonance, and attention in these experiments was concentrated on the modulated terms. In 
relation to eq. (30), the four different modulated resonance functions predicted for alignment 
(k = 2: see section 2.4) were observed and studied under a wide range of variation of parameters, 
also the two identical modulated functions predicted for orientation (k = 1). In relation to eq. (32) 
the additional level-crossing features, characterized by the higher harmonics, and contingent upon 
excitation with light whose electric vector was skew to B0, were also observed and showed the 
expected behaviour. 

Comey’s experiments, directed to investigating the intervals in the frequency diagram, were 
carried out by using modulated light to excite the atoms. The frequency of modulation, v, could be 
chosen to be very different from the frequency of the driving field, co. The analysis is similar to that 
worked out below in section 3.3. Resonances are predicted when the frequency v matches an interval 
in the diagram, and the details of line-shape are governed by the coefficients in eq. (32). The experi¬ 
ments vividly confirmed the details of the diagram. 

2.4. JJse of irreducible spherical tensor operators 

It has been common in recent years to obtain expressions for the observable quantities in reso¬ 
nance experiments in a form which, so far as possible, reflects the geometry of the experiment. 
By this means it is often possible to reduce the complexity of analytical expressions, in particular, 
of the density matrix. The underlying reason for this is that expansions in terms of eigenstates of 
Jz are not necessarily the most economical. 

Suppose the density operator is expressed in terms of the irreducible spherical tensor operators 

ft (e & [14D: 

m = l(-trp^)fl-r (34) 
kq 

The fk transform under rotations in the same way as the spherical harmonics. They are orthogonal, 
and normalised so that trace (Tqfkq-) = (— l)qSqqSkk-- 

They satisfy the commutator relations 

[Jo, Tqk] = qtq , [J±1, tq\f] = + {Hk + q + 1 )(k ± q)Y,2fqk. (35) 

With the initial density operator p{t0) given in this form (taking the place of p„ in eq. (26)) the 
operations of the U(t, t0), a series of rotations, are easily carried out. The rotation about the z-axis 
at time t0 preserves the values of k, q and introduces the factor q instead of (n - n') The rotations 

preserve the values of k but lead to linear combinations of the q. The evolution about the 

463 



G.W. Series, Semi-classical approach to radiation problems 15 

axis Oz is represented by terms in the density matrix exp — iq'p(t — t0), where q' is representative 

of the values of q which are introduced under the rotation &(($). The inverse rotation generates a 

linear combination represented by q", and rotation about the z-axis at time t introduces the 

frequencies — q"co. 
Finally, eq. (32) is replaced by 

Pq"(t) = Z CexP ~ ifa" - 9kq.^~.>/RkJ\Y ± q'p ± iqco]. (36) 
9.4' 

The number of terms in the expression for p(t) is (2k + l)3 for each value of k, with 2J values of k. 

Thus, for J = 1, values of k are 0, 1,2, with 1,27, 125 terms for each, 153 in all. By contrast, the 

number of terms in p(t) expressed in the (m, m') basis for J — 1 is 36 = 729. The simplification in 

going to the (k, q) basis has been achieved by grouping the values of (m — m'\ (n — n'\ (p — p') 

according to their geometrical significance. This is formally achieved by the orthogonal properties 

of the 7* 

The form (36) was derived and used by Gough [15,16] in a series of papers describing the transfer 

of coherence in sensitized fluorescence. The simpler form, corresponding to eq. (30), was obtained 

by Pancharatnam [17, 18] who went on to give a geometrical model of alignment - a rotating 

ellipsoid - in generalisation of the model of a precessing magnet which is commonly used to illus¬ 

trate the dynamics of oriented systems. 

3. Case B 

3.1. Exact solution 

We now turn to the second case whose solution may be obtained exactly, that for the configura¬ 

tion of fields represented in fig. 6: 

#B(f) = (B2 cos a)t + B2)k. (37) 

4--—i— --> 
B2cos tut 

Fig. 6. Configuration of magnetic fields for case B. Notice that the z-axis has been chosen to be parallel, not perpendicular to the 
oscillating field. 

Notice that we have chosen the z-axis in the direction of the oscillating field rather than perpendi¬ 

cular to it, as for case A. The distinction is important, and is likely to be overlooked, particularly 

in the special case B2 = 0. 

With ft — yJ as before, we have 

'^b(t) ~ — p ’ Bfi(t) = —yJ'Bft(t) (38) 

= (ft)2 cos cot + (o2)Jz. (39) 

The transformation which eliminates the time-dependence is, in this case, 

SB(t) = exp [i Jz(rcx)t -1- a sin cor)], a = co2/co. (40) 
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The integer r need not, at this stage, be specified. Its introduction allows us some freedom of choice 

later, when this transformation is used with a more complicated Hamiltonian. 

The transformation (40) corresponds to a rotation round the z-axis at the uniform rate no, 

together with a velocity-modulated rotation at the frequency co, whose amplitude is chosen so that 

the additional field generated in the velocity-modulated frame exactly annuls the oscillating field 

in the laboratory frame. The additional uniform rotation (rco) will allow the residual field co3 

to be cancelled to the nearest harmonic of co. At any time t the angle of rotation, (f>(t) = rcot + asincot. 

The Hamiltonian in the transformed frame is given formally by an equation similar to eq. (11), 
namely, 

= Sb«).^b«Sb 'it) - iSB(() (d/dtfc Hi) 

= JfB(t) — (rco + co2 cos cot)Jz = (co3 — rco)Jz. (41) 

This is simpler than the corresponding Hamiltonian in case A since it commutes with Jz. We 

integrate the equation of motion corresponding to (10) and obtain 

t0) = exp [ - ijQt - to)], (42) 

whence, applying the transformation inverse to SB(t), 

UB(r, t0) = SB \t) exp [ - i JfB{t - t0)]SB(t0), (43) 

with SB given by eq. (40). In fact, with our present form for JfB, the term in rco in SB cancels iden¬ 

tically in UB. Explicitly, we have 

UB(f, t0) = exp (— i Jza sin cot) exp [ — ico3 Jz(t — 10)] exp (i Jza sin cot0). (44) 

In the first and last factors we use the expansion 

00 

exp (ix sin cot) = ]T Js(x) exp (iscot), (45) 
S= — 00 

where s in an integer and Js a Bessel function of integral order. Eq. (44) may then be conveniently 

factorized as follows 

UE{t, t0) = X JJtaJz) exP [ —i(Tzco3 + sco)t] ^ Jp{aJz) exp [i(Jzco3 + pco)t0] 
s p 

= UB(t,0)U£(to,0). (46) 

The evolution of the wave function under JfB is seen to be that of the eigenstates of Jz in the field 

B3, each characteristic frequency being augmented by a set of harmonics of the oscillating field. 

Eq. (46) makes explicit the frequency-modulation of the wave function. 

The frequency diagram associated with UB(t) is shown in fig. 7. In fig. 7(a) we see the set of 

subsidiary levels associated with a given eigenstate of J,; in 7(b), the levels for two eigenstates 

(m and m') as a function of co3. Each level is labelled by the two “quantum numbers” m and s; 

each is associated with a coefficient Js(am). We may think of the levels as representing eigenvalues 

of “pseudo-states”, each of which appear with amplitude Js(am). The equations for the levels are 

qUh = mco3 4- sco (47) 

which is to be compared with eq. (25), case A. 

465 



G.W. Series, Semi-classical approach to radiation problems 17 

A 

Fig. 7. Frequency diagram for case B. (a) The subsidiary levels, labelled 

by s, for a particular value of m. A coefficient J,(am) is associated 

with each level, (b) The sets of levels m, s; m', s', plotted against a>3. 

3.2. Steady-state experiment 
* 

3.2.1. Excitation to an eigenstate of Jz 

The equation of motion for the density matrix is identical with (27), save that is to be replaced 
by JfB. Similarly, UB (eq. (44)), replaces UA in the solution, eq. (29). Since the initial density matrix 
is diagonal in eigenstates of Jz, the product UB(t, t0)pmU£(t, t0) reduces to 1 and the result is trivial: 

Pit) = (R/T)pm, (48) 

i.e., there are no transitions and all off-diagonal elements are zero. (Since there are no transitions 
we need not distinguish between initial and final states, |«> and |m>, as before.) 

3.2.2. Excitation to a superposition-state of Jz 

This more interesting case may be achieved, as before, by a mechanism whose symmetry is 
different from that of the fields, e.g., by light of electric vector perpendicular to Oz. A population 
mechanism of this kind is known as “transverse pumping”. The configuration used for the Hanle 
effect is an example. 

For the evaluation of UB{t,t0)pmmUB(t, t0) in the modified eq. (29) we use the form (46). The 
result is 

= Rmm £ JJtma)Js{™'a)Jp{ma)Jp{m’a) exp [ - i(s - s' - p + p')cot] 
ss'pp’ 

t 

x exp { -i[(m - m')w3 + (p - p')oj - if] (t - t0)} dt0. (49) 
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The integration yields terms of the form 

Kmm /Oi - ™')a>3 + (P ~ P> ~ ir], (50) 

which implies resonance phenomena at values of co3 given by 

(m — m')co3 = —(p — p')w. (51) 

These phenomena may be classified with “level-crossing” effects as ordinarily studied, since the 

crossings of levels in fig. 7(b) satisfy eq. (51). But the present situation is to be distinguished from 

the ordinary “level-crossing” situation since the levels in the ordinary case represent eigenstates 

of a time-independent Hamiltonian, whereas here they represent pseudo-states of a time-dependent 

Hamiltonian. The resonances are Lorentzian, with widths determined by T: in fact, the full width 

at half-intensity is 2T. The equivalent width in units of the magnetic field B3 is 2T/y. This is to be 

contrasted with a situation we shall explore in section 4.1.2. 

3.3a Modulated excitation to a superposition-state of Jz 

As a further example of the significance of frequency diagrams we examine the possibility of 

resonances between the levels of fig. 7. Consider the effect of excitation by modulated, wide-band 

light of intensity 

I(t) = /0(1 + cos vt\ (52) 

whose electric vector is transverse to the magnetic fields of case B (fig. 8). The pumping term in 

the equation of motion is now 

Pmm'M = tfmm'U + COS Vt0). (53) 

Rmm depends on I0 and on electric dipole matrix elements, but is independent of t0. pmm{t0) replaces 

p„ in eq. (29), and l/B (eq. (46)) replaces UA. The result for p(t) is similar to the result (49) and (50) 

except that 

(a) additional terms with the factors exp ± ivt appear in (49), and 

p 

Fig. 8. Modulated excitation to a superposition-state of fz. Fig. 9. Condition of resonance: the frequency of modulation of 

The symmetry under the magnetic fields is broken by the electric the light is matched to an interval in the frequency diagram, 

vector of the light: the light is intensity-modulated. 
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(b) the factors resulting from the integration over t0 in these additional terms are of tjie form 

~ m')w3 + (p - p')co ± v - ir]. (54) 

For these terms the condition of resonance is 

(m — m')co3 + (p — p')a> = + v. (55) 

This condition may be read from the frequency diagram, fig. 9, as the requirement that the modula¬ 

tion frequency be matched to the interval between any pair of levels in the diagram. The tolerable 

amount of mismatch is given by the sum of the natural widths of the levels, 2T. 

It is to be noticed that the condition of transverse excitation was necessary only to exhibit the 

term (m — m')co3 in eq. (55). Resonances given by (p — p')co = +v may still be found when E is 

parallel to B (terms in m # m' vanish) or when co3 = 0. 

It is further to be noticed that all these resonances will be observed in the modulated response 

of the system, at the frequency v. If the system under study is an assembly of excited atoms, moni¬ 

tored by the fluorescent light, then the resonances will be seen in the amplitude of modulation of 

the fluorescent intensity. Resonances of this kind were explored by Chapman and Series [19]. 

They are characterised by the fact that the relative intensities of a series of resonances, given by 

different values of (p — p') in eq. (55), are proportional to products of Bessel functions as indicated 

in eq. (49). (The sums over s, s', p and p' may generally be simplified by use of the algebra of Bessel 

function expansions.) 

4. Approximations 

4.1. Case B with additional transverse magnetic field 

This case, illustrated in fig. 10, does not lend itself to an exact solution. If the transverse field, 

B0, is sufficiently small (more precisely, if co0 = |yfi0| co), we can treat it as an approximation 

to case B. If, on the other hand, co0 is comparable with co, and if, in addition, B3 is small or zero, 

the configuration will be recognised as the common arrangement for magnetic resonance studies. 

The fact that the time-dependent field is oscillating, not rotating, distinguishes this configuration 

from case A. We shall pursue this elaboration of case A in section 6. 

To return to our present case, the fields of fig. 10 are 

B(t) = (B2 cos cot + B3)k + B0i, (B0 co/y). (56) 

The transformation SB(t), eq. (40), eliminates the oscillating field and leaves, in the transformed 

frame F', a static field equivalent to (co3 — rco). (The rotation rco was incorporated into SB so that, 

by suitable choice of r, (co3 — rco) might always be made less than co/2.) In the frame F', B0 is seen 

as a velocity-modulated field rotating in the x'-y' plane. An expansion in terms of Bessel functions 

on the lines of eq. (45) shows that the component labelled — r is static: all other components are 

time-dependent. Formally, this may be expressed by evaluating the Hamiltonian in the transformed 

frame. The modified eq. (41) reads 

3T{t) = (co3 - rto)Jz + ico0(JV + \jy) exp { + i</>(t)} + jco0(Jx. - i jy) exp { -i<£(t)}, (57) 
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A z 

b3 

VB2cos ut 

Fig. 10. Configuration of magnetic fields for case B, with symmetry broken by an additional, transverse field. 

where </>(f) = root -f a sin cot. Use of 

00 

exp { ±i(f){t)} — exp(±ircot) Z Js(a)exp{±iscot) (58) 
S = — 00 

yields 

= («3 - rrirfz + j-r{a)ao0jx. + jco0(Jx. + iJy) Z •/,(<*) exp {i(r + s)cot] 
s+ -r 

+ ltt>o(jX' - iJy') Z Js(a) exP { -i(r + «)«*} 
Sf -r 

= Jf(0) + Z [^(k) exp(ifaof) + exp( — ikcot)~\, (fc = r + s). (59) 
kfO 

Jf{0) represents the first two (time-independent) terms. 

4.1.1. Zeroth approximation 

This entails the neglect of all the time-dependent terms in Jf'(t), leaving only Jf{(0). The legitimacy 

of this will be discussed in section 4.1.4. Meanwhile we notice that Jf(0) has the same form as 

the Hamiltonian of case A transformed to the rotating frame * 

Jf(0) = (a>3 — rco)Jz + J_r(a)co 0JX., (60) 

3tf'K = (co0 - co)Jz + ooxJx.. (14) 

By virtue of the exact correspondence between these equations we deduce that our present 

geometrical arrangement (fig. 10) has the consequences that a set of resonances is to be expected, 

under variation of co3 or co, centred on values of those variables which satisfy 

co3 = raj. (61) 
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The detailed shape of the resonances may be ascertained from the density matrix, eq. (30), by 

substitution of rto for to, to3 for co0, and J_r(a)co0 for to1. It is to be noticed that the axis for quantiza¬ 

tion which generates the states |ra> is parallel to the oscillating field in the present case, perpendi¬ 

cular to the oscillating field in case A. We are prepared to find that the neglected terms may have 

a small effect on the positions and shapes of these resonances. 

The Larmor frequency in the frame F in the present case is 

P' = {(o>3 - rto)2 + [J_r(a)co0]2}1/2, (62) 

and the levels in this frame are given by pp\ The transform back to the laboratory frame is accom¬ 

plished by the reverse frequency-modulated rotation, together with a counter-clockwise uniform 

rotation at the frequency rto, about the z-axis. In consequence, the frequencies mrco + sco must be 

added to pp', with the result that the levels in the frequency diagram are given by 

4iab = (mr + s)to + pp'. (63) 

4.1.2. Hanle effect in the presence of an oscillating field 

This particularly interesting situation, a special case of our present analysis, is giving by setting 

co3 = 0 and studying the behaviour of the system as a function of to0. We choose r = 0 (to minimise 

co3 — rto) and obtain 

<7iab = soj + pJ0(a)to0. (64) 

We recall that the analysis is subject to the approximation to0 <4 to, so the levels in fig. 11(a) are 

drawn only over a correspondingly limited range. 

We notice the level-crossings in the region to0 = 0, as in the Hanle effect, but the slopes of the 

m 

m' = m - 1 

i_j i_i 
O •*> o w 

-> U)0 -> wO 

Fig. 11. Frequency diagram corresponding to the magnetic fields of fig. 10. (a) a>3 = 0. The level-crossing at a>0 = 0 gives rise do a 

Hanle effect, but the slopes of the levels are pJ0(a) (a = (o2/a>) rather than p, and the Hanle curves are correspondingly broadened, 

(b) a>3 = rto. The level-crossings at a>0 = 0 give rise to Hanle effects which can be monitored as modulated or unmodulated phenomena. 

The slopes of the levels are /zJ_r(a), and the Hanle curves are correspondingly broadened. 
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levels are now modified hy the factor J0(a) compared with the situation when the oscillating field 
is absent. 

The response of the system is contained in p(t), eq. (30), the m, m' quantization being parallel to 

the oscillating field. We concentrate on the resonance denominators 

K/[r ± i(M - mV] (65) 

which, in terms of the applied fields are 

K/IX ± i(M - !*’)Jo(fl)wo]> a = co2/co. (66) 

The range of magnetic field (co0) required to scan a resonance is increased, in comparison with the 

Hanle effect in static fields, by the factor Jq ^a). To secure non-zero values of (p — p) we must 

excite the system to superposition-states of the | p}, which are eigenstates of the component of J 
in the direction of the effective field in the frame F' - in our case, the direction of B0. This necessary 

condition can be secured, for example, by excitation with light whose electric vector is parallel 

to the oscillating field (or, equivalently, by unpolarized light travelling in that direction). 

This “Hanle effect of dressed atoms” was first explored by Cohen-Tannoudji and Haroche [9] 

and interpreted by them by means of the quantum field theory of dressed atoms. 

4.1.3. Bessel functions of higher order 

The appearance of the zero-order Bessel function in the last section was a consequence of taking 

r = 0 which, in turn, resulted from the choice a>3 = 0. The higher order Bessel functions J_r 

make their appearance with fields co3 = rm. Hanle-effect resonances occur, with widths increased 

by JZl(a), under variation of co0 about zero. These phenomena were studied by Chapman [20], 

both in modulated and in unmodulated fluorescent light, under excitation by unpolarized light 

travelling in the direction of the oscillating field. 

The possibility qf modulation is exhibited by the factors exp — i(m — m')cot in eq. (30), corres¬ 

ponding to exp — i(m — m')rcot here. The frequency diagram in fig. 11(b), which illustrates eq. (63), 

shows levels separated by (m — m')raj. These represent terms in the wave function whose coherence 

is responsible for the modulation. 

4.1.4. Validity of the approximation 

The Hamiltonian in the frame F' (in which the oscillating field B2 cos cotk is completely sup¬ 

pressed) was 

Jff'(t) = 3f{0) + Y, L-^(k) exp (ikcur) + exp (-i/ccot)], (67) 

where the detailed form of the j#*±k) may be read from eq. (59). We now examine the effect of the 

time-dependent terms. We shall follow closely the argument given in Pegg and Series [6]. Writing 

the time-dependent terms as V(t), we have that the first-order correction arising from them is [21] 

U(l)(t, t0) = — l 

t 
* 

*0 

with 

U(0\t, t0) = exp [ —i Jf{0\t - t0)]- (69) 

471 



G.W. Series, Semi-classical approach to radiation problems 23 

[These equations refer to the frame F': we have dropped the prime to simplify the notation.] 

Taking matrix elements, we have 

UiWt, t0) = -i X exp { -i^0)t} exp {iJfy^t0} £ 
py kfo 

The integral is easily evaluated. It is then clear that first-order corrections are small if 

i + mi « i (7D 
for all possible a, (3, y, S, and with k ^ 0. Moreover, if these corrections are of order A, then the 

nth order corrections are of order A", and the condition (71) ensures that the zero-order approxima¬ 

tion is dominant. 

To interpret (71), let us choose the basis states as eigenstates of Jf,(0). Then the off-diagonal 

components of Jf(0) (but not necessarily of Jf(k)) vanish. The inequality (71) may then be written 

^/[kco - (co<°> - m<°>)] « 1. (72) 

The numerator and denominator may be varied independently, so we need two conditions to 

secure (72). The following are sufficient: 

kco - (co<0) - coi0)) > m, (73a) 

< co, all a, S, with k ^ 0. (73b) 

Condition (73b) is satisfied by the requirement that we have already specified: the amplitude of 

the driving field (~ co0 in the case illustrated in fig. 10) must be co. With this condition satisfied, 

(73a) is satisfied in regions of resonance. This may be read from fig. 3(c), which is precisely a diagram 

of the co(a0) through the resonance region, that is, through the region where (co3 - rco) = 0 is 

satisfied under variation of co3 in this case (not co0). The equation is satisfied at the position of 

closest approach of the levels. 

It is now clear why the rotation rco was incorporated into the transformation operator SB,. 

eq. (40). An integer r can be chosen, for any given co3, to make co3 — rco < \co, and so satisfy 

condition (73a). As co3 is varied we pass from one resonance region to the next, and choose the 

next value of r accordingly. The resonance regions remain distinguishable so long as the amplitude 

of the driving field remains substantially less than co. Although this condition is sufficient, we note, 

in passing, that it will often be unnecessarily stringent. 

4.1.5. Evaluation of correction terms 

It is straightforward to evaluate a correction (to second order in co0/co) for the neglected terms, 
Jf(±k). Taking pairs of such terms, we have 

j^(k) + jf(-k) _ ico0Jk_r(a) {(Jx. + \jy) exp (ikcot) + (Jx, - iJy.)exp( — ikcot)}, (74) 

which corresponds to a rotation in the x'-y' plane of a field co0Jk_r(a), clockwise or counter¬ 

clockwise according as k > 0 or < 0. For a particular value of k, say /, let a transformation be 

made to a frame in which that particular rotating field is static, that is, a rotation about the z-axis 

at the uniform angular velocity — Ico. The static field is then the vector sum of (aj3 - rco 4- lco)k 

and Jt_Xa)co0i". Let k" be the direction of the resultant field (fig. 12). The magnitude of the resultant 
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Fig. 12. Evaluation of corrections to the position of the resonance driven by the rth harmonic of the oscillating field (zero-order con¬ 

dition of resonance. a>3 = rco). (a) Fields in the frame in which the harmonic — r is static, (b) Fields after transformation to the frame 

in which the perturbing field (/ — r) is static. The harmonic — r, now rotating at the frequency la>, drives a resonance when Ito = p'{, 

approximately. (The fields have been labelled as frequencies, but the arrows have the sign of the fields.) 

Pi = {(<*>3 ~ rco + Ico)2 -I- [J,_r(a)ct)0]2}1/2. (75) 

Among the rotating fields in this frame is J _T(a)co0 at the frequency Ico. The component of this 

field in the plane perpendicular to k" will drive the rth resonance when its frequency in this frame 

is equal to p'{. The condition of resonance is therefore 

la, = p" = [co3 - (r - l)co] {1 + [iJ,_r(a)co0/(cu3 - rco + /to)]2}, (76) 

that is, 

rco = co3 -f i[J,_r(a)cu0]2/(w3 — rco -I- Ico). (77) 

In eq. (76) we have neglected terms in the binomial expansion of p'{ beyond the first two. We have 

also not taken account of the component of J_r(a)co0 which is out' of the plane normal to kthis 

has an effect in higher powers of cojco which can be calculated by the method of transformations 

if circumstances warrant it [22-24]. But the significant feature of eq. (76) is that, subject to the 

approximations mentioned here, the effect of the pair of terms Jf{±l) exp(±iIcot) on the rth reso¬ 

nance has been accounted for. The effect of the terms exp (±\kt) in eq. (59) is additive in this 

(second order) approximation, so that the condition of resonance becomes 

rco = 023 4- X i[Jk-r(a)(Oo]2/(co3 ~ rco + kco). (78) 
kf 0 

The uncorrected condition of resonance was 

rco = co3. (79) 

The correction terms are described generically as “Bloch-Siegert shifts”, though the calculation 

originally made by these authors was of the perturbing effect of a counter-rotating field in connec¬ 

tion with case A. We shall return to this in section 6. 
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5. The general problem 

Case A represents the prototype of magnetic resonance experiments, but the configuration of 

fields, though convenient for purposes of analysis, is generally inconvenient to achieve experi¬ 

mentally. Moreover, more complicated arrangements of fields are sometimes used deliberately 

in order to achieve special effects (e.g. parametric resonances) or to study particular relaxation 

processes. The example of section 4.1.1 shows how the analysis of case A can be applied as a 

zeroth approximation in these more complicated situations, and 4.1.5 shows how case A may 

additionally be used to calculate corrections, subject to sufficiently small values of the time- 

dependent fields. Case B shows how an oscillating field of any magnitude may be eliminated. 

For many situations it has been found possible, by combining the transformations A and B, 

to reduce the given problem to one in which the approximation demonstrated in 4.1.5 may legi¬ 

timately be applied. The reduction procedure is first to identify the dominant perturbing field in 

relation to a contemplated case A-type of resonance (this corresponds to the selection of the terms 

Jf(±,) exp (± ilcot) in 4.1.5). One then makes a transformation to a frame in which the corresponding 

field is static. Knowledge of this field and of the magnitude of the driving field for the resonance 

allows the frequencies q to be determined. From this the resonance condition can be found, as we 

explain in section 5.1. The procedure will have left uncompensated some small component of the 

driving field whose effect can be estimated by a combination of further transformations of types A 

and B or by the method of section 4.1.5. The transformation procedures can be applied, not only 

to determination of the shifts of resonance peaks, but also to the calculation of perturbed transition 

probabilities and line shapes. 

The method of solution by transformations was considered by Ansbacher [25] as an attempt 

to find an integrable, time-dependent Hamiltonian ^ which would approximate the given Hamil¬ 

tonian as closely as possible. He described a variational procedure for finding the best values of 

the parameters of Jf, for any contemplated transformation, and a procedure for determining which 

of a number of contemplated transformations would provide the best approximation. 

The most highly developed calculations by the method of rotational transformations have been 

carried out by D.T. Pegg. Pegg [24] remarks that the transformation (or series of transformations) 

to a reference frame in which an unwanted time-dependent component J^(t) of a Hamiltonian is 

eliminated is just a generalization (particularization) of the usual interaction representation, and 

can always be achieved by a unitary transformation exp [i J Jf’(f) dt] if all the terms in J^(t) 

commute with each other. It is this fact which underlies Ansbacher’s work. The significance of the 

remark is that, although the transformations are formulated for magnetic interactions as rotations 

in physical space, they may be generalized to other (e.g., electric) interactions as rotations in an 

abstract space for suitably defined operators. 

Pegg [23] gives a formal proof that the eigenvalues of a Hamiltonian obtained by trans¬ 

formation to a frame in which time-dependent fields can be neglected are the same as the eigen¬ 

values of Shirley’s Floquet matrix [26]. Since it is also the case that Shirley’s eigenvalues are the 

same as those of the dressed atom of quantum field theory [9], it is clear that these different theories 

have a great deal in common. 

In section 5.2 we give a brief account of Shirley’s method. We go on to give, as an illustration 

of the semi-classical methods used in combination, a solution of the Bloch-Siegert problem to a 

high degree of approximation. We first give a more formal discussion of the condition of resonance. 
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5.1. Condition of resonance 

In the discussion of case A, sections 2.2 and 2.3, we stated the condition of resonance as 

dq2/doj o = 0, (80) 

a position corresponding to the minimum value of the static field in the transformed co-ordinate 

frame, and to the greatest mixing of eigenstates of J2. It is easy to show that this condition corres¬ 

ponds to the maximum value of the time-averaged transition probability for a spin-^ system 

(also for higher values of half-integral spins: for integral spins the condition corresponds to a 

minimum - see fig. 5 - but not an absolute minimum). The condition is satisfied for case A by 

driving frequency = —y (static field), (81) 

but eq. (81) is not, in general, strictly correct. In section 4.1.5 we showed how to derive a correction 

for the presence of additional time-dependent fields, but in the derivation we applied eq. (81) 

in a transformed frame. Even with neglect of residual time-dependent fields in this frame the equa¬ 

tion gives the resonance position correctly only to terms in (driving field)2/(static field). For strong 

driving fields, the higher terms are clearly important. In such cases one must use the condition (80) 

for resonance under variation of the static field, and dq2/dco — 0 for resonance under variation of co. 

These will not always give the same result. 

5.2. Shirley's method 

The method was formulated as a technique for solving problems expressed in terms of a semi- 

classical Hamiltonian of the form 

Jf(f) = £ Jf(k) exp (- ikcot). (82) 
k 

The key to the solution is the observation that, by the application of Floquet’s theorem to the 

Schrodinger equation of motion, the time-shift operator (or, alternatively, the wave function) can 

be expressed in the form 

U(t, t0) = X akq exp (- ikcot) exp [ - iq{t - r0)]. (83) 

(The k, q of eq. (83) are not to be confused with the k, q labels of the irreducible spherical tensor 

operators of section 2.4.) By a mathematical reduction Shirley showed that the frequencies q of 

eq. (83) are the eigenvalues of a time-independent Hamiltonian matrix of infinite rank, called the 

“Floquet Hamiltonian”, F, whose matrix elements can be derived from those of Jf(t) as follows: 

<a, n\jtfp\(l, m> = <a| + n(oSxpSnm. (84) 

The basis states of are labelled by a, p, the atomic quantum numbers, and, in addition, by n, m, 

an infinite set of integers. It is not difficult to follow Shirley in making a correspondence between 

the term nojSapSnm of eq. (84) and the eigenvalues of a quantized field. The first term on the right, 

the matrix element of J#p(n~m), clearly represents the interaction between the atom and the (n — m)th 

harmonic of the field. A correspondence with our techniques is to be seen in eq. (78) (correction to 

the zeroth approximation) where the second term on the right will be recognised as the contribution 

of second-order perturbation theory to the diagonalization of a Floquet matrix. Shirley introduced 

an equation equivalent to eq. (80) as the condition of resonance. 
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In applications of Shirley’s method one approximates the infinite Floquet matrix by working 

with some finite portion of it - as much as is necessary to secure the required accuracy. In practice, 

the convergence of the eigenvalues as the working matrix is enlarged is sometimes too slow to be 

of practical use. For problems in which the dominant field is time-dependent this is, in fact, the case. 

In these circumstances it has proved advantageous - as we demonstrate in the next section - first 

to apply a rotational transformation to eliminate the dominant field. The problem in the transform¬ 

ed frame may then yield to Shirley’s method with sufficiently rapid convergence. 

6. The Bloch-Siegert problem 

The most common configuration of fields for magnetic resonance experiments is 

B{t) = B0k + 2Bl cos cot i, (85) 

illustrated in fig. 13(a). Notice that the amplitude of the oscillating field has been written 2BX 

to allow an easier comparison with case A. The oscillating field may be decomposed into a rotating 

and a counter-rotating component, each of amplitude Blt so that (85) corresponds to the situation 

of case A, with an additional counter-rotating field (fig. 13(b)). 

Fig. 13. (a) Fields for discussion of the Bloch-Siegert problem, (b) Resolution of the oscillating field into rotating and counter-rotating 

components. 

The problem of determining the peak of the resonance in this configuration of fields has been 

approached by a number of authors in recent years, using a variety of methods. We summarise 

their work in section 6.3. The details of the solution give here are based on papers by Pegg [22,23] 

and by Hannaford, Pegg and Series [27]. 

* 

6.1. Zeroth and first approximations: terms in oo\ 

The zeroth condition of resonance is (case A) 

oj = co0, (86) 

but this condition takes no account of the counter-rotating field. It is the correction due to this 

field which constitutes the Bloch-Siegert effect. 
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To calculate the effect of this field, we first make a transformation to a frame F' in which it is 

static. The required transformation is a counter-clockwise rotation of axes, leading to the situation 

shown in fig. 14a. This configuration is of the type treated in section 4.1.5. We remark that the 

field Bx, rotating at frequency 2co, has a component perpendicular to Oz which will drive a reso¬ 

nance under the condition (zero-order in this frame) 

2co = p = [(co + co0)2 + cof]1/2, (87) 

which reduces to 

CO ~ CO$ + \co\/(cO + CO0) « (O0 + l<J)l/(D0. (88) 

The second term on the right is the first approximation to the necessary correction for the counter¬ 
rotating field. 

Fig. 14. (a) The fields of fig. 13(b) after transformation to the frame in which the counter-rotating field is static, (b) Resolution of the 

rotating field in (a) into components along and perpendicular to the resultant static field in this frame, in the direction of Oz'. (The 

fields have been labelled as frequencies, but the arrows have the sign of the fields.) 

6.2. Second approximation: terms in cof 

We can obtain a better approximation by use of eq. (80) for this resonance, that is to say, we 

need to find q, or, equivalently, the Larmor frequency p' in the frame in which the driving field is 

static. The magnitude of the driving field is + cos 6), as shown by the resolution in fig. 14b. 

This configuration is equivalent to, and is in the Same frame as, fig. 14a. To make the driving 

field static we need to transform to a frame rotating about Oz' at the frequency 2co. We then find 

p'1 ={p — 2co)2 + [^co^l +cos 0)]2, tan 9 = co1/(co + co0) 

2co0cof oj^ojq 

(co + co0) 
= («0 2(co -f co0)3 

(89) 
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in which terms as far as co4 in the expansion have been kept. In deriving (89) the oscillating field 

along Oz and the counter-rotating field of amplitude jB^l — cos 9) have been ignored. The 

effect of these, as we show in the next section, is felt first in terms in < Application of eq. (80) 

to (89) (recall q = pp') gives the resonance equation 

co = cDq -f- [oo\ojK<jo + co0)2] + \co\(2co0 - co)/4(co + eo0)4] « CD0 + [co2/4(j90] + [ao\/(Awl~] 

(90) 

The first form gives the condition of resonance correctly as far as co4. 

6.3. Third approximation: terms in co^ 

The evaluation of p', eq. (89) rests upon a transformation which makes the rotating field 

+ cos 9) static, i.e., a rotation about Oz at the uniform angular velocity 2co. There remain 

two perturbing fields, 

(i) sin 9 cos 2cot, oscillating along Oz and (ii) ^jB1(1 — cos 9), counter-rotating at the fre¬ 

quency 2co in the plane perpendicular to Oz. 
The field (i) may be entirely eliminated if, in addition to the uniform rotation at velocity 2co 

about Oz, we superimpose a frequency-modulated rotation, effected by the transformation SB, 

eq. (40). In the transformed frame F" the field driving the resonance is static and its amplitude 

is multiplied by the factor J0(col sin 9/2oo). Additionally a set of fields is generated, rotating at 

frequencies (2 + s)co, and with amplitudes \BX( 1 + cos 9)Js(aox sin 9/2co).The counter-rotating 

field is represented in F" by a set of harmonics, the dominant harmonic being of amplitude 

i*i(l — cos 9)J0(col sin 9/2co) and of frequency — 4co. 
At the level of cof, terms appear in the following ways: 

(i) the expansion of (p — 2co)2 in eq. (89) yields such a term which was previously discarded; 

(ii) the square bracket in eq. (89) becomes [iccq(l -I- cos 9)J0(co1 sin 0/2co)]2, which yields terms 

in cof through the co\ terms in (1 + cos 9) and in J0; 

(iii) the rotating fields yield terms in this order. 

The additional terms under (i) and (ii) are readily evaluated by series expansions. The terms under 

(iii) may be evaluated by the procedure of 4.1.5, leading to eq. (78). The only fields which are 

significant at the level of cuf are. those with amplitudes ^B^ 1 — cos 9)J0(col sin 9/2co) and 

jBi( 1 + cos 9)J± jXctq sin 9/2co). The correction due to the former, for example, is 

i[i<wi(l — cos 9)J0(co1 sin 9/2co)]1jp (91) 

with tan 9 = col/(co + co0) and p & (co + co0). The factorisation in eq. (91) has been written to 

correspond exactly with that in eq. (78). 

Taking account of all these terms, Pegg [23] obtained the following result for q2, correct to 

,2 _ i i(C0 - (Doy + 
2 co0bJ 

co + co o 

2co0b4 8co0(co2 — 5 coco 0 — 2<x>o)fr6 

(CO + C00)3 (CO + OJ0)5 (9CO2 — OJq) 
(92) 

The eigenfrequencies, q, in his analysis, are explicitly for a spin-]r system. We have been calculating 

the corresponding Larmor frequency, p", related to q by 

<7± ±y (93) 
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Similarly, Pegg’s b is the interaction matrix element related to "i by 

b = (94) 

The resonance condition obtained from eq. (92) by application of eq. (80) is 

co = co0 + co\/Aco0 + co?/64coo — 35COJ/21 (95) 

or, expressing &>0 in terms of co, 

co0 = co — C0i/4co — 5co?/64co3 — 6ICO1/211co5. (96) 

A better expression is that obtained directly from eqs. (92) and (80), namely: 

4 cob2 4(2co0 — co)b4 
con = co —----3— 

(co + co0)2 (co 4- co0)4 

16(9co5 — 126co4co0 + 82co3cOq + 42co2coq — 23cocoq — 8cOq)66 nn 

(co + co0)6 (9co2 - co2)2 ( ) 

This is the expression on which the results of Pegg, Hannaford and Series were based. 

6.4. Limit of strong, oscillating field 

Eq. (97) gives the peak of the resonance, co0, to high accuracy (~ 1 %) for shifts of the resonance 

(co0 — co) greater than half the resonance frequency itself; such shifts are attained when cox is 

nearly equal to co. To calculate the shifts for larger values of cox it is expedient to approach the 

problem from the other end, that is to say, to regard the interaction with the oscillating field as 

dominant and to treat the static field as a small perturbation. The limiting problem is then precisely 

case B in its simplest form, section 3.1. The equations of 3.1 correspond to our present problem 

if we put £3 — 0, B2 = 2B1. Our field is now 

B(t) = 2Bl cos cot k. (98) 

The physical situation is exactly that expressed by eq. (85), with B0 = 0, but we find it expedient 

now to choose the z-axis, which will be the axis for rotations, parallel, rather than perpendicular 

to, the oscillating field. The eigenfrequencies of the Hamiltonian corresponding to eq. (98) are 

given by eq. (47): 

<7lab = S0J, (99) 

which are simply the harmonic frequencies corresponding to the Fourier expansion of the fre¬ 

quency-modulated Larmor precession. 

6.4.1. Additional small static field: zeroth approximation 

The addition of the static field Bn is expressed by 

B(t) = 2BX cos cot k + B0 i, (100) 

as in eq. (56). The frequency-modulated transformation then leads to the eigenfrequencies given 

in the zeroth approximation by eq. (64), namely 

<7iab = pj0{2cofco)co0 + SCO. (101) 
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The condition of resonance dq2/do.j0 = 0 leads to 

J0{2(oJ(o) = 0. (102) 

Since this equation is independent of co0 it gives insufficient information about the position of 

the resonance. It is to be recognised, however, that the right hand side of eq. (101) gives only the 

leading term in an expansion in powers of co0: (the next term is given explicitly in eq. (105)). The 

resonance condition requires, then, in addition to (102), that co0 = 0. 

Inserting the numerical value of the argument which yields the first zero of J0, we find the 

resonance equations 

co^l co = 1.2026; co0 = 0. (103) 

This solution is exact. 

In establishing this result we have used the condition dq2/dco0 = 0 rather uncritically. A justifi¬ 

cation is found in the work of Shirley and of Pegg who obtained the same result by working out 

the maximum value of the transition probability. 

6.4.2. Additional small static field: terms in coq 

The time-dependent terms in the transformed Hamiltonian yield contributions to the eigen- 

frequencies of order a^. These are the terms Jf(k) exp (ikcot) of eq. (59). Since, in the present applica¬ 

tion, r = 0, k is to be identified with the s of eq. (101). 

The contributions of these time-dependent terms, calculated to order col, are identically zero 

because the levels are “repelled” by equal amounts, in opposite directions, by co- and counter¬ 

rotating harmonic fields. This may be read from eq. (78) - the contributions from equal and 

opposite values of k cancel - or, diagrammatically, from fig. 11(a). 

We need, therefore, to go to a higher order to find a correction to eq. (101), and this is most 

easily achieved by means of Shirley’s technique. We construct a Floquet matrix (eq. (84)) based 

on the Hamiltonian appropriate to our problem, which is Hamiltonian in the transformed frame, 

namely eq. (59). J^(0) gives the diagonal terms of the Floquet matrix 

<ms| .J^F\ms} = <m| Jf’(0)|m) + sco. (104) 

(m here is the atomic quantum number and corresponds to Shirley’s cc: s is our harmonic integer 

which corresponds to Shirley’s n.) The Jf(k) of eq. (59) give the off-diagonal terms. 

The diagonal terms correspond to the eigenfrequencies which we have obtained as the zeroth 

approximation, eq. (101): in this approximation the quantum number fi may be identified with m. 

The third order terms are evaluated from the off-diagonal elements by standard perturbation 

theory. Combining the result with the diagonal elements we have 

qn = n\_co0J0{2col/co) — (col/co2)S(2col/co)] + sco, 

where 

S(2a>,/a>) = i I J<J->*'-> - ^ 
all r and s rS V 

fO 

The arguments of all the Bessel functions in (105) are (2co1/co). 

(105) 
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The resonance condition may now be formed by using dq2/dcj0 — 0, which yields 

cd0 = co[J0(2(o1/co)/3S(2a>l/a))\1/2 v 06) 

Eq. (106) may be simplified to give the approximate result 

o)0 — 2.14co(0.6013 — co1/2co)1/2. (107) 

The important point to notice about the procedure we have adopted in obtaining these results 

is that very poor convergence is obtained if Shirley’s method is applied to the Hamiltonian describ¬ 

ing the interactions in the laboratory frame. The zeroth-approximation, eq. (101), is obtained by 

this procedure as the power series expansion of the Bessel function. If, however, the strong, oscillat¬ 

ing field is first transformed away, its effect in the zeroth approximation is obtained as an exact 

result, and the lesser interaction - the static field - may, with greater justification, be treated by 
standard perturbation theory. 

6.5. Results 

Eqs. (97) and (106) together represent a solution to the Bloch-Siegert problem which describes 

the shift of the peak of the resonance over the whole range from 0 to 100%, that is, from co0 = co 

to co0 = 0, as the amplitude of the oscillating field is increased. The results are shown in fig. 15, 

a plot of cq0/(jo against b/co (= |icOi/co)). 

Successive approximations are shown by different curves in fig. 15. The solid curve, made up 

of the sections 1 and 2, represents eqs. (97) and (106) joined at the point where the separate curves 

intersect, as illustrated in the inset. The figure is taken from Hannaford, Pegg and Series [27], 

where a discussion of the accuracy of the formulae is given. 

An experimental check of the formulae is very difficult for a variety of reasons, the most impor¬ 

tant being that the resonance line shape becomes grossly broadened and asymmetrical as the 

amplitude is increased. A complete discussion of the line shape demands a specification of 

the relaxation processes, although Stenholm [28] has shown that the position of the peak is not 

very sensitive to the relaxation rate. Nevertheless, since the resonance under strong, oscillating 

fields is broad and distorted, it is difficult to locate the peak with any confidence. 

An alternative approach is to make use of the “level-crossing” type of experiment. These rely 

on the resonance-like signals which are formed in the vicinity of degenerate eigenfrequencies 

(crossings in the frequency diagram) when the system under study is excited to a superposition-state 

(section 2.3.2). The breadth of the curves depends on the relaxation-width of the system (the T of 

eq. (27)) and on the slope of the crossing levels (eqs. (32) and (33)): the curves are not subject to 

power-broadening in the same way as the resonances associated with transitions (section 2.3.1). 

In fig. 16 are shown the eigenfrequencies q± for a two-level system. The position of the resonance 

is indicated R: there is a level-crossing at H, where co0 = 0 (Hanle effect), and also at C, where 

co0 # 0. Eq. (101) describes the levels in the vicinity of H. Very thorough experimental tests showing 

excellent agreement with the theory have been carried out by Cohen-Tannoudji and Haroche 

and their colleagues [29, 30, and references given there]. 

The position of the crossing C can be found from the expressions we have obtained for q± 

(eqs. (92) and (105)). Eq. (92) needs a little manipulation to obtain C for the smaller values of oj1, 

but eq. (105) yields immediately 

oj0 = co[J0(2m1/«)/S(2m1/co)]1/2 (108) 
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Fig. 15. Peak of the resonance, co0 (in units of co), as a 

function of b/a> (= | |). Curve 1 is derived from 

eq. (97), curve 2 from eq. (106). Curve la represents the 

first approximation, eq. (88). The intercept (b/w)0 = 0.6013 

is exact. The inset shows the crossing of curves 1 and 2 

with an expanded scale of b/a). (By permission of the 

Institute of Physics.) 

Fa 
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Fig. 16. Eigenfrequencies of a spin-^ system under the configuration 

of fields shown in fig. 13(a). The resonance R occurs at the value of a>0 

where dq/da>0 = 0, shown by the horizontal tangent. The Hanle 

effect H occurs in the vicinity of <u0 = 0. A level-crossing effect occurs 

at C. Notice that R is nearer to H than to C. The quantum numbers 

on the right are those appropriate to case A; those on the left are 

appropriate to case B. In both cases, only representatives of the sets 

of levels are shown. The dominant levels are: on the left, those having 

s = 0; on the right, those for which the value of p is the same as the 

value of m. 

for the position of C when the oscillating field is strong. Eq. (108) was obtained by Cohen-Tannoudji, 

Dupont-Roc and Fabre [30] by the method of “dressed atoms” and agreed well with their experi¬ 

mental results. They also observed the position of C for smaller values of cd1 and obtained excellent 

agreement with the theoretical values obtained from formulae which, though derived from the 

“dressed atom” theory, coincide with the expressions we have obtained by the method of trans¬ 

formations at all points where they have been tested. 

6.6. Discussion: comments on other work 

We have chosen the Bloch- Siegert effect as an example to illustrate how the method of trans¬ 

formations may be applied systematically and successfully in a situation which is far more difficult 

to analyse than the conventional case A and the more sophisticated case B. Although we have 

concentrated attention on obtaining the eigenfrequencies and resonance conditions, it should not 

be overlooked that the transformations which we have used to obtain the eigenfrequencies may 

also be applied to find the evolution of the atomic density matrices, and therefore all details of 

whatever observable of the system is being monitored. Some of the alternative solutions which 

have been proposed calculate only the populations of the atomic states, whereas knowledge of 
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the density matrix allows a calculation of, for example, the precession of the magnetization. 

By way of comparison with other work we have mentioned in particular the dressed-atom 

approach of Cohen-Tannoudji and Haroche [9] because the starting point of their work is the 

quantum field theory, and because they and their colleagues have tested their theory in a great 

variety of experimental situations. No differences have emerged between the predictions of that 

theory and of the method of transformations. Many other authors have attacked these problems 

in recent years. Stenholm has developed the continued-fraction method of solution in a series of 

papers based on semi-classical equations [28, 31-33, 35]. Both Stenholm [1] and Swain [36] have 

demonstrated the equivalence of the semi-classical and quantum field formulations. Swain also 

makes use of the continued fraction method [34, 37]. The starting point of Ahmad and Bullough’s 

work [38] is the set of semi-classical equations describing the macroscopic magnetic moment of 

a system of atoms, the Bloch equations. They use algebraic methods to calculate the resonance 

condition as far as terms in cu}°. Tsukada and Ogawa [39] have analysed resonances in a number of 

complicated configurations of fields, also starting from the Bloch equations. An iterative procedure 

based on phase-averaging of quantum electrodynamic equations has been used by Bialynicka and 

Biafynicka [40]. These authors claim to have obtained results which compare well with those 

of the other authors quoted. The most recent paper based entirely on quantum field theory is that 

of Yeh and Stehle [41], who use the formalism of resolvents and “walk diagrams”. Their results 

do not differ from results obtained by semi-classical methods. 
Significant differences between the predictions of semi-classical and quantum field theories 

have, in fact, been reported, but these have been shown to be due to errors and misapprehensions. 

So long as the fields are strong in the sense that simultaneous measurements of amplitude and 

phase might, if called for, be made - which are the conditions under which the vast majority of 

magnetic resonance experiments have been carried out - the two types of theory have given the 

same results. Although the correspondence between them in the limit of large photon number 

has been shown formally in the papers cited above, less attention has been paid to the equivalence 

of semi-classical and quantum field theories of absorption when the photon number is small, 

a point to which we referred in the Introduction. But in this limit of low photon number the theories 

differ in their predictions concerning the emission of radiation. Spontaneous emission requires 

special treatment in semi-classical theory. In the concluding section we deal with this problem. 

7. Spontaneous emission 

The work in this section is purely formal in the sense that we give a prescription for dealing 

with spontaneous emission by semi-classical methods. The method describes the phenomenon 

by the effects of an electric dipole operator, JP = - Es- P, a form which can conveniently be 

combined with, and treated similarly to, the interaction lab = — £4ab * P, where £*ab is a field 

imposed on the atom from external sources and can be switched on and off. Es cannot be switched 

off. 
In the introduction we outlined the argument, based on semi-classical radiation theory and 

classical thermodynamics, for the existence of the phenomenon of spontaneous emission. We are 
now concerned with the mechanism. Semi-classical theory yields the Einstein ^-coefficient, and 

the T-coefficient may be derived from this without appealing to the quantized radiation field. The 
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power spectrum of Es is chosen to secure for the ,4-coefficient the value so obtained. No direct 

physical interpretation can be given to Es since it turns out to be a complex field, but a physical 

interpretation of the mechanism, based on classical concepts, is offered in subsection 7.3. Some 

further reflections are set down in 7.4. 

7.7. The formalism 

The operator 

JP = -Es P (109) 

is to represent a perturbation on atoms described by Jf°. The eigenstates of J^° are |a>, |/?>..., 

with eigenvalues coa, a>p .. .(h = 1, as before). 

Es is a time-dependent field defined by equations such as 

+ t)> 

00 

Pi(aj) exp (icur) dco. 

— 00 

(110a) 

PM = Pj{co) = pfco). (110b) 

The angle brackets represent time averaging, which will be taken to be equivalent to ensemble 

averaging. The spectral density, p(co), will be specified later. 

We now write down the equations of time-dependent perturbation theory for the amplitudes 

aft), ap(t) of a particular pair of eigenstates of For simplicity we shall include only these in 

our basis. We suppose coa > cop. We work in the interaction representation. The equations are 

aa = iP apElaft) exp (i (oapt% (111) 

dp = iPapEs*aa{t) exp ( —icoafit)t (112) 

with coap — (oa — (Op. The suffix c on Es specifies that component of Es which corresponds to an 

allowed electric dipole transition between the space-quantized states |a> and |/?>. Likewise Pa/J 

is a matrix element of a component of the vector operator P. 

We make a formal integration of (112) and substitute the resulting equation in (111): 

a a 

t 
/• 

aft')El(t)Es*{t') exp [i coap(t - 0] d£'. 

8 

(113) 

We now take aft’) outside the integral as aft) and take it to the left hand side, which then becomes 

d(ln af/dt. The justification for this step is that the change in the value of aft) is negligibly small 

in the coherence time of the perturbing field. This time is indeed very small since E* will be seen to 

be equivalent to the zero-point fluctuations of quantum field theory. We recall also that, since we 

are working in the interaction representation, the high-frequency oscillations of the amplitudes 

have been factorised out. 

We now take an ensemble average, replacing the amplitude aa by its geometric mean, bx. 
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and <Esc(t)Es*{t')) by pc(co) exp (icor) dco, with z = t! — t. We then have, changing the order 
of integration, 

co 0 
r r 

d(lnbj/dt -= -\Pap\2 dco pc(co) exp {i(co — coa/J)i} dr. (114) 
j 

The integral over i is the (-function 

exp(ixi)di = tcS(x) — i P/x, (115) 

— 00 

where P denotes that the principal value is to be 

out the integration over co we arrive at 
00 

d(\n bj/dt = —n\Pap\2pc(coap) + i|P,J2P 
%/ 

— 00 

taken in the subsequent integration. Carrying 

dcopc(co)/(co — (L>ap). (116) 

Solving for ba(t), we have: 

bjt) = [exp - i(La - iirj(t - t0)]ba(t0), (117) 

where 

ra = 27r|pa/J|2pc(coa/}) (118) 

and 
oo 

L.= -\ P.t,\2P 

* 
dcopc(co)/(co - coa^). (119) 

•/ 
— oo 

La represents a level shift and Fa is the decay constant for population (to be equated in this 

context with the Einstein A-coefficient). It would be out of place here to discuss further the level 

shift. Let it suffice to remark that, with the choice of pc(co) which we need for Ta, La is the un- 

renormalised first-order Lamb shift. 

To secure agreement with the Einstein T-coefficient 

Aa = Z4c°a/j|^a/j|2/3c3, 0)ap > 0 
P 

= 0, coxp < 0 (120) 

we must have 

pc(co) = loP/hnc3, co > 0 

= 0, co < 0. (121) 

A very significant quantity is the energy density per mode of the field, which may be obtained 

as follows. The spectral distribution of the energy in the electrical component of the field which 

drives the spontaneous emission is pj&n, by eq. (110a). The total energy in the range dco is 

(6pc/Sn) dco (three electrical and three magnetic components in the isotropic field, all contributing 
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equally). The energy per mode is given by dividing 6pc/%n by the density of modes, a>2/n2c3. The 

result is 

(6/871) (2a>3/3nc3) {n2c3/a>2) = jco, (i.e., jha>). (122) 

It is not surprising that our result is the same as that which quantum field theory interprets 

as the energy density per mode of the vacuum fluctuations. But our derivation of (122) is based 

on a value of the Einstein ^-coefficient obtained from a thermodynamic equilibrium at high 

temperatures, not from field quantization. 

Our field E* is a mathematical, rather than a physical quantity. We draw attention to the fact 

that the field is complex, and also that* in taking matrix elements of the interaction JP we have, 

in eqs. (Ill) and (112), used the field and its complex conjugate. For a strictly c-number calculation 

we should have used the same quantity in both equations. 

7.2. Results: application to cycles of optical pumping 

Our result (117) for the time-dependence of the (ensemble-averaged) amplitude of the excited 

state constitutes a calculation of the time-shift operator for that state: 

Ul(t, t0) = exp - i(L“ - iira) (t - t0), (123) 

but we have not demonstrated the general validity of this operator; indeed, it must be used with 

caution because it is not unitary. Had we developed eqs. (Ill) and (112) in favour of the lower 

state, |/?>, we should have found a level shift Lp, but the damping constant Tp would have been 

zero on account of (121). However, the perturbation does, of course, induce transitions from |a> 

to |/?>, and the formalism allows us to calculate this. From equations (111) and (112) we an find 

the density matrix element for the ground state, opp(t), in terms of the corresponding quantity, 

<raa(t) = \ba{t)\2, for the excited state. We make a formal integration of (112), as before, and then 

form the quantity dp(t)ap(t). On the right-hand side we find aa(t)a*{t'). Taking a*{t') outside the 

integral and making an ensemble average; we finally obtain 

twit) = [27r|/V|VcK«)Ka(0 = r>M(0, (124) 

with 

ojt) = exp - ra(t - t0)<raa(t0), (125) 

- the latter equation being derived from (117). 

Eqs. (124) and (125) together guarantee conservation of atoms in the process of spontaneous 

emission. 

The procedures of this subsection may be generalised to embrace the situation commonly 

encountered in optical pumping experiments, when the ground and excited states have complicated 

hyperfine and Zeeman structures. One obtains equations, not only for the diagonal elements 

of the density matrix, but also for the off-diagonal elements within the ground and excited states. 

These equations are: 

<V(0 = 2n Z Pc(M<xi})Pfi*p*'ir°aAt), (126) 
cua' 

<V(0 = -i(<*W - iF>aa (t), (127) 

ra = \lnpc{(Dap)] 11/VI2. (128) 
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Eq. (126) is subject to the condition that the change in m-quantum number be the same for the 

transitions a -* f, a' -*• /?'. This condition implies that both transitions are driven by the same 

spectral component of Es. 

The equations here refer to the density matrix in the Schrodinger representation, not the inter¬ 

action representation. 

The energies of the sub-states are supposed to be so nearly equal that, for the purposes of 

calculating the decay constants, they are identical. Since, in addition, the |a'> have the same elec¬ 

tronic configuration, they all depay at the same rate, Ta. 

Eqs. (126), (127), (128) allow one to deal with spontaneous emission by semi-classical methods 

in quite complicated experimental situations. When supplemented by terms representing the 

effect of a laboratory light source, introduced into the semi-classical equations of motion by the 

operator ^f,ab = — £,,ab- P, the above equations become equivalent to the set of equations first 

introduced by Barrat and Cohen-Tannoudji [42,43] to describe, with the use of quantized field 

formalism, a complete cycle of optical pumping. The present equations were used by the author 

[44] in a semi-classical calculation of the circulation of coherence, injected into the atomic system 

by a radio-frequency field, through many cycles of optical pumping induced by a laboratory 
light source. 

7.3. Mechanism of spontaneous emission: radiation reaction 

While the work in the foregoing subsections allows calculations involving spontaneous emission 

to be carried out within the semi-classical formalism, and notwithstanding the fact that the basic 

equations correspond closely with those of quantized field theory, the origin of the underlying 

field demands an explanation. In classical electromagnetism the damping of an oscillating charge 

is ascribed to radiation reaction. It is possible to obtain the Einstein ^-coefficient and the first 

order Lamb shift by working with an operator equivalent of the reaction field E\ as we now show. 

It is well known that ET is related to the third time-derivative of the displacement vector of the 

charge, r, by the (non-relativistic) equation 

Ex = (2e/3c3)r. (129) 

It is also well known that this result can be obtained free of self-energy terms if one takes the symme¬ 

trised difference between the fields calculated from the retarded and advanced solutions of Max¬ 

well’s equations: 

E1 = &Ent £*dv) = (2e/3c3)r. (130) 

Suppose then, that we form a perturbation operator 

= -ET-{er) = ~(2e2/3 c3)rr. (131) 

We regard the operator? as acting, as does r, in the space of the eigenstates of Jf°, |a>, |/?> *-|e> •• 

We are immediately aware of a possible ambiguity in the ordering of the two operators in (131): 

we have arbitrarily placed r on the right. (The symmetrical combination would lead us to the result, 

zero.) 
We notice next that has diagonal matrix elements: 

= -i(2e2/3c3) X coi\raE\2. (132) 
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But the radiative damping of the excited state |a> can be described by 

X aa - 4in.. 

Identification of Jfd with leads to 

ra = (4e2/3c3) Yj co\e |rae |2, 

(133) 

(134) 

our previous result (eqs. (118), (120)), apart from the inconvenient fact that the sum over states in 
(134) includes states of higher as well as of lower energy. Nevertheless, the formal similarity of eqs. 
(134) to (120) encourages us to believe that the classical radiation reaction field may help us to a 
physical understanding of spontaneous emission without invoking the vacuum fluctuations of 
quantized field theory. 

We are left in doubt on account of the arbitrary ordering of operators in eq. (131), and the 
occurrence of states of higher energy in eq. (134) is an embarrassment. A resolution of these pro¬ 
blems can be effected by a symmetrisation based on eq. (130). Let ir be exhibited explicitly as a 
time-dependent operator, and let a Fourier analysis be made: 

oo (* 
r(t) = (2n) r(f) dt' exp [ — ico{t — r)] dw (135) 

= (2 n) - 1 

00 /» 

dr .. dco + 

00 

r 
o /» 

..dr 

5 

.. dco + .dr 

o 

dco + dr' 
j 

— 00 

.. dco 

00 

= h + I2 + h + K. (136) 

/j and /3 refer to past times, I2 and /4 to future times. We associate Ix and /3 with “retarded” 
fields, 12 and /4 with “advanced” fields. One can show that Ix and /3, and I2 and /4 are Hermitian- 
conjugate pairs: Hermitian conjugation has the effect of changing the sign of co. To keep the inter¬ 
action in the domain of past times/positive frequencies (which is the same as future times/negative 
frequencies) we replace eq. (136) by 

r\t) = 1, + I\ + /J + J4 = 2(7 x + 74) = rTe\t) + radv(r). (137) 

We then construct the perturbation operator 

s - —i(2e2/3c3) [r • rret - radv • r] (138) 

to echo eq. (130). This operator has diagonal matrix elements 

= K - iira 

with 
00 

dco 
K = -(2e2/37tc3)X^ika£|2^ 

co —CO 
(139) 

OLE 

and 

ra = (4c2/3c3) Yj kaE| coaE > 0. (140) 
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The result for Ta, that the sum-over-states no longer includes those of higher energy, is attributable 

to our having replaced I2 and J3 by their Hermitian conjugates. By this device we have obtained 

the correct form of the Einstein A-coefficient. Had we taken the Hermitian conjugates of and 

/4 instead of I2 and /3 we should have obtained eq. (140) with the condition coa£ < 0, that is to say, 

an equation describing the decay of the state | a) by spontaneous absorption. This is to be associated 

with time-reversal. Eq. (134), with no restriction on coa£, includes spontaneous absorption as well 
as spontaneous emission. 

La is the first-order Lamb shift, the renormalised expression first obtained by Bethe [45] in 1947. 

The term arises here on account of the cut we made in the time-domain. The fact that the expression 

we have obtained is the renormalised level shift is gratifying in view of the fact that eq. (130) is 

free of self-energy. It is to be noticed that in eq. (139) there is no restriction on the sign of coa£, 

so that the equation gives a shift for ground states as well as for excited states. Ta, on the other 

hand, is zero when |a> is the ground state. La changes sign under the operation of time-reversal. 

7.4. Concluding remarks on spontaneous emission 

The problems raised by theories of spontaneous emission appear to us to be quite profound. 

In section 7.1 we have given a technique for incorporating the process into semi-classical calcula¬ 

tions, and in section 7.3 we have demonstrated connections between the behaviour of real atoms 

(decay constants and level-shifts) and the classical radiation reaction. (It has not been found possible 

to develop the equations of 7.3 to describe cycles of optical pumping.) In both sections we have 

taken arbitrary steps which, in effect, confine the spectrum of the interaction to positive frequencies. 

That some such steps are necessary is evident when it is recalled that the equation of motion of 

quantum mechanics, and the equations of classical electromagnetism, are time-symmetric. To 

describe the evolution of an atom in the process of radiating it is essential that the arrow of time 

be injected into the equations at some point. The arbitrary steps which we have taken have amount¬ 

ed to the replacement of the energy sink for the emitted radiation by a local field, or a local operator, 

acting on a potentially excited atom. It is remarkable that the interaction with the energy sink, 

which amounts to an interaction with all other matter in the universe, can be simulated in such 
simple ways. 

It is not the intention of this section to give a balanced review of theories of spontaneous emission, 

but we mention, in passing, that the subject has received a great deal of attention from quantum 

field theorists in recent years. What has emerged is that the interpretation in terms of vacuum 

fluctuations, on the one hand, or of radiation reaction, on the other, is to some extent arbitrary, 

depending on the ordering of operators in the equations. But radiation reaction would appear to 

be an essential ingredient. A discussion, together with references, will be found in a recent article 

by Jaynes [46]. 

Versions of the absorber theory of radiation, adapted for quantized systems, have been offered 

in recent years by Hoyle and Narlikar [47], by Davies [48-50], and by Pegg [51]. In these theories 

there is no quantized field: direct interaction between the radiating atom and the “rest of the 

universe” is the mechanism of the energy sink. Pegg introduces a considerable simplification into 

these theories with the notion of “minimal perfect absorber” - a cavity surrounding the atom which 

is capable of absorbing all the radiation potentially emitted. He shows how the equations describing 

the interaction of the atom with such an absorber can be combined with the semi-classical terms 

which describe the interaction with a laboratory field to yield the full spontaneous + stimulated 
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interaction. To the present writer the appeal of these theories lies in the insight they offer into the 

mechanism of the complete radiative interaction. 
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Forward Scattering and Polarization Spectroscopy 

W. Gawlik1 and G.W. Series 

J.J. Thomson Physical Laboratory, The University of Reading, Whiteknights 
Reading RG6 2AF, U.K. 

We recall some of the essential points concerning the forward scattering of 
radiation through a gas and show how the treatment that proved convenient 
for the analysis of optical pumping experiments can be used also for polari¬ 
zation spectroscopy with lasers. We distinguish between polarization spec¬ 
troscopy as a saturation phenomenon and as a pumping phenomenon - the latter 
being realisable when the lower state is not single - and demonstrate how 
the long relaxation time of ground states allows polarization spectroscopy 
to be carried out with very weak light beams. We investigate some of the 
consequences of using strong beams: the decoupling of the hyperfine struc¬ 
ture by the light and the manifestation of the Autler-Townes effect. 

1. Forward Scattering 

Two important points to notice about the forward scattering of monochromatic 
light through a gas are (i) the frequency of the forward scattered light is 
not Doppler-shifted with respect to the incident light, and (ii) the forward 
scattered optical paths, for scattering from atoms in random positions, are 
all equal (see Fig.l). 

Fig.l Lateral scattering: random Forward scattering: equal paths, 
paths between reference planes. 

These points, together with the principle of indistinguishability applied 
to atoms which return to their original state after the scattering process, 
secure that the forward-scattered light from different atoms is mutually 
coherent, and is coherent with the exciting light. 

The properties of the atoms - which is our concern as spectroscopists - 
are reflected in the amplitude of the scattered light. To separate the for¬ 
ward-scattered light from the primary beam two methods have been used: 
(i) interferometric method based on beam splitting, which cancels the primary 
beam by introducing a controlled phase difference in that beam which does 

'permanent address: Instytut Fizyki, Uniwersytetu Jagiellonskiego, ul. 
Reymonta 4, 30-059 Krakow, Poland. 
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not traverse the sample [l, 2, 3j , (ii) polarization method (see figure 2) 
where the primary beam is rejected by a crossed polarizer [A, 5, 6, 7, 8j . 

With either technique it is sometimes useful to allow a small fraction of 
the primary light to be transmitted to heterodyne the scattered light. If 
all the primary light is transmitted the antiphase component of the scattered 
light appears as absorption, the quadrature component as dispersion. 

Method (ii) will form the basis of our analysis. Although the scattered 
light is coherent with the primary light, it must be of different polariza¬ 
tion in order to pass the analyser. It is, therefore, of the essence of this 
work that the scattering atoms introduce some asymmetry into the scattering 
process: the symmetry of the perturbation acting on the atoms must be diffe¬ 
rent from the symmetry of the probe beam. While many different symmetry- 
breaking perturbations may be envisaged, we shall be concerned here with two: 
(i) external, longitudinal magnetic fields, and (ii) a counter-propagating 
'pumping' beam, circularly polarized. When this is the same frequency as the 
probe beam there exists, of course, a velocity-selective interaction leading 
to narrow resonances. This is the basis of Doppler-free polarization spect¬ 
roscopy [9j. We shall consider the two perturbations acting separately, and 
together. 

1.1 Calculation of the Scattered Intensity 

The object of the analysis is to relate the intensity of light which passes 
the crossed analyser (the signal) to the polarizability tensor of the medium, 
which is obtained by summing the polarizabilities of the atoms in a macros¬ 
copic volume. It is in the calculation of these polarizabilities that one 
finds the differences between optical pumping and laser saturation spectro¬ 
scopy. The beam illustrated in figure 2 constitutes a probe beam. In simple 
cases it is so weak that its interaction with the atoms is linear, but we 
have found that non-linear interactions must also be reckoned with. 

Fig.2 The primary beam is rejected but the scattered beam is transmitted 
if the polarization has been changed in the process of scattering. 

Let the bulk medium be characterized by a polarizability tensor X or 
refractive indices n± * + ini • We de8Cr^e the tensor in a spherical 
basis with the z-axis in the direction of propagation of the light. Suffixes 
t on n refer to circularly polarized light. For 3mall optical depth the 
intensity transmitted by the analyzer in Fig.2 is 

I » jlo (cdL/c)2 [(r£-r£)2 + (n*~n*)2] , 

where I0 is the intensity of the incidept light and L is the length of the 
sample. In terms of the components of x> this becomes 

i - ir2io (wl/c) 1 {[(x+:-x_:> - (xt:-x_:>r 

♦[<x+i+-xi> - (x+i-or). u) 
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Fig.3 Three-level system interacting with a probe beam. In cases (<i) and 
(b) there is a displacement of levels induced by an external electric or 
magnetic field. In cases (c) and (d) the levels remain degenerate but are 
unequally populated through the operation of a pumping beam (double lines). 
On the right of the transition diagrams are sketched the real and imaginary 
parts of the corresponding polarizability tensor, as a function of frequency 

A 

X will depend on the intensity and polarization of the pumping beam and, 
in the case of non-linear interactions with the probe beam, may be of rank 
higher than two, in which case the necessary summations must be carried out 
to contract it to a rank-2 tensor. 

In contrast to saturated absorption spectroscopy, where a 2-level system 
provides an adequate model, the simplest atomic structure which will allow 
a discussion of the necessary asymmetries in polarization spectroscopy is a 
three-level structure of either of the types shown in Figs. 3(a) and (b) or 
(c) and (d). 

2. Forward-Scattering Perturbed by a Magnetic Field 

In this section we treat the propagation of the probe beam in the presence 
of a longitudinal magnetic field (Fig.4). 

If the probe beam is weak the Xt* are zero and I * lx++-X__ !*• These 
functions are Doppler-broadened, and 1(B) is a Doppler-broadened Hanle curve 
[4]. If, however, the probe beam is strong enough to induce stimulated tran¬ 
sitions between upper and lower levels (cases (a) and (b) of Fig.3), the 

Fig.4 The forward-scattered signal attributable to the magnetic field B 

is recorded by the detector. 
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induced coherence between the lower levels or upper levels, as the case may 
be (’Zeeman coherence') generates non-vanishing values of x±* [6, 10, ll]. 

(Coherence of this kind may also be induced by transverse r.f. fields [a].) 
This Zeeman coherence gives rise to narrow resonances around B • 0 superim¬ 
posed on the broad background (see inset to Fig.10). The width of these 
resonances is determined by the relaxation constants of the levels involved. 

3. Forward-Scattering Perturbed by a Counter-Propagating Pumping Beam 

/\ 

To induce the anisotropy in X the polarization of the pumping beam needs to 
be different from that of the probe beam (Fig.3). 

Fig.5 The forward-scattered signal attributable to the pumping beam Is 
is recorded by the detector. 

We consider the case when the pumping beam is circularly polarized, alth¬ 
ough other polarizations have been investigated [9, 12, 13j. The frequency 
of the pumping beam is taken to be the same as that of the probe beam. 

The characteristics of the observed signals depend on the intensities of 
the two beams in relation to the relaxation rates of the levels involved. 
We use F, y for the relaxation rates of the upper and lower levels, respec¬ 
tively, in the absence of light, and T+ - T/2 ♦ als for the power-broadened 
width of the optical transition. We use also the saturation parameters 
Gy - (jEs.D/fvy)2 and Gp - (Es.D/f>r) I_ relate to the pumping beam. 

It is not difficult to appreciate that, when the pumping beam is weak in 
the sense that stimulated emission is negligible (Gp « 1), the induced 
anisotropy depends solely on the difference between the populations, N+, of 
the sub-levels illustrated in Fig.3(c) or (d). The mechanisms responsible 
for maintaining these population differences are, however, quite different 
in the two cases and will be discussed further below. The signal detected 
by a weak probe beam is proportional to (N+-N_)2 in both cases. Detailed 
calculation yields 

1 “ GY ~4~<P"V'r2' for the ^-system (Fig. 3c), (2) 

T2 

and I * Gp — -p2 for the Y-system (Fig.3d). (3) 

Here, 6 is the frequency-offset from resonance. Notice that the equations 
predict a line-width of ?+, which tends to JT in the limit of weak pumping 
fields. This contrasts favourably with the value 2T, the limiting line- 
width in saturation spectroscopy. 

It is more especially important to notice the factors G2, G2 , different 
in the two cases. The significance is that, in the frequently-encountered 
situation y « T, the Doppler-free Lorentzian signals represented by (2) and 
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(3) are achieved with much weaker pumping beam intensities for the A-system 
than for the Y-system. In the A-system the main effect of the pumping 
beam is to re-distribute the population between the sub-levels of the ground 
state - optical pumping. The dynamics of the re-distribution is determined 
by G^, the ratio between the perturbation due to the pumping beam and the 
relaxation of the lower states. 

r 
i-> 

r 

Fig.6 Population difference to be Fig.7 Population difference to be 
sustained against relaxation from the sustained against relaxation from the 
ground states. excited state. 

In the Y"”system, on the other hand, the population difference on which 
the signal depends is between the upper state sub-levels. To sustain this 
population difference the pump beam must work against the relaxation of the 
upper states. If this is faster than that of the lower state, the intensity 
of the pumping beam needs to be correspondingly greater. 

We distinguish the two mechanisms by the terms 'paramagnetic* and 'dia¬ 
magnetic'. 'Paramagnetic polarization spectroscopy' (PPS) is represented 
by the A-system, 'diamagnetic polarization spectroscopy' (DPS) by the 
'V'-system. In PPS the signal depends on the existence of lower state struc¬ 
tures, in DPS, on excited state structures. 

In general, we shall find structure both in the upper and in the lower 
states, so that, in principle, we might expect both mechanisms to contribute 
to the signal. However, since PPS generally requires far weaker pump inten¬ 
sities, this will generally be the dominant mechanism. DPS will be the 
operative mechanism when J ■ 0 in the lower state, or, with J 0, when the 
population difference is destroyed by additional perturbations (r.f. fields, 
field gradients, depolarizing collisions). Some early analyses of polariza¬ 
tion spectroscopy [9, 1A] were carried through under the approximation Gp>>l. 
This represents, effectively, the pure DPS case. Our conclusion is that 
analyses of this type are not representative of polarization spectroscopy. 
It will generally be the case that the appropriate mechanism for the inter¬ 
pretation of the signal will be PPS. Our analysis has been concerned with 
the dispersive as well as with the absorptive components of Saturated 
absorption spectroscopy concerns itself with the absorptive components only. 
The possibility that optical pumping effects might be important in this kind 
of work has recently been pointed out also by other investigators [l5, 16j . 
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4. Experimental Studies 

We have studied forward-scattering and polarization spectroscopy in sodium 
vapour in the neighbourhood of the D-lines, which offer themselves as examp¬ 
les of the general case, having Zeeman structure in both upper and lower 
levels. The vapour, without buffer gas, was contained in a closed cell with 
strain-free windows at a vapour density of 1011 cm""3. Stray magnetic fields 
were cancelled to within a few mG. Both probe and pumping beams were taken 
from a single-mode, tunable dye laser, line-width about 10 MHz. The probe 
beam followed a path through the vapour in exact opposition to the pumping 
beam, constrained by diaphragms to travel along the inner region of the 
pumping beam where the intensity was uniform. Crystal polarizers of high 
quality were used: a Babinet-Soleil compensator was employed to secure exact 
circular polarization of the pumping beam. For most experiments the polarizer 
and analyzer in the probe beam were exactly crossed to avoid heterodyning 
the forward-scattered light with the probe beam itself. No modulation was 
employed. The signal was recorded with a photo-multiplier. 

4.1 Polarization Spectrum with Weak Beams 

A high-resolution polarization spectrum of the NaDi line is shown in Fig.8. 
Of the nine resonances shown, four are the allowed transitions between the 
hyperfine levels F ■ 1, 2 in the lower and upper states; the remaining reson¬ 
ances are crossovers'. The pump intensity indicated in the legend corres¬ 
ponds to Gp 'V 0.1, Gy \ 100, so that the DPS contribution to the signals is 
negligible. The probe intensity was very much weaker. 

4.2 Intensity of the Probe Beam 

If the purpose of the probe beam is to monitor the asymmetry introduced by 
the pumping beam, its intensity must be much less. In Fig.9a it is 50 times 
weaker, and the resonances appear a9 simple near-Lorentzians. In Fig,9b the 
intensity of the probe beam has been increased by a factor 50 (though it is 
still very weak by the standards of saturation spectroscopy). Structure 
appears in the spectrum, and the relation between signal strength and beam 
intensity is strongly non-linear. These effects are due to the pumping action 

Fig.8 High resolution polarization spectrum of Na Di line. The intensity 
of the pumping beam was 25 yW ram-2. On the frequency scale below, hyperfine 
components are marked Fe-Fg. Crossovers are marked below th* line. 
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Fig.9 The effect of increasing the intensity of the probe beam. 

of the t>robe beam: it tends to equalise the populations of levels of the 

same jmj, and in this way acts in opposition to the circularly-polarized 
pumping beam. 

The strong probe beam, however, also induces coherence between Zeeman 

levels [6, ll], and hence generates non-vanishing components X+--* The resul¬ 

ting contributions to the signal are zero if the levels are degenerate, but 

not if the degeneracy is removed by a magnetic field. This will be the sub¬ 
ject of the next section. 

An analysis of the signal to be expected for the 
yields the result 

A~system of Fig.3(c) 

I at g' 
Y 

• m 

1 
i- 

46* + Vl\ 

i—
 1 

462 v n ~«> 

A * 

where Gy - (Eprobe’S^Y) and C is a constant. This reproduces 
the important features of Fig.9b, the dip in the line, and the non-linear 
dependence on the intensity of the probe beam. 

4.3 Interference Between Polarization and Alignment in the Presence of a 

Longitudinal Magnetic Field 

A strong probe beam (Gy % 1: transverse linear polarization) propagating 
alone in the vapour generates (through stimulated/emission) coherences bet¬ 
ween Zeeman levels of the ground state. Though the intensity transmitted 

through a crossed analyzer is zero if no other perturbations are applied to 

the vapour, a signal, illustrated in the inset to Fig.10, does appear when 

a longitudinal magnetic field is applied f&] . It should be noticed that 

this signal is narrow in relation to the Doppler width (about 500 G). In 

Fig.10c we see the signal,at fixed magnetic field, as a function of frequency. 

There is no velocity-selection: the signal is Doppler-broadened. The narrow 

polarization spectroscopy signal induced by a counter-propagating pumping 

beam with zero magnetic field is seen in Fig.10b: in this experiment the 
probe beam was not negligibly weak, though not as strong as in Fig.9b. 

\ 
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Fig.10 Interference between polarization and alignment: strong probe beam. 
a) No magnetic field. No pumping beam. Null signal recorded on probe beam. 
b) No magnetic field. Pumping beam. Polarization signal. 
c) Magnetic field. No pumping beam. Alignment signal. 
d) Magnetic field and pumping beam simultaneously applied. 
In the inset is shown the dependence of probe signal on magnetic field fj>r 
fixed laser frequency near resonance (V) . (^^'s »> a 

In Fig.lOd we see the interference between the polarization induced by 
the pumping beam and the alignment induced by the strong probe beam in the 
presence of the very weak longitudinal magnetic field. It is important to 
appreciate that effects of this kind can manifest themselves in polarization 
spectroscopy. 
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4.4 Signal Attributable to Ground-State Population Differences: Direct 
Demonstration 

In Fig.11a is to be seen a polarization 
spectrum taken with weak pumping and probe 
beams. The signal persists, as shown in 
Fig.lib, when the beams are spatially 
separated. Since the time which the atoms 
would have taken, a few ys, to have travel¬ 
led the distance between the beams is very 
much longer than the lifetime of the exci¬ 
ted state, it is clear that the signals 
cannot be attributed to any population 
of the excited state resulting from the 
operation of the pumping beam. They must 
result from a net polarization of the 
ground state. 

Fig.11 a) Pumping and 
probe beams coincident, 
b) Probe beam displaced 
laterally by 2 ram. 

4.5 Coherent Background; Transition from Dispersive to Absorptive Signal 

In Fig.12 is to be seen the effect of adding a coherent background to the 
polarization signal, a device.used to increase the signal strength by hetero¬ 
dyning [lo] . It can be achieved by rotation of the analyzer with respect 
to the polarizer in the probe beam. When polarizer and analyzer are crossed 
(0° in the Fig.) the signal is due to the modulus of x> differential disper¬ 
sion and absorption. With rotation of the analyzer by a few degress one sees 
the effect of interference between the signal and a transmitted component 
of the primary beam. The result is a series of dispersion-shaped resonances. 
Differential absorption now plays a minor role. At a rotation angle of 90° 

(analyzer parallel to polarizer), only that component of the signal is seen, 
the absorptive component of Xf which is in phase or antiphase with the strong, 
primary beam. The variations of t^e dispersive component, being in quadrature, 
result in this case in variations of the net scattered field which contribute 

negligibly to the detected signal. 

The observation of Doppler-free, absorptive signals, in circumstances 
(as above) when the pumping beam is too weak to saturate the transition 
indicates again that it is inequalities of population in the ground, rather 
than in the excited state which are responsible for the observed effects 
(see also [l6j). 
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Fig,12 Polarization spectrum 
of Na Di line with coherent 
background introduced by rota¬ 
tion of the analyzer in the 
probe beam. The angle 0° rep¬ 
resents analyzer crossed with 
polarizer. The intensities of 
the pumping and probe beams 
were unchanged throughout. 

4.6 Decoupling of Hyperfine Structure by the Pumping Beam, and Autler- 

townes Effect 

Finally, we report the effect of increasing the intensity of the pumping 

beam. In Fig.13 B is to be seen a resolved hyperfine structure under a 

moderately weak pumping beam (Gp - (Eg.D/’hO2 - 0.6). In part A of the fig¬ 

ure the spectra are shown for increasing values of Gp up to 130. It is to 

be noticed that the first effect of increasing the intensity is that the 

lines are broadened until the resolution is lost: the interaction with the 

pumping beam has de-coupled the hyperfine structure. 

At the higher intensities a new structure develops; a doubling of the 

line which becomes more symmetrical. The peaks move apart as Gp is increased. 
mt believe this is a manifestation of Autler-Townes effect. In the inset, 
C, we have plotted the observed separation of the peaks as a function of 
(I$)i. The broken line on the same graph is a plot of the Rabi frequency of 
the strongest Zeeman hyperfine component, Fe - 3, ra - 3 Fg - 2, m - 2. 

The observed signals are a blend of all the Zeeman hyperfine components of 

the D2 line which originate from the F - 2 ground level, which have a variety 

ol Rabi frequencies. Moreover, averaging over velocities leads to a more 

complicated situation than in the case of simple resonances. For these 

reasons we do not expect the experimental points in Fig.l3C to lie on the 

broken line, but we interpret the fact that they lie near the line as evidence 

that the observed splitting is a manifestation of the Autler-Townes effect. 
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Fig.13 A. Polarization spectra of 

pump beam intensities (mW mm"*'). 

B. The hyperfine structure (F -F ) 
c 8 

C. Separation of peaks observed at 

text). 

part of Na D2 line under the indicated 

shown resolved at the lowest intensity, 

high intensity plotted against Ig* (see 

% 
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5. Conclusions 

We have investigated polarization spectroscopy from the point of view adopted 

in previous studies of the forward-scattering of resonance radiation. We 

are convinced of the importance, in the interpretation of the signals, of 

lower-state population changes arising from optical pumping. We regard pola¬ 

rization spectroscopy as a velocity-selective optical pumping technique, 

rather than as a variant of saturated absorption spectroscopy. We have dem¬ 

onstrated the complications that may arise from too strong a probe beam, or 

pumping beam, or from a longitudinal magnetic field. (We have observed, but 

not reported here, the destruction of the signals by static and r.f. trans¬ 

verse magnetic fields.) We believe polarization spectroscopy to be a most 

sensitive and delicate technique, but it is our experience that the signals 

need to be interpreted with especially great care and circumspection. 
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Abstract. The states were studied by selective detection of the fluorescence generated in 
atoms of the vapour by stepwise excitation, using as sources a conventional caesium lamp 
for the first step from the ground state and a pulsed, tunable laser for the second. The 
techniques of delayed coincidence counting were applied to measure the time distribution 
of intensity of the fluorescent light. The observed modulation, representing in each case a 
superposition of the hyperfine intervals, showed a characteristic period which was interpreted 
as the reciprocal of the magnetic interaction constant a for the states in question. The 
relative simplicity of the- modulation patterns is a consequence of the negligibly small 
quadrupole interaction in 133Cs. With the polarizer oriented at cos-1 3“1/2 to the analyser 
the modulation was suppressed, leaving a simple exponential decay from which the lifetime 
of the population, t, could be determined. 

The results are a = 3-92±0-07, 2-32+004, 1-51 ±0-02 MHz and t = 148±3, 208±2, 
310 + 3 ns for the 8, 9 and 10 2D3/2 states, respectively. The values for a agree with those of 
Svanberg et al. Values of r have not previously been reported. 

1. Introduction 

With the advent of tunable lasers, studies of highly excited states of atoms may be under¬ 
taken by the techniques of fluorescence spectroscopy. Small structures in these states 
may be explored by radio-frequency resonance or by methods based on coherent 
excitation of the states. Among these latter methods is that of ‘quantum-beat’ spectros¬ 
copy, that is to say, the study of modulation in exponentially decaying fluorescent light 
following the excitation of atoms by a pulse. The term ‘quantum-beat’ is used because the 
effect is a consequence of the oscillatory time-dependent probability of emission of 
light which is the same for all atoms excited at the same instant: it is not an effect arising 
from interference in the light from different atoms. It was studied originally for Zeeman 
structures by Dodd et al (1964), by Aleksandrov (1964) and by Hadeishi and Nierenberg 

(1965) and more recently, for hyperfine structures by Haroche et al (1973) and for fine 
structures by Haroche et al (1974). The same phenomenon is observed in beam foil 
spectroscopy (Andra 1974). 

The determination of structures in the alkalis is attractive because, being relatively 
simple atoms, they are good subjects for theoretical studies. A considerable number of 
measurements has been made of hyperfine structures in caesium. Early measurements 
of the ground states and excited P states have been followed recently by measurements 
on excited S and D states (see for example Gupta et al 1973, Svanberg et al 1973, Svanberg 
and Belin 1974, Tsekeris et al 1974). Our work provides confirmatory evidence for some 
values already reported, and additionally provides experimental values of some lifetimes 
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Lifetimes and hyperfine structures in 133Cs 1407 

for which hitherto only theoretical estimates have been available. The states in question 

are 8, 9 and 10 2D3/2 of 133Cs. Studies of some S states will be reported separately. 

Fluorescence from these states was generated by the method of stepwise excitation. 

The first step, from the ground state 6 2S1/2 to the 6 2P states, was accomplished by con¬ 

tinuous irradiation of the vapour by a conventional caesium lamp, and the second step, 

from one or other of the 6 2P states to the higher S or D states, by a pulsed, tunable 

laser. 

The fluorescence was studied by measuring the distribution in time of photoelectrons 

following the laser pulse. Quantum-beat modulation was observed by placing a linear 
analyser either parallel or perpendicular to the polarizer in the laser beam: with the 

polarizer at cos - 1 (j)1/2 the coherent component of the fluorescent light was suppressed 
and the time dependence was a simple exponential decay, giving the lifetime of the 

excited state. 
The beat frequencies are a measure of the hyperfine intervals in zero magnetic field, 

\AF\ = 1 or 2, where the F values range from 5 to 2. Because the quadrupole contribution 
in 133Cs is small the interval rule is obeyed to a very good approximation and the beat 
patterns, though often rather complicated (figures 3 and 4), represent the superposition 

of a relatively small number of oscillations rationally related to one another, the whole 
having a well-defined repetition period which is the reciprocal of the magnetic dipole 
interaction constant a. Hence a measurement of this period gives directly the value of a 
without the need for Fourier analysis. 

The transitions studied are shown in figure 1. 

Figure 1. Term diagram and transitions studied (wavelengths in nm). The intervals are not 
to scale. Hyperfine structure of a typical D3/2 state is shown in the inset. 

2. Description of the experiment 

The disposition of apparatus is shown in figure 2. The fluorescence cell was cylindrical, 
6-5 cm long, 3*5 cm diameter, with windows sealed parallel to one another as accurately 

as possible. By this construction parasitic light from the laser could be reduced to an 

acceptably low level. With caesium in the cell the temperature of the coldest part was 

thermostatically maintained at about 80°C (vapour pressure 10-4Torr) The earth’s 
magnetic field inside the cell was compensated to within 10 mG. 
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Figure 2. Arrangement of apparatus. 

Incident radiation from the caesium lamp was unfiltered and unpolarized, and 
focused on the cell by a lens of large aperture. With the large amount of multiple 
scattering which must have occurred in the vapour, the first stage of excitation was 
substantially isotropic. 

An AVCO model C5000 nitrogen laser was used to pump a dye laser. The dyes used 
in this work were rhodamine 6G for the 8D and 9D states and fluorescein disodium salt 
(FDS) for the 10D states. The dye laser produced flashes of about 5 ns duration, and the 
repetition rate normally used was 150 Hz. Rates up to 500 Hz were possible. Tuning 
was accomplished by rotation of a grating. A beam expander (10 x ) in front of the grating 
reduced the spectral line width to about 0 05 nm (5 GHz). The laser beam, about 2 mm 
in diameter, passed through a linear polarizer before entering the fluorescence cell. The 
desired wavelength was selected with the aid of an auxiliary spectrometer, and tuning 
to resonance monitored by measurement of the fluorescent intensity. 

The fluorescent light in a wide angle cone perpendicular to the exciting beams was 
collected by an f/2-5 lens. Before reaching the photomultiplier it passed through an 
interference filter of bandwidth 6 nm to select a transition of wavelength different from 
that of the laser light, and also a linear analyser. Its intensity was measured as a function 
of time following the laser pulse by the techniques of delayed coincidence counting. 

As shown in figure 2 the time-to-amplitude converter is started by a pulse from the 
laser flash and stopped by a pulse from the fluorescent light. The delay introduced into 
the former line ensured that no signal could be recorded until after the termination of the 
laser flash. The multichannel analyser (100 channels) sorted and stored pulses from the 
time-to-amplitude converter to form the time-decay spectrum. The contents of the 
memory were transferred to paper tape at the end of a run. 

The power output from the laser was controlled so that, with a repetition rate of 

150 Hz, the count rate in the analyser was between 20 and 50 Hz. A pile-up correction 
was applied to the recorded counts (Coates 1968). A background correction was also 
applied: cooling of the photomultiplier reduced the background by a factor of 100. 
Examples of decay curves, plotted logarithmically with the numbers of counts corrected 
as described, are shown in figures 3, 4 and 5. 
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The multichannel analyser was calibrated for time against the variable delay 

generator which itself was calibrated against a quartz-controlled oscillator. 

3. Theory 

The time dependence of the fluorescent light in these experiments is almost independent 

of the first stage of the excitation process and of the properties of the intermediate 

P states. The excitation of these states from the ground states is at a uniform rate and 

is almost entirely isotropic on account of the multiple scattering in the cell. There may 

be some small residual anisotropy arising from this excitation and also by stimulated 
emission from the D states, and this might have some small effect on the relative intensities 

of different components of the quantum beats, but we find excellent agreement between 

our experimental results and an analysis which supposes that the |F, mF) components 

of the P states are statistically populated. These components form a set of ground states 

for the pulse excitation generated by the laser. We use the abbreviated notation {1/0} 
for these P states. The observed fluorescence is from a set of excited D states {|m>} 
to a set of lower P states {|//>} which, in our experiments, are different from the {|/x)}. 

The expression for the intensity at time t following a pulse from a set of equally 

populated states {1/0} is 

m = k x 
fmufum'&m'n &F'm I 

m,m 1 CO 
exp(i comm-L)t, 

mm 

where / and g are electric dipole operators (Deech et al 1974 and earlier references 
given there). T is the decay constant of the states {|m>} and the are the Bohr 

frequencies!- Assumptions underlying equation (1) are: (i) that the duration of the 
pulse is short compared with T_1 and the oom\; (ii) that the spectrum of the exciting 
light is broad compared with the hyperfine structure {|m>}; and (iii) that the rate of 
excitation per atom is small compared with T. If (i) is violated the modulation is par¬ 

tially degraded but the periodicity remains unaltered. In our experiments the pulses 
were of duration about 5 ns and the periods that were actually measured ranged from 
250 ns to 600 ns so that there was negligible degradation. Assumption (ii) was satisfied 

by a factor about 103. Assumption (iii)—which is equivalent to ignoring stimulated 
emission-might not have been satisfied in our experiments. The consequential transfer 
of population from the {|m>} to the {|/x>} would not have been important. There can 

have been no transfer of coherence at hyperfine frequencies since the coherence time of 
the laser light was too short. 

The expression for I(t) in terms of multipole moments T(qfc) is especially convenient 
for a discussion of the spatial properties of the fluorescent light. The (k, q) term in the 

expansion contains the factor E^U^, the product of the multipole components of the 
light transmitted by polarizer and analyser, respectively (Carrington and Corney 1971). 

The time dependence of the (k, q) term appears as a sum similar to that in equation (1) 
with 

o>mm' = oj{F, mF) - a)(F\ mF ), (mF, = mF - q). 

which is independent of the mF since external fields are reduced to zero. The coherence 
that is observed is between states with mF values differing by q. 

t In Deech et al (1974), a)mm, should be defined as —(Em — Em )/h. 

506 



1410 J S Deech, R Luypaert and G W Series 

3.1. Linear polarization 

Choose the z axis of the spherical basis to be the direction of the electric vector of the 
incident light. Then the only non-vanishing components E{k) are those having q = 0. 

£(00) is a measure of the population of excited atoms, E\}) is zero, and £(02) is a measure of 
alignment in the excited states. Coherence is established between hyperfine states with 
the same value of mF. 

If the analyser tensor is first written with reference to an axis z' parallel to the electric 
vector of the transmitted light, again the only non-vanishing components are U(00)' and 
U(02)'. Under a rotation by the angle 6 which brings the z and z' axes into coincidence, 
the q = 0 components are U(00)' and ^U(02)' (3 cos20 — 1) respectively. Hence the in¬ 
tensity of fluorescent light has a spherically symmetrical term with time dependence 
exp(— r(0)f), while the modulated terms exp(icoFF — T(2))r depend on the relative 
orientation of polarizer and analyser as (3 cos26 — 1). (A similar discussion in relation to 
modulation at the Larmor frequency has been given by Gunn and Sandle 1971.) A 
distinction has been drawn here between the decay constant for population, T(0), and 
for alignment, T(2), though it was not expected that these would have different values in 
our experiments since multiple scattering of fluorescent light was not taking place (the 
lower state was not the ground state). 

4. Results 

The results were displayed as logarithmic plots of fluorescent intensity (number of counts, 
corrected for pile-up and background) against time (channel number, calibrated as 
described above). In figures 3, 4 and 5 the results are shown for fluorescence from 
9 2D3/2 with the angle 6 between polarizer and analyser having the values 0, 90°, 54° 
respectively, corresponding to the values 1, — f and 0 of the function ^{3 cos20— 1). 

Complicated modulation is clearly seen under the envelope of an exponential decay. 
The stronger features of figure 3(a) are readily identified in figure 4(a) with opposite 
sign and with substantially reduced amplitude. In figure 5 the modulation has been very 
largely suppressed. The dependence of the modulation on 0 agrees satisfactorily with the 
theory when it is recalled that the fluorescent light was collected over a relatively large 
solid angle. Closer study of figures 3(a) and 4(a) shows that the pattern is repetitive with 
period rather less than 500 ns. This is evidence that the intervals in the hyperfine 
structure are rational multiples of a constant frequency and therefore obey the interval 
rule. Measurements of hyperfine structure in other levels of caesium (Violino 1969, 
Schmieder et al 1970) have shown that the ratio b/a of the electric quadrupole to the 

magnetic dipole interaction constant is of the order 1 %, which supports our conclusion. 
It is shown in table 1 below that the fractional deviations from the interval rule are sub¬ 
stantially smaller than the ratio b/a. 

With the assumption that deviations from the interval rule may be neglected, a 
measurement of the recurrence period for any recognizable feature in figures 3(a) or 
4(a) gives directly the value of 1/a. It is not necessary to allow for displacement of peaks 
or troughs by overlap from neighbouring features since the pattern—under our assump¬ 
tion—is exactly repeated. It is to be noted, however, that the statistical uncertainty 
of the points is larger for the smaller values of lg I so the best features to measure are the 
strongest peaks. Measurements from the experimental curves give 1/a to an accuracy 
approaching 1 in 200. The hyperfine intervals themselves for the D3/2 states are 5a, 
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Time (ns) 

Figure 3. (a) Experimental decay spectrum for 9 2D3/2:/)t (logarithmic scale) against time 
(arbitrary origin). The full curve has been drawn to join the experimental points with no 
attempt to smooth statistical fluctuations. Error bars where shown represent one standard 
deviation. (b) Theoretical curve calculated from equation (1) using experimental values of 
a and T. Periods corresponding to the intervals 5a, 4a and 3a are indicated. 

Figure 4. (a) Similar to figure 3(a), with I„ instead of /„. (b) The corresponding theoretical 
curve. 
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Timt (ns) 

Figure 5. Experimental decay spectrum for 9 2D3/2 with 6 — 54°. The straight line is the 

least squares fit to the points. Some residual modulation is to be seen, arising from departure 

from the ideal geometrical conditions. 

Table 1. Deviations from the interval rule as fractions of b/a = x. 

F values 5-4 4-3 3-2 

Intervals 5a(l+x/7) 4a(l-x/14) 3a(l-5x/21) 

4a and 3a. The corresponding periods can easily be recognized in recurring features 

of figures 3(a) and 4(a). 
The decay constants T(0) and the corresponding lifetimes were obtained by finding 

least squares fits to sets of points such as those shown in figure 5. 
For comparison with the experimental curves, theoretical curves were calculated 

from equation (1) using experimental values of a and T. Such curves are shown in 
figures 3(b) and 4(b). The high degree of correlation between the theoretical and ex¬ 
perimental curves is evidence that the theory of resonance fluorescence which is com¬ 
monly used for single-step excitation using thermal sources is valid also in this more 

complicated situation. The correlation also justifies our neglect of the electric quadrupole 

interaction. 
In table 2 below we compare our results'with those of other observers and with 

theoretical calculations. Our values of a are based on a number of independent measure¬ 
ments of the period of the strongest recurring features in curves such as figures 3(a) and 
4(a). The quoted errors are statistical and correspond to one standard deviation. 
The uncertainty in the time calibration is smaller than the statistical error by an order of 

magnitude. 
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Table 2. Values of a and t = l/r<0). 

Level 
fl(MHz) 

a (this work) 
t(ns) t (this work) 

This work Other work Theor a (theor» This work Theor 
t (theor) 

8 2D3/2 3-92 ±007 3-98 ±0-12a 5-L2 \.C)Z 0?6 2 04 148 ±3 160 0-92 

9 2D3/2 2-32 + 004 2-37 +0-078 ki »->7 syrs \ ns 208 ±2 240 0-88 

!02D3/2 1-51+0-02 l-52 + 0-03b 2-03T0-7b >0^75 1 310 ± 3 366 0-86 

a Svanberg et al (1973). 
b Svanberg et al (1975). 

5. Conclusion 

Our measurements for a are in good agreement with those of Svanberg et al (1973) 

obtained at Columbia by the ‘level-crossing’ technique. Dr Svanberg, in private corres¬ 
pondence, has informed us that independent measurements made at Goteborg are also 

in agreement and that the sign of a has been determined by Stark effect measurements 
as being positive. The experimental values are not in agreement with values calculated 
from the Goudsmit-Fermi-Segre theory (Kopfermann 1958), but the experimental and 
theoretical values are in a constant ratio, to within the experimental error. 

We believe these are the first reported measurements of the lifetimes of these states, 
though it was clear from the level-crossing experiments that the lifetimes could not be 

grossly different from those calculated by the method of Bates and Damgaard (1949) 
which are given in the last column but one of table 2. The experimental values are lower 
than the calculated values, and the fractional difference becomes progressively greater 
in the sequence 8D, 9D, 10D, contrary to what one might expect. In this connection 
we recall the well known anomaly in the intensity ratio of the members of the doublets 
of the principal series (Fermi 1930, Fulop and Stroke 1973). 
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Optogalvanic Detection of Atomic Alignment 

The cross sections leading to ionization of atoms in a discharge must depend to some extent 
on their alignment with respect to the direction of the current. This suggests the possibility 
of using optogalvanic signals to detect level crossing, quantum beat and other coherence 
effects. This possibility is to be distinguished from re^nt proposals by Beverini and Inguscio, 
which rely on changes of population between states involved in coupled transitions. 

Optogalvanic spectroscopy is rapidly coming into vogue as a very sensitive tech¬ 

nique for studying transitions between excited atomic states and, moreover, a 

technique in which tunable lasers find an obvious application. When atoms or iuns 

in a gas discharge are irradiated by light which is in resonance with a transition 

frequency, the impedance of the discharge changes, and this change forms the 

basis for detecting the resonance. Although many different mechanisms may be 

invoked to explain the effect, depending on the particulars of the discharge, one 

mechanism that all discharges would be expected to share is that the probability 

of coUisionai ionization of an atom depends on its state of excitation; the 
redistribution of population brought about by optical irradiation therefore alters 

the electrical characteristics of the discharge. This mechanism is believed to be 

especially important when the states concerned are near an ionization limit: for 

lower-lying states the dominant mechanisms are known to be indirect and strongly 

correlated with the density of metastables.1 

The purpose of this Comment is to draw attention to the possibility of finding 

optogalvanic signals arising from changes in the alignment of atoms or ions, rather 

than from changes in population. One could contemplate Hanle-effect and level¬ 

crossing experiments, quantum beats, resonances exhibited by modulated light 

and the whole range of coherence effects as candidates for detection by changes 

in the electric current of a gas discharge. The advantage would be that these 

effects are free of Doppler broadening and do not require stabilized, narrow-band 

lasers: a laser would be used simply as a quasimonochroma tic light source, tuned 

to the electronic transition whose detailed structure was to be evidenced by the 

optogalvanic signal. It would not be necessary for the laser to induce nonlinear or 

saturation effects. 
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Consider the atoms in some excited state in a gas discharge, aligned by irradia¬ 
tion with linearly polarized light. The alignment might be in the upper state of 

the transition, induced by direct excitation from some isotropically populated 
state, or it might be in the lower state as a result of optical pumping. The key 

point is to accept that the cross section for collisional ionization from the 
aligned state must depend on the direction of the alignment axis in relation to 
any directional properties which may be possessed by the ionizing particles. One 
might think of a variety of mechanisms for ionization - charge exchange under 
collisions with randomly moving aligned ions or ionization following association 

with aligned atoms, for example - but we shall pursue the more universal situation 

where ionization results from collision with electrons. The directional property 
must then be the electron drift velocity corresponding to the current flow in the 

discharge. In principle, ionization resulting from electron impact must depend on 
whether the alignment is parallel or perpendicular to the direction of current 
How. In a glow discharge at pressures of a few torr, one would expect only a very 
small effect because the directed motion of the electrons is superimposed on a 
random motion, but low-pressure, high-voltage discharges might be more favor¬ 
able, and the use of thermionic cathodes with gases at very low pressures might 
be more favorable still. Indeed, the limiting case is already familiar: many years 
ago Descoubes2 carried out level-crossing experiments in helium and Hadeishi 
and Nierenberg3 observed quantum beats in cadmium vapor: in each case con¬ 
trolled beams of electrons were used to produce an alignment of the electronic 
structure of the atoms. The alignment was monitored through the anisotropy of 
the polarized fluorescence. The essence of the proposed experiment is the use of 
polarized light to produce an atomic alignment, which is to be monitored through 
the postulated anisotropy of the collisional ionization. 

To be explicit concerning the design of an experiment, we give an example 
whose objective is to determine a Landd g factor by the method of quantum 
beats. Let us suppose that the state concerned is the upper state of the transition 
we shall use, and that the lower state either has J = 0 or has a much longer life¬ 
time than the state under investigation. We apply a magnetic field in a direction 

perpendicular to the current, strong enough to resolve the Zeeman levels against 

their homogeneous width. We irradiate the discharge with a short pulse of light, 
tuned to the transition frequency, linearly polarized with the electric vector in 
any direction in the plane perpendicular to the field. The duration of the pulse 
is to be much smaller than one period of Larmor precession. The induced align¬ 
ment in the upper state will precess around the direction of the field and the atoms 
will present a periodically varying cross section to the current. The optogalvanic 
signal should exhibit an oscillatory component, modulated at twice the Larmor 
frequency, damped at the rate of relaxation of the alignment. 

There is no doubt that alignment can survive in a gas discharge. Studies of the 
Hanle effect in neon were made some years ago by Decomps and Dumont4 and by 
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Carrington and Corney,5 and a variety of experiments on discharges in other gases 
have since been carried out. 

Following another line of thought, we recall that the ionization of optically 
excited atoms by collisions with uncharged particles is a feature of the space- 
charge-limited diode detectors now commonly used in studies of Rydberg states. 
This, too, may be called an optogalvanic effect, and the measured currents could 
conceivably be influenced by controlling the alignment (or orientation) of the 
colliding particles. 

Some proposals which, though rather different, are liable to be confused with 
ours have recently been made by Beverini and Inguscio.6 They describe possibili¬ 
ties for obtaining r.f. double-resonance and level-crossing signals with optogalvanic 
detection, but their proposals depend on a redistribution of population between 
at least three states coupled by an optical and possibly also an r.f. field. Thus, in 
the r.f. double-resonance example which they cite, the changes in the 
optogalvanic signal depend, not on the reorientation of the atoms, which the 
r.f. field certainly brings about, but on the changes in the laser-induced popu¬ 
lation equilibrium resulting from r.f.-induced transfer of atoms between 
Zeeman states. Likewise, their argument for the possibility of observing level¬ 
crossing signals does not appeal to the perturbation of atomic alignment 
associated with removal of a degeneracy, but to the perturbation of population 
which occurs when two transitions, rather than one, are in resonance with the 
same beam of radiation. The Beverini-Inguscio proposals take no account of 
the effect we discuss in this Comment. 

G.W. SERIES 
J.J. Thomson Physical Laboratory 

University of Reading 
Whiteknights, Reading, England 
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Alignment Effects in Optogalvanic Spectroscopy 

P. Hannaford* and G.W. Series 

J.J. Thomson Physical Laboratory, The University of Reading 
Whiteknights, Reading RG6 2AF, UK 

1. Introduction 

The principles of optogalvanic spectroscopy were recalled for us by Dr. 

Lawler at Rottach-Egem [l] . More recently, he has published an analysis 

of the mechanism for a discharge in helium [2] . The essentials of the 

technique are recalled in fig. 1. The current in a gas discharge is moni¬ 

tored while the discharge is irradiated with light. As the frequency of 

the light is tuned across some characteristic frequency of the atoms of the 
gas, changes may be detected in the discharge current. In favourable cases 

these changes provide a very sensitive monitor of the resonance, so that 

spectra may be plotted by recording the current as a function of the frequency 

of the light. 

A number of mechanisms, all ultimately leading to changes in ionization, 

have been invoked to eocplain the optogalvanic effect, depending on the par¬ 

ticular type of transition studied. But in all cases the primary mechanism 

has been the resonant transfer of atoms or ions between the states connected 

by the radiation, thus changing the distribution of population over the 
states, and hence the electrical characteristics of the discharge. 

We report here a series of experiments which show that it may be possible 
to gain useful spectroscopic information by concerning ourselves with the 

polarization of the light rather than its frequency. We are interested in 
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B (Gauss) 

Fig. 5 Fractional opto- 
galvanic signal, i/i^, as 

function of magnetic field B. 
(0.8 torr neon. Laser 

power density: 6 W cm-2) 

tion of the discharge current and with a discharge operated at 0.8 torr of 

neon and 5 mA current. The geometrical features of the resonance are sum¬ 
marised in Table 1. 

The observed resonance is found to have some of the characteristics of a 

zero-field level-crossing signal: it is suppressed when the magnetic field 

is applied in the direction of polarization of the laser light , or in the 

case of circularly polarized light, when the magnetic field is along the 

axis of rotation of the electric vector, and it has an approximately 

Lorentzian-iike shape with a width (FWHM 3.7 0) very much smaller than the 

Doppler width (^00 G at 300 K). The resonance evidently represents a des¬ 

truction of the atomic alignment by the applied magnetic field. There are 

Table 1 

Summary of geometrical features of observed resonance in the Zr 6127 A opto- 

galvanic signal (0.8 torr Ne, laser power density: 6 W cm”2). Directions 
are defined in Fig. 

Sign and fractional 

amplitude of 

resonance 

Polarization 

vector 

Direction oi - 

Magnetic 
field 

Discharge 

current 

Linear Y Z Y +0. 10 
X Z Y +0.09 
Y X Y +0.10 
X X Y <0.005 
Y Y Y <0.005 

X Y Y +0.09 

Y Z X +0. 10 

X Z X +0.09 

Circular Z Y <0.003 

(left or X Y +0.06 

right) 
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several features, however, that distinguish this resonance from the normal 

linear Kanle effect that might be observed in an optogalv&nic experiment. 

(i) For an axial magnetic field (along Z), the sign and shape of the 

resonance remain fixed for any direction of the polarization vector. In 

particular, the resonance does not invert when the polarization vector is 

rotated by tt/2. There is a small systematic difference of about 10$ in 

the amplitude of the resonance when the polarization is nominally changed 

from vertical (Y) to horizontal (X), but this we believe to be some polaris¬ 

ation artefact, as it persists when the discharge is rotated so that the 

current is in the horizontal polarization direction (X). Indeed, over the 

range of pressures used (0.5~3 torr) the ratio of the amplitudes for hori¬ 

zontal and vertical polarizations is invariant for any direction of the 

discharge current and for any position in the discharge. We conclude that 

the discharge current at these relatively high gas pressures is behaving as 

an isotropic probe. 

(ii) The width of the resonance shown in Fig. 5 is a factor of about five 

greater than the width of the Hanle signal (0.7 0) measured in fluorescence 

under the same conditions. The fact that it is possible to observe the 

Hanle effect in fluorescence indicates that the alignment does survive in 

the discharge long enough to be monitored by fluorescent light. The width, 

sign and fractional amplitude (0.20) of the observed fluorescence Hanle 

signals are consistent with theoretical signals calculated from the known 

radiative lifetime of the z3F° level £520 ns), assuming a collisional de¬ 
population cross section of about 20 A2. Superimposed on the sharp Hanle 

signals, however, is a weak, broad resonance which does not invert when the 

polarization vector is rotated by it/2 and which is not suppressed in the tt 

fluorescence (analyser parallel to magnetic field). We identify this broad 

signal as the same resonance found in the optogalvanic experiment and con¬ 

clude that it results from a change in the total population of the Zeeman 

sublevels when they become degenerate, rather than from the occurrence of 

an interference between the sublevels near zero field. 

(iii) The resonance is found with different strengths in different transi¬ 

tions, most strongly in the transitions 6127, 6135 and 61U3 A (Table 2), 
The variation in strength over the different transitions is larger than can 

be explained by differences in the vector-coupling factors of the transitions. 

(The strengths of the calculated Hanle signals in fluorescent light are shown 

in the fifth column of Table 2.) In particular, the fractional amplitudes 

for transitions linked to the same upper level, such as the 6127 X and 

5886 A transitions, can vary by more than an order of magnitude. From the 

results of Table 2 it is evident that the amplitude of the resonance is large 

when the Lande g-factors of the upper and lower levels are closely matched. 

This result was confirmed bycextending our measurements to an additional 

zirconium transition at 6122 A ( a^-y *F3 ) , for vhich the quantum numbers 
of the upper and lower levels are different, but for which S = 0, L = J and 
hence g^ = 1.00 for both levels (Table 2). 

(iv) The amplitude of the resonance is found to be strongly dependent upon 

the power density of the laser light and approaches zero at low power densi¬ 

ties (Fig. 6). The reduction in amplitude with decreasing power density is 

accompanied by some narrowing of the resonance. The power densities of the 

laser are in the regime where some saturation in the population of the upper 

level, is known to occur. It is clear that the resonance must be a non-linear 

effect which depends on partial saturation of the upper level by the laser 
light. 
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Table 2 

Spectroscopic data and observed fractional amplitudes of resonance (at laser 

power densities of 2 and 6 w cm-2) for thirteen transitions in Zr I. 

x(£) Transition 

a 

T2 

(ns) 

r(Q)b r2 

(G) 

c 
R 

d 

ei 

d 

62 

Fractional amplitude 

of resonance 

(2 W cm-2) (6 W cm-2) 

6135 &3f2-z3f5 500 0.3^ 0.U5 0.66 0.67 0.066 0.089 

5935 a3F2-Z3F° 1+10 0.26 0.32 0.66 1.08 0.001+ 0.015 

61U 3 a3F3-z3F3 U10 0.26 0.1+7 1.06 1.08 0.076 0.097 

5886 a3F3-z 3F4 520 0.18 0.27 1.06 1.23 0.001+ 0.018 

6127 a3F4-z3F4 520 0. 18 0.1+8 1.24 1.23 0.072 0. 100 

5955 a3F2-z5F° 228 1.66 0.06 0.66 0.30 0.022 0.038 

6063 a3F3-z5F2 288 0.1+2 0.01+ 1.06 0.95 0.011 0.015 

6025 a3F4-z5F^ 255 0.33 0.1+8 1.21+ 1.35 0.008 0.015 

5868 a3F4-z5F° 220 0.37 0.21+ 1.21+ 1.1+0 <0.002 0.011 

5798 a3F3-z3D2 0.01+ 1.06 1.09 0.01+1 0.06l 

5880 a3F4-z3D3 267 0.32 0.06 1.21+ 1.32 0.020 0.035 

5901 a3F3-z1D2 5^0 0.22 0.01+ 1.06 0.96 0.003 0.011+ 

6122 a1G4-y1F3 0.06 1.00 1.01 0.077 0.106 

Radiative lifetimes from ref. 8 and unpublished work of these authors. 

^ Width of Hanle signal corresponding to t2. 

Strength of Hanle signal in fluorescent light, as a fraction of 
incoherent light, calculated for the J-values involved in the 

transition, and assuming no collisions. 

^ Lande g-factors from ref. 9. 

U. Discussion 

that the signals are observed under isotropic monitoring indicates 

that we are dealing with a change of total population in the excited state. 
The fact that the effects are non-linear in the intensity of the light 
indicates that stimulated emission plays a significant role in the process. 

The analysis of Feld et al. [5] would seem to describe the situation. 

Further evidence in support of Feld's analysis is that the observed reson¬ 

ances are more pointed than true Lorentzians, and could be interpreted as 
the superposition of Lorentzians of widths corresponding to the gT values 

of the states concerned. 

An important feature of the resonances is the strong dependence of signal 

strength on the relative g-factors of the upper and lower levels. Conditions 

523 



101 

Amplitude 

of resonance 

Power density (watts/cm1) 

Fig. 6 Amplitude of resonance 

(fraction of optogalvanic 

signal) as function of laser 

power density. Conditions as 

in Fig. 5 

Amplitude 
of resonance 

Fig. T Amplitude of resonance 

as function of g-mismatch for 11 

transitions in Zr I. Conditions 

as in Fig. 5. The broken line 

is a Lorentzian with width para¬ 

meter 0.08. The horizontal 

bars derive from rounding errors 

in quoted g-values 

which favour strong signals are that the Larmor precessional frequencies in 

the upper and lower levels shall be as closely matched as possible: mis¬ 

match of the g-factors militates against efficient transfer of coherence 

round the optical pumping cycle. 

The use of zirconium allowed a quantitative investigation of the signifi¬ 

cance of g-mismatch. In Fig. T we show the signal strength, for fixed laser 

power, for 11 of the transitions investigated, as a function of (g2“81)/82 > 

where the suffixes 2 and 1 refer to upper and lower levels, respectively. 

The empirical evidence suggests a Lorentzian-like dependence. V/e have 

sketched out a theory which suggests a relationship proportional to 

{Q g2“£l)/62J 2 +(Tj9/Tj)^j ~ * > which, effectively compares the relative de¬ 

phasing (w2~wl)Ti in the lifetime of the lower state with the phase evolution 

w2Ti2 in lifetime of the electric di The linewidth parameter of the 

Lorentzian shown in Fig. 7 (the broken line) would then be interpreted as 

^21• The value obtained is not unreasonable. In support of this inter¬ 
pretation is adduced the fact that the experimented plot narrowed when the 

laser power density was reduced. Use of the data in Table 2 leads to the 

result that reduction of power by a factor 3 leads to a narrowing by 20#. 

Filially we emphasise that the occurrence of phenomena attributable to 

isotropic monitoring of alignment reported in the latter part of this paper 

does not preclude the existence of the effect suggested in the first part. 
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It is our intention to continue our investigations into the regime where 

directed motion of the electrons may be expected to predominate. 

It is a pleasure to acknowledge the contribution made by Dr. S. Nakayaroa 

in the early stages of this work. 
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LETTER TO THE EDITOR 

Observation of level-crossing effects in optogalvanic 
spectroscopy 

P Hannafordt and G W Series 

J J Thomson Physical Laboratory, University of Reading, Whiteknights, Reading RG6 
2AF, England 

Received 12 August 1981 

Abstract. Optogalvanic signals arising from a group of transitions in Zr i have been studied 
under irradiation of a cold cathode glow discharge with polarised laser light. The signals 
increase with the application of a magnetic field of a few gauss crossed with the symmetry 
axis of the polarisation, but the change is not related to the direction of current in the 
discharge. The occurrence of these magnetic resonances depends on at least partial 
saturation of the optogalvanic signals. The empirical evidence leads to the conclusion that 
the resonances result from changes of occupation probability in the excited state upon 
removal of degeneracy by the magnetic field—a non-linear, level-crossing effect. 

The optogalvanic effect is the change in impedance of a gas discharge caused by 

irradiation of the plasma by light whose frequency matches a transition frequency in the 

atoms or ions which constitute the plasma (Penning 1928). With the advent of tunable 

lasers the effect has become a potentially important spectroscopic technique: changes in 

the discharge current indicate atomic resonances as the frequency of the laser is swept 

through them (Goldsmith and Lawler 1981). The mechanism of the effect depends on 

some change in the plasma leading to ionisation. The primary change is a resonant 

transfer of atoms between the states connected by the radiation. 

We report here the first experimental evidence of level-crossing effects monitored 

by the optogalvanic method. The evidence lies in the changes that are observed in the 

optogalvanic signal when the zero-field degeneracy of Zeeman levels is removed by a 

small magnetic field. It is known that in non-linear interactions between light and atoms 

the removal of degeneracy can affect the population distribution (Decomps et al 1976, 

see also Feld et al 1974). The possibility of using this mechanism for detecting level 

crossings by optogalvanic means was pointed out by Beverini and Inguscio (1980). Our 

experiments were in fact undertaken as a preliminary to a study of an alternative 

mechanism depending on changes of alignment rather than of population (Series 1981), 

but for the discharges we first investigated, in which the gas pressure was of the order of 

1 Torr, we found that the effects based on population changes dominate. 

The experiments were carried out on zirconium atoms, sputtered from a cold 

cathode of zirconium metal into a discharge maintained in neon at pressures in the 

range 0.5-3 Torr. A convenient feature of zirconium is that more than twenty 

transitions based on the ground or metastable states, and providing a wide range of J 

values, Lande g factors and transition probabilities, lie within the tuning range of 

rhodamine 6G. 

+ On leave from CSIRO Division of Chemical Physics, Clayton 3168, Australia. 

0022-3700/81/210661 t06$01.50 © 1981 The Institute of Physics 
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The discharge was irradiated with polarised light from a cw tunable laser at a power 

density of a few W cm"2, distributed over all modes. We tuned the laser to resonance 
for the transition under investigation: there was then, in the excited state, an atomic 

polarisation which reflected the polarisation of the light. The stray magnetic field was 
reduced to less than 0.1 G. The laser was run multi-mode, but stably. The overall laser 

band width used was about 10 GHz and the width of individual modes, 5-7 MHz, was 
greater than the pressure-broadened width of the excited levels, about 1-2 MHz, but 
much less than the Doppler width, about 600 MHz. The interval between longitudinal 

modes of the laser was 390 MHz. 

The optogalvanic signal was detected by chopping the laser beam at low frequency 
and using phase-sensitive detection to record the change in current through the 

' discharge. For a discharge current of 5 mA (dc) the optogalvanic signal on strong 
transitions is typically found to be 0.3 /xA. Positive signals (enhancement of the current 
arising from increased population of the upper states) were observed in all cases except 
three, these being transitions based on metastable states. 

Most of our experiments were carried out with linearly polarised light with the 
magnetic field applied transversely to the electric vector. In some experiments circu¬ 
larly polarised light was used and the magnetic field applied transversely to the direction 
of propagation of the light. For both configurations the optogalvanic signal increases in 
magnitude as the field is increased in either sense from zero up to a few gauss (figure 1). 
In neither case was there a change in the optogalvanic signal when the field was applied 
parallel to the symmetry axis. 

For larger magnetic fields there is a direct effect of the field on the charge carriers in 
the discharge. This can be identified by observing the current under irradiation of 
different transitions and with different polarisations. The effects reported here are not 
attributable to this direct effect. 

We have also been alert to the possibility that the signals might depend on the 
direction of the polarisation axis of the light in relation to the discharge current. While 

-10 0 +10 

Magnetic field (G) 

Figure 1. Optogalvanic current, as fraction of the current at high field, plotted against 
magnetic field. Transition Zr i 612.7 nm, 0.8 Torr neon. Laser power density = 3 W cm-2 
Geometry: laser beam 0z, linear polarisation Ox, magnetic field Oz, discharge current Oy. 
(The amplitude of the dip is called the resonance strength S.) 
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wc believe that such an effect will appear at sufficiently low particle densities, we 

obtained no certain evidence of its occurrence in the present experiments. 

Magnetic resonance signals such as in figure 1 were obtained for the stronger 

transitions and studied under variation of discharge current and pressure, and laser 

power. Additionally, the signal strength, obtained by switching the magnetic field on 

and off, was measured for twenty transitions, including the twelve based on the ground 

term and listed in table 1. (The quantity, resonance strength S, in table 1 is defined as 

the signal strength—base to peak height—divided by the optogalvanic signal at high 

field.) Furthermore, for comparison, we observed the Hanle effect in fluorescence for 

some of the transitions. The general characteristics of the signals are summarised 
below. 

(i) The sense of the signals (we call them resonances) is always to increase with 

magnetic field, irrespective of the direction of polarisation of the light with respect to 

the discharge current and irrespective of the position of the light beam in the discharge. 

This is to be contrasted with observations of the Hanle effect in fluorescence where the 

sense of the signal depends on the relative orientations of the polarisation vectors in the 

exciting and monitoring beams. 

(ii) The shape of the resonances is not Lorentzian: it appears to be more pointed. 

For some transitions which exhibit a weak resonance (e.g. 595.5 nm) the pointed 

component appears to be standing on a broad base. 

(iii) The width of the resonances falls in the range 3-7 G, according to the 

transition. While this is very much less that the Doppler width (—400 G) it is, 

nevertheless, appreciably greater than the width of the Hanle resonance (0.7 G for the 

transition 612.7 nm at 0.8 Torr) measured in fluorescence under the same conditions. It 

Table 1. Spectroscopic data and observed resonance strengths S for twelve transitions in 
_2 

Zr i (0.8 Torr Ne, laser power density 3 W cm ). 

Width 

A 
a 

T2 
p> (0) b 
1 2 (FWHM) 

(nm) Transition (ns) (G) r P 5 (G) 

4d25s2 -4d25s (a 4F)5p 

613.5 a F2-z F2 500 0.34 0.0106 -0.59 0.092 6.5 

593.5 
3t~* 3 i-o 

a F2-z F3 410 0.26 0.0018 0.49 0.002 
614.3 a F3-z F3 410 0.26 0.0113 -0.61 0.103 5.0 

588.6 a F3-z F4 520 0.18 0.0011 0.44 0.009 

612.7 
3 f— 3 t— o 

a F4-z r4 520 0.18 0.0096 -0.62 0.113 4.5 

595.5 a F2-z F i 230 1.66 0.003c 0.10 0.023 3.0 

606.3 a T,-z 5F2’ 290 0.42 0.003c 0.17 0.007 

602.5 
3 ¥— 5 »— o 

a r4-z r4 255 0.33 0.006c -0.62 0.022 

586.8 
3 f— 51— o 

a F4-z F5 220 0.37 0.0007 0.42 0.015 

579.8 a r3-z D2 250 0.42 0.004c 0.17 0.034 4.0 

588.0 
3 y— 3 f'v o 

a F4-z D3 270 0.32 0.007c 0.20 0.050 3.5 

4d25s2-4d25s (a 2D)5p 

590.1 a Tv-z 'D2 540 0.22 0.0007c 0.17 0.006 

11 Radiative lifetimes (r2) and oscillator strengths (/) from Biemont et al (1981) and 

unpublished work of these authors. 

h Calculated width of Hanle signal corresponding to r2. 

1 Derived from r2 using approximate branching ratios from Corliss and Bozman (1962). 
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was noticed, however, that the narrow Hanle fluorescence signals were superimposed 
on a weak, broad resonance of width similar to that of the optogalvanic resonances. This 

resonance did not invert (as do the Hanle resonances) when the polariser was rotated by 

7t/2. Moreover, a resonance of this kind was observed also in the tt component of the 
fluorescent light. 

(iv) The width of the resonances decreases with pressure (for the 612.7 nm tran¬ 
sition the reduction was from 5 G at 1.5Torr to 4 G at 0.5 Torr). The width is 
insensitive to discharge current over the range 2-10 mA. The strength, S, of the 

resonances decreases strongly with pressure but is insensitive to discharge current. 

(v) For different transitions S varies greatly. For example, 56i2.7 at a power density 

of 3 W cm exceeds S588.6 by more than an order of magnitude, even though these 
transitions have the same upper level. 

(vi) For the strongest transitions (613.5,614.3, 612.7 nm) the width, in units of 

magnetic field, varies inversely as the g value (for these transitions the g values of the 
upper and lower states are approximately equal). In units of frequency, the width, 

therefore, is approximately the same for each: about 7 MHz. It will be noticed that this 
is about the same as the spectral line width of a single mode of the laser. The transition 
595.5 nm, for which the g values of upper and lower states are 0.30 and 0.66 

respectively, is anomalous not only in its shape (see (ii) above), but also in that the width 
(based on g = 0.30) is about 1 MHz. 

(vii) S depends strongly on the power density of the laser light: indeed, the magnetic 
resonance signals appear only with the onset of saturation of the optogalvanic signals 
themselves. (This contrasts with the linear Hanle effect, where the interference signal is 
always a constant fraction of the field-independent fluorescence.) 

With increasing power density S tends to a limiting value, Soo. This limit is 
approached more rapidly for transitions of high / value (table 1). 

For those transitions for which Soo could be measured (613.5, 614.3, 612.7, 595.5, 
579.8 and 588.0 nm) the values of Soo correlate with values of |P|, where P is a 
polarisation parameter given by 

(suffixes 1 and 2 refer to lower and upper states, respectively): high values of Soo are 
associated with high values of |P|. 

(viii) the onset of saturation of S is accompanied by some power broadening of the 
resonances. 

We have set out the experimental findings in some detail because an interpretation 
of them must go beyond any theoretical analyses which have so far come to our notice. 
In particular, the articles by Feld et al (1974) and by Decomps et al (1976) solve the 
optical pumping equations only to fourth order in the amplitudes, which is sufficient for 
lower-state, but not for upper-state populations. 

The empirical evidence allows the following conclusions to be drawn. While it must 
be the case that atomic polarisation in the upper state is induced by the irradiation (we 
shall speak of alignment since linearly polarised light was used for most of the 
experiments), it cannot be true that the magnetic signals depend solely on the pertur¬ 
bation of this alignment by the magnetic field, as in the Hanle effect. Since the signal 

does not depend on the direction of the discharge current the atomic property being 
monitored must be the total population of a set of Zeeman levels. Further evidence that 
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it is the magnetically perturbed population, not the perturbed alignment that is being 
detected is provided by the weak background signal seen in all polarisations of 
fluorescence. 

The effect must be non-linear, not simply in the intensity of the laser light, but also in 
the strength of the atomic interaction. This is shown by the dependence of the magnetic 
resonance signal on partial saturation in the optogalvanic signal, and also by the 
correlations between the signal strength and the values of / and \P\ for the transition. 
The non-linearity suggests that stimulated emission must play a significant role in 
interpretation. This conclusion is supported by the evidence concerning the width of 
the resonance in relation to the width of the Hanle resonance measured in fluorescence: 
the latter monitors the alignment of the upper state and reflects its width. The greater 
width of the optogalvanic resonances reflects the shorter correlation time of the 
coupling between the lower and upper stares. The theories already referred to show 
how ‘hole-burning’ and atomic interference effects in non-linear interactions can lead 

i 

to changes of occupation probability for atoms of given velocity, and hence, after 
integration over velocities, to changes of total population. 

The characteristic pointed shape of the resonances, whose width in frequency units 
corresponds approximately with the spectral width of individual modes of the laser, 
suggests that the intrinsic shape of the magnetic resonances for these relatively 
long-lived upper levels is being obscured by folding with the laser profile, although the 
anomalously narrow width associated with the transition 595.5 nm conflicts with this 
interpretation. 

In a first report of this work (Hannaford and Series 1981) we pointed to a correlation 
between S and and the g mismatch of the upper and lower states of the transition. Such 
a correlation indeed exists for the group of transitions based on the ground term, but we 
have found exceptions in the transitions 592.5, 599.5, 612.5 and 614.0 nm based on 
metastable levels. It is our present opinion that the correlation with / and |P| is more 
significant. 

We have concentrated here on the characteristics and interpretation of the 
phenomenon, but its potential as a spectroscopic method will not be overlooked. 
Although our observations relate only to the removal of zero-field degeneracies it is to 
be expected that optogalvanic effects will signal level crossings in general, and perhaps 
in circumstances where fluorescence signals are impossible to obtain. Moreover, 
although we do not expect to find quantum beats associated with the phenomenon, we 
would expect to find resonances associated with modulation .of the laser light at a 
frequency matching an interval between levels. 

It is a pleasure to acknowledge the help of Mr C H Smith in technical matters and the 
contribution made by Dr S Nakayama in the early stages of this work. We are grateful 
to the Science and Engineering Research Council for financial support for the project in 
general, and in the form of a Visiting Fellowship for one of us (PH). 
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MULTIMODE SATURATION RESONANCES IN OPTOGALVANIC SPECTROSCOPY: 
APPLICATION TO THE DETERMINATION OF LANDED-FACTORS IN ZIRCONIUM 

P. HANNAFORD * and G.W. SERIES 

J.J. Thomson Physical Laboratory, University of Reading, 
Whiteknights, Reading RG6 2AF. England 

Received 29 January 1982 

Resonances corresponding to the matching of Laser mode intervals with Larmor precessional frequencies have been ob¬ 

served in the discharge current for four transitions in the spectrum of atomic Zr, introduced into a gas discharge by cathodic 

sputtering. Signals were observed for lower as well as for upper levels. The measured g-factors for the stales 4d25s(a4F)5p 

3F2,3,4 and 4d25s(a2P)5p 3Pj are systematically higher than values given in the literature. 

1. Introduction 

In a recent paper [1] we reported the observation 

of zero-field level-crossing saturation resonances in 

the optogalvanic signals from some transitions in zir¬ 

conium when the zero-field degeneracies of the Zee- 

man levels were removed by a small magnetic field. 

The technique has latterly been extended to level¬ 

crossing saturation resonances at finite magnetic 

fields, and the results used to determine hyperfine 

structures in excited and ground levels of atomic 

yttrium [2]. In this paper we report the observation 

of additional saturation resonances which appear in 

the optogalvanic signals from zirconium when the ex¬ 

citing laser is run multimode and the Zeeman splitting 

in either the upper (IgjfiB) or the lower level 

is equal to a multiple of the mode separation of the 

laser. Under these conditions, for one and the same 

velocity group of atoms, the o+ transition is excited 

by one mode of the laser and the a~ transition ex¬ 

cited by another mode. When the transitions are 

completely or partially saturated, their simultaneous 

excitation can lead to a reduction in the overall 

number of atoms excited, and hence to a reduction 

in the magnitude of the optogalvanic signal. 

* On leave from CSIRO Division of Chemical Physics, Clayton 

3168, Australia. 

Multimode saturation resonances, similar to those 

reported here but observed in fluorescence, have 

previously been reported for transitions in neon by 

Fork, Hargrove and Pollack [3], by Decomps and 

Dumont [4] and by Dumont [5]. In those experi¬ 

ments the coherence time of the multimode helium- 

neon laser was long compared with the lifetimes of 

the neon levels and the neighbouring laser modes 

could act coherently on the same neon atoms, thus 

giving rise to a Zeeman coherence effect in addition 

to the “hole-burning” population effect [5]. In the 

present optogalvanic experiment the coherence time 

of the multimode tunable laser is short compared 

with the lifetimes of the zirconium levels, and under 

such conditions the multimode saturation resonances 

originate entirely from the population effect. Thus 

the profiles of these multimode resonances are de¬ 

termined purely by the convolution of the profiles 

of individual modes of the laser. This contrasts with 

the zero-field and finite-field level-crossing saturation 

resonances for which there are contributions from 

both the Zeeman coherence effect, which is character¬ 

ized by the sum of the pressure-broadened widths of 

the levels, and the population effect [6,1,2]. 

The detection of multimode saturation resonances 

by means of the optogalvanic effect offers a new 

Doppler-free spectroscopic technique for determining 

Landed-factors in both excited and ground atomic 

427 0 030-4018/82/0000-0000/$ 02.75 © 1982 North-Holland 
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levels, and in this paper we report the application of 

the technique to the 4d25s(a4F)5p 3F2 3 4 and 

4d25s(a2P)5p 3P2 levels in Zr I. 

2. Experimental 

The experimental arrangement is similar to that 

described previously [1] and only the essential fea¬ 

tures are recalled here. 

The zirconium atoms are sputtered from a cathode 

of naturally occurring zirconium metal (89% even 

isotopes, 11% 91 Zr) into a discharge maintained in 

neon or argon at a pressure of about 1 Torr. The 

atoms are excited with linearly polarized light from a 

c.w. tunable laser and subjected to a magnetic field 

crossed with the polarization vector of the light. 

Stray magnetic fields are reduced to less than 20 mG. 

The laser is run multimode (free-running) at a power 

density of typically 30 mW mm distributed over 

all modes. The width of individual modes of the laser 

is 5—7 MHz, which is greater than the pressure- 

broadened width (about 1—2 MHz) of the excited Zr 

levels, but much less than the Doppler width (^600 

MHz) of the transitions. The separation of the longi¬ 

tudinal laser modes is nominally 390 MHz. 

The zirconium transitions chosen for investigation 

are listed in table 1. Each was found to yield a strong 

zero-field saturation resonance (S** 0.10) [1]. The 

optogalvanic current was large (MD.2 fiA) for the first 

three transitions, but relatively small («0.2 nA) for 

the 614.0 nm transition which is based on a meta¬ 

stable a3P2 level at 4186 cm-1 The 614.0 nm transi¬ 

tion was included for investigation because of the large 

difference in ^--factors of the upper and lower levels 4 

The radiative lifetimes of the upper levels of the four 

transitions range from 280 ns for the z3P2 level to 

about 500 ns for the three z3P° levels [9]. 

3. Results and interpretation 

Table 2 lists the multimode saturation resonances 

we observed in the four transitions studied. That their 

occurrence does indeed demand multimode operation 

of the laser was established by the observation that, 

when the laser was stabilised so that the time between 

mode hops was appreciably lengthened, the resonances 

vanished. 

For the transition at 612.7 nm we observed reso¬ 

nances for two values of magnetic field in the ratio 

2:1. When converted to frequency using the ^-values, 

either of the upper or of the lower level (these are 

closely equal: see table 1), we obtain 400 MHz and 

805 MHz, respectively. Comparing these values with 

the nominal value of the mode separation of the laser, 

we have no hesitation in identifying these resonances 

as adjacent-mode and next-but-one adjacent-mode 

(first- and second-mode) saturation resonances. The 

strength of these multimode resonances (S « 0.06) is 

^ The g-factor for the lower (a3P2) level is significantly lower 

than the LS-coupling value (table 1) because of very strong 

perturbation by the nearby aJD2 level [7,8]. 

Table 1 

Lande g-factors of upper (g2) and lower (gj) levels of Zr I transitions used in this investigation 

X (nm) Transition g 1 82 

LS a> Moore [10] BDG [7] LS a> Moore [10] This work 

612.7 

4d25s2-4d25s(a4F)5p 

a3F4—z3F? (1241-17556 cm-1) 

a3F3-z3Fj» (570-16844 cm'1) 

a3F2-z3F2 (0-16297 cm'1) 

1.250 1.24 1.24987(6) 1.250 1.23 1.25(1) 

614.3 1.083 1.06 1.08331(9) 1.083 1.08 1.09(1) 
613.5 0.667 0.66 0.66981(4) 0.667 0.67 0.696(3) 

614.0 

4d25 s2 -4d2 5 s(a2 P)5 p 

a3P2—z3P2 (4186—20467 cm'1) 1.500 b> 1.25 1.26472(5) 1.500 1.47 1.51(1) 

a> Calculated froing1^ = 1 + [/(/+ 1) + S(S + 1) - L(L + l)]/2J(J+ 1). 

b) Intermediate coupling value = 1.26520 [7]. 
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Table 2 

Positions and splittings of observed multi-mode saturation resonances in Zr I 

\ (nm) Transition Positions 

(G) (MHz) a) 

Splittings 

(G) 

612.7 a3F4-z3F4 

a3F,-z3F, 

a3F2-z3F2 

114.5(0.5); 230(2) 400(2); 805(7) 
614.3 131.5(0.5) 399(2) 
613.5 | 206.5(1.0) 

\ 214.5(1.0) 

[387(2)] * 

402(2) 

00
 

b
 

b
 

614.0 a3p2_z3 p° i 95.0(1.0) 

l 113.5(1.0) 
[336(3)] * 
402(4) 

/-»
\ 

©
 

i—
H

 

*o 
oo 
r—

 1 

a) Calculated with use of lower-level g-factors of Buttgenbach et al. (table 1). 

* Clearly, the lower-level g-factors are not appropriate for these resonances. See text. 

about one-half that of the zero-field resonance. The 

profiles of the resonances (fig. 1) appear to be less 

pointed than the zero-field resonance [1], a charac¬ 

teristic which is consistent with an interpretation 

based on the population effect only [6]. 

The transitions at 613.5 and 614.0 nm each show 

two closely-spaced resonances, certainly not standing 

in the 2 : 1 relationship. In each case the two compo¬ 

nents are of approximately equal strength. In each 

case we associate these resonances with the upper 

</> 
C 
D 

X) 

1_I_I-1 .—i 

100 110 120 130 140 

Magnetic field (G) 

Fig. 1. First-mode saturation resonance in the optogalvanic 

signal for the 612.7 nm (a3F4-z3F^) transition in Zr I. Dis¬ 

charge: 1 Torr argon, 5 mA. Laser power density = 30 mW 

mm-2. Geometry: laser beam Oz, linear polarization Ox, 

magnetic field Oz. The sloping background near the reso¬ 

nance is attributed to the direct effect of the magnetic field 

on the optogalvanic current. 

and lower levels of the transition. Use of the lower 

level ^-factors (which are known accurately from 

atomic beam work) to convert field to frequency 

identifies the higher-field resonance in each case with 

the Zeeman splitting of the lower level, and allows 

the calculation of the upper level ^-factors by com¬ 

bining the measured values of the fields for the low- 

field resonances with the value 401 ± 2 MHz for the 

mode separation of the laser, obtained as a weighted 

mean derived from the five frequencies given in 

table 2 (excluding the starred values). There was no 

means available to us for making a direct measure¬ 

ment of this mode separation. The splitting observed 

for the transition at 613.5 nm is noteworthy in that 

the ^-values reported in the literature for the upper 

and lower levels are sufficiently close that no splitting 

might have been expected. 
The transition at 614.3 nm showed only one reso¬ 

nance, which we interpret as the unresolved super¬ 

position of the resonances to be expected from 

Zeeman splittings in'the upper and in the lower levels. 

There was no evidence of asymmetry in the resonance 

profile. Likewise, for the transition at 612.7 nm the 

two resonances observed are interpreted as super¬ 

positions associated with upper and lower levels. We 

looked especially for evidence of additional broaden¬ 

ing in the second-mode resonance, but found none. 

The width (FWHM) of all these resonances was about 

8 MHz, which is close to that of the zero-field reso¬ 

nance measured under the same conditions. We con¬ 

clude that, for these two transitions, the ^-factors in 

the upper and lower levels must be same to within 1%. 

The upper-level ^-factors found in this investiga- 
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tion are systematically higher, by 0.01 to 0.04, than 

the values given in Moore’s tables [10], which were 

taken from the early data of Sancho [11] and Kiess 

and Kiess [12]. Similar differences are found when 

the values in Moore’s tables are compared with the 

accurate atomic-beam magnetic resonance results of 

Buttgenbach et al. [7]. Our ^-factors are essentially 

the same as the LS-coupling values (table 1) for all 

levels except z^Fj, for which our result exceeds the 

LS-value by 0.029 ± 0.003. Such a difference is not 

unexpected in view of the fact that there are three 

odd-parity / = 2 levels (z5F2, z3D-2, z^^) nearby 

that could perturb the z3F^ level. (Each of these 

levels has a^-value that is higher than the z3F^ value 

and lower than their respective LS-coupling values.) 

4. Discussion 
a 

The main objectives of this work were to search 

for multimode saturation resonances by the opto- 

galvanic technique and to apply the phenomenon to 

determine fande ^-factors. The accuracy of the mea¬ 
surements could have been improved with better 

knowledge of the mode separation of the laser and 

with better calibration of the magnetic fields. The 

sensitivity and resolution could have been improved 

by modulating the magnetic field in addition to 

chopping the laser beam, a technique which we applied 

in the optogalvanic detection of level-crossings in 

89 Y [2]. The detection of saturation resonances by 

optogalvanic means seems well suited for studying 
atomic levels in highly refractory elements, such as 

zirconium, which are difficult to vaporize by thermal 

means. 

In carrying out this work we have greatly benefited 

from daily contacts with Professors J.R. Branden- 

berger and J.N. Dodd, and Dr. L. Frasinski, whose 

help we gratefully acknowledge. We are also greatly 

appreciative of help in technical matters from Mr. 

C.H. Smith and in the construction of discharge 

tubes from Mr. K. Sumpter. The work has been 

generously supported by the Science and Engineering 

Research Council. 
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Determination of Hyperfine Structures in Ground and Excited Atomic Levels 
by Level-Crossing Optogalvanic Spectroscopy: Application to 89Y 

P, Hannaford(a) and G. W. Series 
J. J. Thomson Physical Laboratory, University of Reading, Whiteknights, Reading RG62AF, England 

(Received 9 February 1982) 

This new technique in optogalvanic spectroscopy yields Doppler-free resonances when 
degeneracies in atomic energy levels are removed by a magnetic field, and also when the 

interval between levels matches the mode spacing of the laser, gj factors and magnetic 

hyperfine interaction constants were determined for lower and upper levels of the transi¬ 

tion at 619.2 nm in YI. The value A = (+)89.6(9) MHz for the upper level 4d5s (a 3V)5p 

•is new; the remaining determinations agree with published values. 

PACS numbers: 32.60.+ i, 32.80.Bx, 32.90.+ a 

The change in impedance of a gas discharge 
caused by irradiation of the plasma with laser 
light tuned to some atomic transition (the opto¬ 
galvanic effect) has become an important and sen¬ 
sitive technique for detecting atomic transitions 
in laser spectroscopy.1 K has recently beeh dem¬ 
onstrated that a change in the optogalvanic signal 
accompanies the removal, by a small magnetic 
field, of the zero-field degeneracy of Zeeman 
levels.2 We report here the location of level 

crossings at finite fields by the observation of 
changes in the optogalvanic signal as a function 
of applied magnetic field. The direction of the 
magnetic field must be crossed with (or oblique 
to) the direction of polarization of the laser light. 

We apply the phenomenon as a new Doppler-free 
technique to the determination of hyperfine struc¬ 
tures in both ground and excited atomic levels. 
The experiments were carried out on the 4i5s2- 

2D3/2-4d5s(a3D)5t>2D3/2° 619.2-nm transition in 
atomic yttrium. 

The laser is tuned to some frequency within the 
Doppler absorption profile of the transition. Both 
upper and lower states have hyperfine structures 
much smaller than the Doppler width: Both struc¬ 
tures undergo decoupling in the magnetic field, 
and crossings between hyperfine levels occur for 
the upper and for the lower states. At values of 
the magnetic field where crossings occur between 
levels differing by ± 2 in m quantum number, the 

1326 © 1982 The American Physical Society 
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laser light coherently couples one lower level 
with a pair of upper levels or one upper level 
with a pair of lower levels. The coherence is 

lost as the degeneracy is removed and the total 

population of the upper level changes provided the 
interaction is nonlinear.3,4 The change of total 

population leads to a change in optogalvanic sig- 
nal.2,5’6 Two types of interaction have been dis¬ 
tinguished as contributing to the change of popula¬ 
tion: A “population effect’’ whose width depends 
on the spectral width of the laser if that is larger 
than the homogeneous width of the atomic transi¬ 
tions (as it is in our experiments) and a “Zeeman 

coherence effect,” whose width represents the 
combined homogeneous widths of the upper and 
lower levels. In our experiments we did not un¬ 

dertake an analysis of the line profile into these 
components, but we obtained evidence of their 
separate contributions. 

The 819.2-nm yttrium line was chosen for ini¬ 
tial investigation because it is a relatively strong 
transition based on the ground state and lying 

within the tuning range of rhodamine 6 G, and be¬ 
cause the Zeeman energy-level structure is par¬ 
ticularly convenient: Over the range of magnetic 
fields 0-120 G, two crossings having I Ami = 2 oc¬ 

cur in the ground levels and two in the excited 
levels. Furthermore, the optogalvanic signals 
were found to show a strong zero-field level¬ 
crossing resonance. The spectroscopic data for 
the system are summarized in Table I. 

The yttrium atoms were sputtered from a 
cathode of naturally occurring yttrium (100% 89Y) 
into a discharge maintained in argon at a pressure 

of about 1 Torr. The discharge current was about 
5 mA and the optogalvanic signals typically 10 /iA 

in the sense of enhancing the discharge current. 
Stray magnetic fields were reduced to less than 

20 mG. The laser was a cw.tunable laser running 
multimode at a power density of about 30 mW 

mm’2 distributed over all modes. The width of 
the individual modes (5-7 MHz) was greater than 

the pressure-broadened width of the upper level 
(~ 2 MHz) but much less than the Doppler width 

(* 600 MHz). The separation of longitudinal modes 
was determined to be 401 ± 2 MHz.13 The reso¬ 
nances were detected by modulating the magnetic 
field in addition to chopping the laser beam, and 
by tuning the phase-sensitive detector to the dif¬ 
ference of the two modulation frequencies. 

Six resonances, of which one is illustrated in 
Fig. 1, were found between 0 and 160 G, and a 
question of identification arises. We shall show 
later that the four resonances below 150 G corre¬ 
spond to the positions of the level crossings and 
serve to determine the values of \A/gj\ (A is the 
magnetic dipole hyperfine interaction constant). 
The two resonances above 150 G, which were 
weaker than the other four, derive from interac¬ 
tion of the atoms with more than one longitudinal 

mode of the laser and are similar to the multi- 
mode saturation resonances found in the optogal¬ 
vanic signals from transitions in Zr.13 Taken 
together, the six resonances (i) provide internal 
checks on the interpretation and (ii) determine 
separately the A and gj factors of the upper and 
lower states. 

We draw attention to the steepness of the cen- 

TABLE I. Spectroscopic data for the 619.2-nm transition in 89YI (/ = |). 

Term 

Wave 
number 

(cm-1) 

Radiative 

lifetime 

(ns) i j 

A 

(MHz) 

Ground 

state (a) 

4d5s2 2D3/2 0 • • • 0.798(2)b 

0.799 27(ll)c 

0.800(8)d 

-57.217(15)' 

(—)57.2(5)d 

Excited 

state (z) 

4d5s(a 2D)bp2D3/2 16146 175(10) a 0.797(3)b 

0.801 (8)d 

» (+)100 f 

(+) 89.6(9)d 

3Ref. 7. 

bRef. 8. 

c Ref. 9. 

dThis work. 

' Ref. 10. 
f 2 0 
Estimated (Ref. 11) from measured hyperfine splitting in z uh/2 state assuming 

A(z 2D• /2°)/A(z 2D5/2°) to be the same as thai of the corresponding states in scandium 

(Ref. 12). 
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—i-1_i  

45 55 65 

Magnetic field (G) 

FIG. 1. Field-dependent optogalvanic signal showing 

the level-crossing Bf in the lower (a2D3/2) state of the 

transition 619.2 nm in 89Y. Magnetic field modulation. 

The derivative signal appears on a sloping background, 

representing the direct effect of the magnetic field on 

the discharge current. The amplitude of the level-cross¬ 

ing signal represents a change of about 1.5% in the 
optogalvanic current. 

tral portion of the experimental curve in Fig. 1, 
which, considered in relation to the outer por¬ 
tions, echoes the characteristically pointed shape 
of the zero-field resonances in Zr.2 This feature 
is consistent with the superposition of a narrow 
Zeeman-coherence resonance on a broader popu¬ 
lation-effect resonance. The full width at half 
height is about 7 G (8 MHz), which is comparable 
with the width of individual modes of the laser, 
but very much less than the Doppler width. 

We identify the first four resonances in Table n 
as two related pairs of level-crossing resonances 
because the ratio of the fields at which these 
resonances occur is 0.748 for the first pair and 
0.743 for the second, and these values are satis¬ 
factorily close to the value 51/2/3 =0.745 predicted 
by the Breit-Rabi formula for I Am | =2 level 

crossings in systems having J = 7,/ = •§•. The val¬ 
ues of \A/gj\ deduced from the positions erf the 
first pair of resonances are essentially the same 
as the accurately known value of \A/g4\ for the 
a2D3/2 ground state9’10 (Table H), and we identify 
this pair, Bf and Bf, as level crossings arising 
from the ground state. The second pair of reso¬ 
nances, Bf and B2> we attribute to level cross¬ 
ings in the 2 2D3/2° excited state. This interpreta¬ 
tion was confirmed by the results of fluorescence 

studies under the same conditions: Each member 
of the second pair of resonances could be analyzed 
into two superimposed components, one of which 
inverted with change through jt/2 of the polarizer. 
This behavior is characteristic of the fluores¬ 
cence from excited atoms aligned by irradiation 
with linearly polarized light. The component 
which did not invert under rotation of the polariz¬ 
er is attributable to the effect of irradiation on 
the combined population of the crossing levels. 

We identify the pair of high-field resonances 
(near 150 G) as multimode saturation resonances 
because the fields at which they occur correspond 
to Zeeman splittings which match very closely 
the mode separation of the laser (401 ± 2 MHz). 
(This analysis was performed by using our deter¬ 
mined values of \A/gf \ and gj factors obtained 
from other sources8,9.) The first member of this 
pair, B3 , arises from the splitting of the F =1, 
m=± 1 levels in the excited state, and the second, 
B3a, from the splitting of the corresponding levels 
in the ground state. The identification of these 
resonances as multimode saturation resonances 
is further supported by the observation that they 
vanish when the laser is stabilized so as to length¬ 
en appreciably the time between mode hops. Addi- 

TABLE II. Observed positions of level crossing (LC) and multimode 

(MM) saturation resonances in the 619.2-nm.optogalvanic signal from 89Y. 

Position 

(G) Ratio 

lA/gj 1 

This work 
(MHz) 

ABMR a 

Ai<b 

(MHz) Identification 

57.2(5) ( 
0.748(8) 

71.6(6) 71.59(2) LC Bf 

76.5(5)/ 71.4(4) 71.59(2) LC Bf 

89.2(5) | 
0.743(7) 

111.7(6) • • • LC Bf 

120(1) j 

150.5(1.0) 

157(1) 

112.0(9) • • • 

399(3) 

401(5) 

LC Bf 

MM Bf 

MM B 3° 

aAtomic-beam magnetic resonance studies; Refs. 9 and 10. 

bFrequency of Zeeman splitting at position of observed resonance; de¬ 

termined with use of \A/gj\ values from column 3 and 4^ factors from 

Kefs. 8 and 9. 
Superscript a refers to ground state, and z to excited state. 
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tional multimode resonances corresponding to 
I Am j | =2 within the F =2 complexes would have 
been expected at higher fields, but this region was 
not explored. Resonances iAmJ *f2 between F = l 

and F = 2 were expected near 145 G (lower level) 

and 119 G (upper level). There was, indeed, evi¬ 
dence of a weak resonance near 145 G, but this 
was not investigated in detail. The resonance 
near 119 G would have been obscured by the level 
crossing B2. 

From the measured positions of the six identi¬ 
fied resonances (Table n) we determine the A 
factors of the excited and ground levels directly 
by setting the Breit-Rabi expression for the split¬ 
ting of the Zeeman F = 1 ,m =± 1 levels at B3 equal 
to the mode separation of the laser, i.e., A[Ax3 

- (1 -x3 +x32)1/2 +(1 +x3 +y32)1/2] =401 MHz, where 
x3'=51/2R3/4B1 or 3JB3/4B2. We note that the A 

factors determined in this way depend only on the 
ratio of pairs of magnetic field values and on the 
frequency difference between adjacent modes of 
the laser. In particular, they do not rely on prior 

knowledge of gJt and the accuracy is determined 
by the accuracy with which ratios of magnetic 
field values have been measured, not absolute 
values. 

Mean values of the A factors, together with the 

gj factors which the analysis also yields, are 
presented in Table I. The sign of the A factor for 
the a 2D3/2 ground state is known to be negative 
from atomic-beam magnetic resonance studies.10 

As for the z 2D3I2° excited state, we note that in 
scandium, for which the term structure closely 
resembles that of yttrium, the A factor of the 
corresponding 3d4s(a3D)4p 2D3/2° level has oppo¬ 
site sign to the 3dAs22D3/2 ground level; also note 
that the fine-structure splitting of the yttrium 
z 2D3/2t 5/2° states is inverted, whereas that for 
the a 2D3/2( 5/2 states is normal. The A factor for 
the yttrium z 2D3/2° level is therefore very likely 
to be positive. 

Our A factor for the a 2D3/2 ground state is in 
good agreement with the very accurate atomic- 
beam magnetic resonance result of Fricke, Kop- 
fermann, and Penselin10 (Table I). The value for 
the z 2D3I2° state appears to be the first reported 
measurement for that level. It is fairly close to 

a value estimated by Kuhn and Woodgate11 from 
their measured A factor for the z 2D3/2° state, as¬ 
suming a value of A (z 2D3l2)/A (z 2D5/2°) found for 
the corresponding states in scandium.12 

We conclude that level-crossing optogalvanic 
spectroscopy offers a new high-resolution spec¬ 
troscopic technique for determining hyperfine 

structures in both excited and ground atomic lev¬ 
els. When the exciting laser is run multimode 
and the frequency separation of the modes is 

known accurately , the technique can yield hyper¬ 
fine interaction constants independently of the 
Lande gj factors, and only relative values of the 
magnetic fields need to be determined accurately. 

It is a pleasure to acknowledge stimulating con¬ 
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J. R. Brandenberger, Professor J. N. Dodd, and 
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ly supported by the Science and Engineering Re¬ 
search Council (U.K.). 
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G W SERIES 
Raman Visiting Professor, Indian Academy of Sciences, Bangalore 560 080 

Abstract. Lasers arrived in 1960, but systematic spectroscopy with lasers had to wait 
for the discovery of the tunable variety, nearly ten years later. Then came an explo¬ 
sion of ac'ivity out of which some representative examples are assembled here. 
Doppler-free techniques and their application to the fine structure of hydrogen are 
important instances of ultra-high resolution work using highly-stabilised lasers and 
of the contributions of laser spectroscopy to fundamental physics. Measurement 
of the frequency of visible light leads inexorably to the fixing of a value for the speed 
of light and to the declaration that an independent standard of length shall no longer 
be necessary. The tunable variety of short-pulse laser extends the bounds of 
quantum-beat spectroscopy, while the combination of ion-detectors with tunable 
lasers allows the study of very highly excited, bound states and resonant structures 
above the series limit for atoms in strong magnetic fields. The review concludes 
with an account of a newly-discovered, Doppler-free effect, not yet fully understood. 

1. Introduction 

It was the invention of tunable lasers towards the end of the nineteen sixties(1) that 
brought lasers into the service of spectroscopy. The reader will recall that ‘optical 
masers’ had already been in existence for nearly a decade(2), but that, during those 
years, the lasers that were available emitted light of some fixed frequency, deter¬ 
mined by the energy level structure of whatever kind of atom or ion or molecule 
formed the ‘active medium’ of that particular laser. And what kind of spectroscopy 
can be done with a set of randomly-assorted, fixed-frequency oscillators? 

It must be said at once that there is, indeed, one branch of spectroscopy, and a 
very important branch, that can be done with a strong monochromatic source of 
light of no particular frequency (though the bluer the better), and that is Raman 
spectroscopy. A new lease of life was granted to Raman spectroscopy by the power¬ 
ful lasers that came to birth in the nineteen sixties, particularly the argon ion laser, 
but that is a story we shall not concern ourselves with here, cars (coherent anti- 
Stokes Raman scattering) was born in the nineteen sixties, together with the new 
science of nonlinear optics, but we are concerned with the systematic study of the 
spectral properties of matter, particularly atoms and molecules, and for that we can 
take the decade of the nineteen seventies as cradling the new science. 

Recall what remarkable sources of light these lasers are: even a small inexpensive 
helium-neon laser is many thousands of times brighter than the Sun (power per unit 
area, per unit solid angle, per unit spectral range). They come continuous-wave, 

*This paper is based on lectures delivered by the author during his stay in India from October 
1982-February 1983. This has since been published in Contemp. Phys. (1984) 25,3-29. 
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a few milliwatts of power, or pulsed, up to terawatts, with pulse duration down 
below picoseconds, if that’s what you want. They come relatively crude in spectral 
purity, say, a few terahertz bandwidth, to the most refined, a few tenths of a kilo¬ 
hertz. And now, since about 1970, tunable. For some spectroscopic applications 
you need simply a bright, directional beam of light, and spectral purity is of no great 
importance. For others, spectral purity is of the highest importance. We shall give 
examples of both types of work. But whether spectral purity is needed, or bright¬ 
ness, to be able to change the wavelength continuously over an extended spectral 
range is a facility which converts a phenomenon of science into a science of pheno¬ 
mena. 

2. Tunable dye lasers 

The diagram (figure 1) will remind you of the essential elements of a tunable dye 
laser. We see light from an external source (usually a fixed-frequency laser) exciting 
broad-band fluorescence in a dye (in solution), the axially-emitted light being trapped 
between mirrors so that standing-waves may be formed for all wavelengths which 
lie within the resolution-band-width of the prism (or grating, which is more con¬ 
ventionally used). Actually, this spectral range is relatively coarse—typically 0-1 nm— 
and hundreds of thousands of discrete wavelengths satisfying the standing wave 
condition «A/2 = cavity length may fall within it. It is usually desirable to reduce 
the number of these longitudinal modes, as they are called, to a few or to one in 
order to produce something approaching a monochromatic light source. This is 
done by introducing additional subsidiary cavities into the principal cavity (the space 
between the mirrors): only those modes survive which satisfy the standing wave 
condition for all the cavities simultaneously. 

Of course, the laser emission does not come from the spontaneously-emitted fluore¬ 
scent light, but from the stimulated emission resulting from the interaction between 
the standing waves in the cavity and the dye molecules which have been excited by 
the external source, provided a sufficient excess of them has been transferred to the 
upper state of the transition. 

The tuning is achieved by rotating the prism to select radiations within the fluore¬ 
scence-band of the dye, and the cavity-lengths must also be changed in proper co- 

Figure 1. Schematic diagram of a tunable dye laser. Only the essential elements are 
illustrated here. See text. 
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ordination. The technical requirements for securing this for a single-mode laser are, 
as will be understood, very demanding. 

3. Early applications to atomic hydrogen: Doppler-free techniques 

The overall spectral width even of a multimode dye laser is substantially smaller 
than the width of spectral lines emitted from ordinary laboratory sources, so that 
as spectroscopic probes, tunable lasers offer themselves naturally for application in 
high resolution spectroscopy. In this field, the dominant contribution to the intrinsic 
width of spectral lines is Doppler broadening, resulting from the random motion of 
atoms in a light source. The elimination of Doppler broadening has been one of the 
major successes of laser spectroscopy. Of the variety of ‘Doppler-free’-techniques 
which are commonly in use to-day, we shall describe two which were applied in the 
early nineteen seventies by Hansch and Schawlow and their young colleagues at 
Stanford University to the study of that most important spectrum: the spectrum 
of atomic hydrogen(3). For hydrogen more than for any other atom (since its mass 
is least) the problem of Doppler broadening is most severe: it has been, histori¬ 
cally, the greatest obstacle to the spectral resolution of fine structure in the lines of 
the visible spectrum. 

3.1 Saturated absorption spectroscopy 

At the top of figure 2 is a representation of an atom—one of an assembly in a gas 
in thermal equilibrium—moving with velocity v obliquely to a beam of laser light 
whose frequency, measured in the laboratory frame, is to. In the frame of the atom 

v 
Laser 
beam } 

Atom frame, cj (1-vz/c)//\tom (wo) 

Lab frame oj 

(a) 

Saturating 
. beam ou<to0 

0 

(b) 

Figure 2. Diagram to illustrate velocity-select ion by saturated absorption, (a) First- 
order Doppler effect for an atom moving obliquely to a laser beam, (b) Distribution 
of atoms by vz, and showing the ‘hole’ burnt in the ground-state distribution by a 
laser beam tuned to resonance with obliquely-moving atoms, and sufficiently strong 
to excite a significant number of them. 
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SATURATION SPECTROMETER 

Figure 3. Schematic diagram of a saturation spectrometer, after Ha’nsch (ref. 3d). 

the frequency appears to be o>(l —vzlc) (first-order Doppler effect), where vz is the 
component of v in the direction of the laser beam. Notice also that, for light travelling 
in the opposite sense, the frequency appears to be o>(l + vjc). (The term of second 
order in the expansion, £(t>z/c)2, is positive for both beams). 

Now consider the one-dimensional velocity-distribution of atoms, a Gaussian, 
represented in the lower part of the figure. If the laser beam is tuned to an absorption 
resonance for obliquely moving atoms, and if it is sufficiently strong to excite a 
sufficient number of them (partial or complete saturation in absorption), the distri¬ 
bution will be depleted, as shown in the figure, for a range of velocities depending 
on the homogeneous width of the transition, the so-called ‘natural’ or radiative 
width, increased possibly by some pressure broadening, and by laser power 
broadening. But this width is typically about 100 times smaller than the width of the 
velocity distribution. One commonly speaks of ‘burning a hole’ in the velocity distri¬ 
bution. 

The counter-propagating beam, of course, interacts with a different set of atoms, 
unless the laser is tuned to that particular set which is moving transversely to be beam 
(vz » 0), in which case both beams interact with the same atoms. Now, regard the 
counter-propagating beam as a probe of the velocity-distribution by measuring its 
intensity after it has traversed the gas. When the laser is tuned to the peak of the 
distribution the detector of the probe beam will register increased intensity. The 
spectral width over which this occurs will be the width of the ‘hole’ (approximately), 
many times narrower than the spectral width of the distribution, which is the Doppler 
width. We speak of a ‘velocity-selective’ technique, by which Doppler broadening 
has been eliminated. 
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DEUTERIUM BALMER LINE Da 

n = 3 j 
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3/2 

1/2 

1/2 

FREQUENCY (cm*1) 
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Figure 4. Fine structure of the Balmer-a line of atomic hydrogen (deuterium) (ref. 3d), 
(a) Term diagram showing fine structure of the levels n = 2 and 3 and allowed tran¬ 
sitions. (b) The experimental profile from a light source cooled by liquid helium, 
and the seven theoretically predicted components (ref. 4). (c) An early experimental 
result obtained by the saturation technique (ref. 3d). 

3.1a Application to hydrogen. At the top of figure 4 is shown the theoretical fine struc¬ 
ture of the famous Balmer-a line of atomic hydrogen, wavelength 656 nm, according 
to the Dirac theory supplemented by the ‘Lamb-shift’ corrections of quantum electro¬ 

dynamics. 
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The middle part of the figure shows the spectral profiile obtained in the most 
sophisticated of the many attempts to reduce Doppler broadening by cooling the 
light source—an experiment carried out by Kibble and colleagues(4) in 1972 in which 
an electrical discharge in hydrogen was cooled by liquid helium. Notice that only 
three resolved peaks are to be seen in the spectrum, whereas the theory predicts the 

occurrence of seven fine structure components. 

i 

v (GHz) 

Figure 5. Velocity-selective spectra of the Balmer-a line (J. E. M. Goldsmith, Thesis 
Stanford University, 1979). (a) Saturation spectrum obtained with stabilized, conti¬ 
nuous dye laser, (b) Spectrum obtained by ‘polarization spectroscopy’. 
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At the bottom of the figure is to be seen one of the first spectra obtained by the 
group at Stanford using saturated absorption spectroscopy. We notice immediately 
the increased sharpness of the peaks (though certainly not by as large a factor as 
we might have expected). We also notice that the relative heights of the peaks do not 
correspond with the predicted intensities of the components indicated in the middle 
part of the figure (in fact one of the peaks is called a ‘crossover resonance’: it 
occurs half-way between two others, and is a phenomenon frequently encountered 
in velocity-selective spectroscopy). This example serves to illustrate the point 
that in experiments relying on strong light fields, nonlinear effects are to be 
expected. 

Figure 5 shows the improvement in reducing the width of the lines with develop¬ 
ment of the technique. The details need not concern us, but the implications of this 
reduction are far-reaching and take us into the realm of the fundamental constants 
of physics. 
3.1b The Rydberg constant: fundamental constants of physics. It will be appreciated 
that the narrower the line, the more accurately can its wavelength be measured in 
relation to the primary standard of length. On the other hand, the wavelengths of 
the components of spectral lines of hydrogen can be related very easily to the 
energy levels predicted by Bohr’s theory, —Rfi2, where R is the Rydberg constant, 
we4/2/i2, by making additions or subtractions corresponding to the fine-structure 
corrections to Bohr’s theory. One can confidently use the theoretical values for 
these corrections since the fine-structure intervals have all been verified experimentally 
by radio-frequency spectroscopy. When these corrections have been made, we have 
a new, experimental determination of the combination of constants (me4/477-ft3c) 
(4tt€0)-2. (The formula is here quoted in units of reciprocal length). 

When ‘recommended values’ of the fundamental constants are prepared, the 
procedure is to use all available precision measurements of combinations of con¬ 
stants such as e/m, hie, and so on, including the Rydberg constant—in toto, an 
over-determined set—and to find least-squares solutions for values of the individual 
constants. In this procedure, the Rydberg constant has traditionally been the corner¬ 
stone: the most accurately-measured ‘input’ datum. But this position had been 
eroded in recent years, owing to improved values of other data. Now, with laser 
determinations of the Rydberg, its position of pre-eminence has been restored. The 
most recent determination by laser spectroscopy(5) (in this experiment velocity-selec¬ 
tion was secured by an atomic beam, not by saturated absorption) has yielded the 
value Rqc = 10 973 731.521(11) m-1, an accuracy of 1 part in 109. 

3.2 Two~photon spectroscopy 

Superficially, the experimental arrangement for this technique is similar to that used 
in saturated absorption spectroscopy, but the Doppler effect is eliminated in a way 
which allows all atoms in the sample to participate, irrespective of their velocity. 

Consider atoms in a gas in random motion irradiated, as before, by opposing 
beams of laser light. In the atom frame the frequency of the light appears to be 
shifted, as before, by the factor (1 ±vz/c) figure (6a). But now, suppose the atoms 
absorb one photon from each beam. The increase in energy is /*<*>[(!—^/c)+(l+v2lc)] 
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(a) 

v 

Lab frame : 
Atom frame’ co(1-vz/c) 

Atom 

(b) 

f 
Cl?11-v2/c) 

S 

-P 
(virtual level) 

2uj 

cu(1+vz/c) 

i r s 
Figure 6. Two-photon absorption: elimination of Doppler effect in first-order. 
(a) Doppler-shifted frequencies seen by an atom moving transversely to a laser beam. 
(b) Absorption of one photon from each beam results in an increase of energy which 
is the same (to first-order in vzjc) for all atoms, independently of vz. 

—2h(x>, independent of vz (to first order in vz/c). The possibility exists, therefore, for 
resonant absorption of light by all atoms in the assembly to a state energetically 
2hoj above the ground state. The selection rules governing this process are, of course, 
different from those governing a one-photon transition: in particular, the initial and 
final states must be of the same parity. The resonant absorption is detected by obser¬ 
ving some convenient fluorescent radiation from the atoms, indicating spontaneous 
decay of the excited state. 
3.2a. Application to H: Lamb shift in the ground state. Hansch and his colleagues 
applied this technique to the study of the Lyman-a transition {n—T->2) in atomic 
hydrogen. The primary interest was to determine the Lamb shift of the ground 
state. Whereas the shift of the 25^/2 level can be determined by measuring the intervals 
2Sm-2P1/z or 2Sm-2Pm (which, of course, has been done by radio-frequency 
spectroscopy), there is no convenient level near to lS1/2 against which to determine 
its position. Two-photon spectroscopy allows the position of lS1/2 relative to 2S1/2 to 
be obtained by measuring the wavelength of the Lyman-a transition. 

They did not determine this wavelength against an external standard: rather, they 
used the special property of H that the n — 1 -* 2 interval is, on Bohr’s theory, 
exactly four times the n = 2 -> 4 interval. They took a saturated absorption spec¬ 
trum of the Balmer-jS line, using a laser tunable in the blue, and with this light, fre¬ 
quency-doubled, were able to excite the two-photon spectrum of Lyman-a. Figure 
8 shows the two spectra, together with calibration fringes from which the spectral 
interval between components of Balmer-/? and Lyman-a could be determined. Knowing 
the frequency of Balmer-/? by use of the previously-measured Rydberg constant, and 
applying corrections for the line structure of Balmer-j8, the wavelength of Lyman-a 
could be found and the Lamb shift of the ground state (its true position relative to 
the position predicted by Dirac’s theory) determined. The value obtained, 8161 ±29 
MHz, was about 40 times more accurate than the value Herzberg had obtained 
twenty years earlier by conventional spectroscopy. The importance of the new mea- 
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Figure 7. Energy levels of hydrogen disregarding fine structure and Lamb shifts. 
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Figure 8. Simultaneous scan of velocity-selective (polarization) spectrum of Balmer-j3 
and two-photon spectrum of Lyman-a (C. Wieman, Thesis, Stanford University, 
1976). Wavelength markers, seen at the top, are obtained by means of an interfero¬ 
meter, and used to construct the scale of frequency . The two peaks seen in the Lyman-a 
spectrum represent hyperfine structure, arising mainly from the structure in the ground 
state. 

surement will be realised when it is recalled that the Lamb shift in the ground state 
is the largest of all such shifts in hydrogen. 

The reader will have noticed two peaks in the Lyman-a spectrum. This is hyper¬ 
fine structure whose magnitude may be read from the frequency scale: about 
4 x 350 MHz. It arises from the splitting of the ground state. This is the interval 
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Figure 9. Isotope shift between hydrogen and deuterium in Lyman-a (S. A. Lee, 
Thesis, Stanford University, 1975). The hyperfine structure is different in the two 
cases (ref. 3c). 

that forms the basis of the hydrogen maser: it corresponds to the famous 21 cm 
line of the radio-astronomers. 
3.2b Application to H and D: isotope shift. In figure 9 is seen the two-photon spec¬ 
trum of Lyman-a for hydrogen compared with the similar spectrum for deuterium: 
the two were taken in succession by tuning the laser over a range of about 700 GHz. 
Both spectra show hyperfine structure, different in the two cases, but the more sig¬ 
nificant feature is that the experiment allows a measurement of displacement between 
the two. This is the spectroscopic isotope shift which, in the case of hydrogen, is 
almost entirely due to the difference in nuclear masses. We recall that the Rydberg 
constant which governs the two spectra contains as factor the reduced electron mass, 
mMI(m 4* M), where M is the nuclear mass. The measured isotope shift between 
hydrogen and deuterium is simply related to the ratio (electron mass)/(proton mass), 
and can be used to determine this ratio. 

The first measurement of Hansch and his colleagues yielded a value for the ratio 
mjMp about as good as the value obtained from determinations by mass spectro¬ 
scopy. But the two-photon determination is, in principle, capable of refinement by 
many orders of magnitude because the radiative line width of the transition (deter¬ 
mined by the reciprocal of the radiative lifetime of the metastable upper state) is 
only about 10 Hz. Many technical difficulties remain to be overcome before this limit 
is approached, but an improvement in accuracy of the measurement of the isotope 
shift by a few orders of magnitude would establish the laser spectroscopic method as 
competitive with other high precision measurements of me\Mv which are at present 
being undertaken (3e). Work on the spectroscopic method is continuing at 
Stanford. 

Three important quantities of atomic physics—the Rydberg constant, the Lamb 
shift of the ground state of H, and the m/Mp ratio—yielded to the new spectroscopic 
techniques within a few years of their invention. This impressive tally gave enormous 
encouragement to those physicists and chemists whose eyes were beginning to open 
to the possibilities of spectroscopy with tunable lasers. 
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4. The frequency of visible light 

We break away from tunable lasers for a while to review some remarkable work 
that has been accomplished using fixed-frequency lasers, namely, to measure the 
frequency of visible light. The reader may have remarked that the word wavelength 
has generally been used till now in this article to characterize the radiation from a 

laser. 
Measurement of frequency at a level comparable with the reproducibility of the 

primary standard of frequency (say, a few parts in 1013) demands a highly stable 

V\ = 46-020 V0 

Fieure 10. Proposed chain of highly stable laser and klystron oscillators linking 
visible light (576 nm; 520 THz) with the primary standard of frequency (0-00919 
THz). (From Evenson, in Laser Spectroscopy V). 
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source. Narrow, Doppler-free resonances in selected molecules have been used to 
energise elaborate electronic feed-back mechanisms which control the cavity length 
of lasers and lock the frequency of radiation from the laser to that of the molecular 
transition. Figure 10 indicates schematically how a carefully-chosen set of such 
stabilised lasers might be used to construct a chain linking the highest frequency 
oscillator (orange light has a frequency about 5 X 1014 Hz) to the primary standard 
(the caesium clock, about 1010 Hz). At the lower end of the chain are klystrons, 
then a variety of lasers through the infrared, to the visible. The standard techniques 
of frequency comparison are used: frequency multipliers (nonlinear crystals in the 
optical region) and nonlinear mixers which produce a beat at a directly measurable 
(GHz) frequency between the higher frequency oscillator and some harmonic of the 
oscillator next below it. The frequency of each oscillator is related to the frequency 

of the next by relations such as /higher = «/,ower ± /beat’ where n is an integer. If 
all the oscillators could be made to work at the same time (a very demanding tech¬ 
nical operation) the frequency of visible light could be determined with an accuracy 
limited only by the reproducibility of the primary standard. 

A number of such chains have been proposed(6a) and some will, no doubt, 
shortly be put into operation. Lasers in the near infrared have already been 
linked directly with the primary standard. For the visible, it has not yet proved 
possible to run the chains with all elements linked simultaneously and the full 
accuracy attainable by phase-locked operation of a complete chain has not yet been 
achieved: nevertheless, the reported frequency of 473 THz (wavelength 633 nm) for 
radiation from a helium-neon laser, locked onto a particular absorption feature in 
the spectrum of molecular iodine, has been quoted with an accuracy of 1.6 parts 
in lo10(ref-6b). The success of this work depends very largely on being able to 
construct nonlinear devices capable of producing a measurable (THz) beat fre¬ 
quency from the mixing of different laser beams: such detectors have been realised 
in the junction between extremely fine-tipped tungsten wires and the oxide layer on 
a flat, nickel base—a modern version of the ‘cat’s whisker’ rectifiers used in early 
wireless receivers. The reader should reflect on the stability required of independently- 
operating lasers if their difference in frequency is to be measurable at all. 

4.1 The speed of light and the standard of length 

If the frequency of light from a laser be measured against the primary standard, 
and also the wavelength against the primary standard of length, we have a deter¬ 
mination of the speed of light. But in this latter measurement, the differences in the 
nature of radiations being compared is to be understood: the laser light very highly 
monochromatic (frequency uncertainty, a few kHz) and the light from the krypton 
standard (a specially-constructed, but essentially conventional gas discharge tube) 
exceedingly impure by comparison (frequency spread, hundreds of MHz). The un¬ 
certainty in the determination of wavelength of the laser light arises not from short¬ 
comings of the technique of comparison but from the uncertainty of the standard 
of length itself. 

In these circumstances the obvious course of action for those concerned with 
measurements of length at the highest level of accuracy was to abandon the krypton 
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source and to replace it by a stabilized laser source. Internationally agreed wave¬ 
lengths for light from iodine-stabilized and methane-stabilized helium-neon lasers 
have been in use in standards laboratories for over a decade. 

And now, with measurements of frequency available with accuracy several orders 
of magnitude better than the wavelengths could possibly be determined against the 
metre (the krypton standard), the next logical step has been accepted: fix the value 

of the speed of light at some agreed number (chosen to secure consistency with wave¬ 
length determinations, admittedly crude) and abandon the notion of a primary stand¬ 
ard of length. Henceforward, distances at the highest level of accuracy will be mea¬ 
sured by reference to a primary standard of time (or frequency) and by use of a fixed 
number, 299 792 458 ms-1, the agreed speed of light in free space, to convert a time 
interval to a length interval. It is planned that international agreements on these 
lines be adopted at the Conference Generate des Poids et Mesures in October 1983. 

This does not imply that scales and length gauges are to be abandoned. They will 
continue to be used for purposes for which they were made—day-to-day compari¬ 
sons of like with like. But, lest there be some disquiet at the abandonment of an 
independent standard of length, let us recall that this does conform with current 
practice in navigation (radar) and in surveying (geodimeter), and that astronomers 
have been measuring distances in light-years for a century. The primary purpose of 
meteorological standards is to satisfy a practical need. 

4.2 Frequency standards: outlook for the future 

Some remarkable experiments that have actually been performed with highly sta¬ 
bilized, tunable lasers point to the possibility of a frequency standard of the future 
several orders of magnitude more sharply defined than is the caesium clock. The re¬ 
producibility of this, the present standard, of the order of 1 part in 1013, depends 
on the ratio of the frequency (about 10 GHz) to the resonance line-width. This is the 
inverse of the interaction time (of the order of ms) between the Cs atoms in the 
beam and the r.f. fields which drive the resonance. Experiments on the fluorescence 
of single ions under irradiation by laser light have demonstrated continuous inter¬ 
action for times of the order of 100 seconds. If the laser could be locked on to the 
atomic resonance we can envisage a frequency standard with a spectral purity some 
small fraction of 1 Hz at a frequency above 1014 Hz; reproducible therefore at a 
level approaching parts in 1018. 

Let us not speculate too freely, but look at what already has been achieved. Figure 11 
is a photograph of fluorescence from a single ion. The ion is confined in a radio¬ 
frequency quadrupole trap illustrated in the upper part of the figure and irradiated 
with laser-light: the irregular patches in the photograph represent light scattered 
from the stainless steel of the trap. 

Figure 12 provides evidence that it is indeed single ions that are responsible for 
the fluorescence, and indicates the time intervals over which such fluorescence has 
been observed. (The two figures have deliberately been chosen to illustrate different 
experiments—fig. 11 represents Ba+ and fig. 12, Mg+ —in order to emphasize that 
the phenomenon is reproducible). In figure 12 the fluorescence intensity from 24Mg+ 
is plotted against time. The level of intensity changes abruptly from time to time as 
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Figure 11. Fluorescence from a single ion of Ba+. The white arrow points to the image 
of an ion trapped in the r.f. quadrupole apparatus sketched in the inset. The irregular 
image represents light scattered from the apparatus. (From Dehmelt, ref. 7). 

Figure 12. Fluorescence from 3, 2 and 1 ions of 24Mg+. (From Wineland and Itano, 
ref. 7.) 

the fluorescing ions collide with 25Mg neutral atoms and themselves become neutra¬ 
lised. Fluorescence does not occur from 25Mg+ ions because their resonance line is 
displaced from that of 24Mg+. The different levels of intensity can, therefore, be asso¬ 
ciated with small, discrete numbers of ions, the lowest level above background cor¬ 
responding to one ion. 

There are many interesting features to these experiments. A parallel can be drawn 
between the oscillations of single ions bound to the trap and the vibrations of nuclei 
in a diatomic molecule: a spectrum of vibrational side-bands to the electronic transi¬ 
tion can be calculated and the laser tuned to the side-bands—that is to say, the laser 
can be made to interact with moving ions, and kinetic energy can be exchanged 
between the ions and the laser field, leading to cooling of the ions. Temperatures of 
millidegrees K have been reported. It is important to reduce the kinetic energy 
because one of the anticipated limitations to the work lies in frequency shifts attribut¬ 
able to the second-order Doppler effect. 
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The initiatives for this work came from Professor Dehmelt in Seattle, whose work 
is illustrated in fig. 11. Figure 12 is taken from a publication of Wineland and col¬ 
leagues. Recent accounts can be found in reference(7). 

5. Quantum beats 

We move away now from the realm of highly stable, highly-monochromatic lasers 
to realms where we need, principally, a bright light. The directional property is im¬ 
portant because we often need to control polarization. For the required spectral 
selectivity a multimode pulsed laser is usually adequate. The property of tunability 
is exploited fully. 

The phenomenon of quantum beats was known and studied even before lasers 
were invented. It relates to the possibility of making evident, under carefully con¬ 
trolled conditions, slow precessional motions of electrons in atoms or molecules by 
observing pulsations of fluorescent light. Indeed, the analogy with a searchlight 
beam is helpful. Just as an observer sees a sequence of flashes of light as a search¬ 
light beam swings round, so a detector of fluorescent light will register pulsations 
as the non-isotropic dipole—radiation pattern from an assembly of atoms swings 
round if the electrons in different atoms are caused to precess in synchronism. 

The analogy brings out the importance of the directional element which must 
be injected into the assembly of atoms in the process of excitation. Suppose that 
the atoms are excited by a short pulse of linearly polarized light. The electrons (on 
a classical view) are set into oscillatory motion parallel to the electric vector of the 
light, and will precess if they are subjected to a torque. Such a torque may arise from 
an external field—in which case beats are observed at twice the Larmor frequency— 
or from an internal field (spin-orbit or hyperfine coupling), in which case the beat 
frequencies are the spin-orbit or hyperfine intervals. 

The quantum interpretation of the phenomenon is illustrated by figure 13. Atoms 
represented by their energy-level diagram are excited by a short pulse (of light, or 
electrons, or other perturbation) to a coherent superposition of energy eigenstates. 
They decay to some lower state, the same for all components of the superposition, 
by the ordinary, spontaneous radiative process. The probability amplitudes for the 
distinguishable transitions are coherent, and the Bohr frequencies for these transitions 
are different. Since all atoms in the assembly are prepared in the same way the total 
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Figure 13. ‘Quantum beats’ are found in the light spontaneously emitted from atoms 
excited to a superposition-state by a short pulse of light or other form of excitation. 
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emission will exhibit interference between the radiations of different frequency, that 
is to say, will exhibit beats. The term ‘quantum beat’ was introduced to emphasize 
that the interference depends on coherence within the wave function for each indi¬ 
vidual atom, and does not originate in differences in the excitation of different atoms 

in the assembly. 
The beat does not replace the exponential character of the decay: rather, the ex¬ 

ponential enters as envelope to the modulation. 
A word about spatial symmetries. The states are defined with reference to some 

hamiltonian possessing some spatial symmetry—for example, it may represent atoms 
in an external magnetic field. The essence of excitation to a superposition-state is 
that the symmetry of the exciting perturbation should be different from that of the 
hamiltonian. Moreover, the symmetry of that component of the light which is de¬ 
tected must be different from that of the hamiltonian. A conventional arrangement 
for the observation of Larmor beats, for example, would be that polarizers perpen¬ 
dicular to the magnetic field be inserted in the exciting and detected light beams. 

5.1 Spin-orbit structure in Na 

We turn now to the first of our examples: the D-doublets in atomic sodium(8). Haroche 
and his colleagues excited a sequence of doublets n(D5/2 — Z>3/2) by irradiating Na 
vapour with two pulsed lasers, the first of which, tuned to the resonance line, esta¬ 
blished a population in the 3P3/2 state and the second—whose frequency was chosen 
according to which doublet in the nD sequence was to be excited, prepared atoms 
in a coherent superposition of the 3/2,5/2 states. The resulting fluorescent light showed 
modulation at the frequency of the doublet intervals (figure 14). 

It is to be noticed how the frequency decreases systematically as n increases. This, 
of course, is to be expected. What is surprising to those who visualize the excited 
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Figure 14. Fine-structure quantum beats observed from double-D levels in sodium. 
(From Fabre, Gross and Haroche, ref. 8.) 
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states of Na as a model of hydrogen-like behaviour is to know that the doublet 
structure in Na is inverted compared with H; a fact demonstrated in these experi¬ 
ments by studying the changes in the quantum beats resulting from the application 
of a small electric field to the atoms. 

5.2 Hyperfine structure in Cs 

This structure was studied by colleagues in the author’s laboratory(9). The nDm states 
were excited in stepwise fashion, 6S%-6Pi-nD3/2, the first step being achieved by 
continuous irradiation of atoms in a sealed cell by an ordinary Cs lamp. The second 
step was achieved by irradiation of the vapour by a pulsed, tunable laser. The pulse 
duration needs to be shorter than the period of any modulation one hopes to ob¬ 
serve. In this case the pulses were about 6 ns long. Figure 15 exhibits the quantum 
beats in a plot of logarithm of the fluorescent intensity against time. The modulation 
is here more complicated than in the previous example because there are four hyper¬ 
fine levels in each case, not two. Although the pattern looks complicated, it is repe¬ 
titive, and a repeat interval can easily be read from the time axis. The inverse of this 
gives directly the hyperfine coupling constant. The case of caesium is uncharcteristi- 
cally simple because the hyperfine coupling is almost entirely magnetic in character, 
resulting in intervals which are multiples of the coupling constant. In a more general 

Figure 15. Hyperfine-structure quantum beats observed from the 92Z>3/2 state in133Cs. 
(ref. 9.) 
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Figure 16. Gyromagnetic ratios of vibrational states in the B3£u- state of Se2, plotted 
against rotational quantum number. The Larmor frequencies were determined by 
the method of quantum beats, (ref. 10.) 
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case the hyperfine intervals can be determined by taking the Fourier transform of the 
fluorescence decay curve. 

5.3 Larmor precession in Se2 

This final example, the work of Lehmann and colleagues*10*, is from a molecular 
spectrum, that of Se2. A tunable, pulsed laser allowed the excitation of molecules 
to individual rotational states of the electronic state described as B3 Z~. A magnetic 
field of known strength induced precession at the Larmor frequency which was 
determined by measuring the period of the beats in the fluorescent light. With 
knowledge of the field and the frequency, the Lande g-factor was computed for 
each level. 

Figure 16 shows the remarkable result of this experiment. For each vibrational 
state the g-factor is plotted against the rotational quantum number. The figure shows 
how, for some vibrational states, the g-factor is practically the same for all rotational 
states, whereas for others the variation with rotational quantum number is pro¬ 
found. Here is an immense amount of detailed information to test whatever theories 
of coupling and potential curve-crossing might be adduced for this excited, mole¬ 
cular state. 

Our examples illustrate the diversity of structures to which the technique of quan¬ 
tum beats have been applied. Two things in particular have been brought to this 
work by the use of tunable lasers: an intensity of light sufficient to excite transitions 
of very low oscillator strength (states of medium-high quantum number in the atoms; 
individual rotational transitions in the molecule), and the ability, through the tun¬ 
ing, to study a particular kind of structure over a long sequence of states. Such 
systematic information is far more valuable than the equivalent amount of infor¬ 
mation gathered haphazardly. 

6, Detection by ion formation 

As one tries to extend the range of study to states of higher principal quantum 
number, the progressive reduction in oscillator strength reaches a point where the 
number of atoms that can be excited is too low for detection by the observation 
of fluorescent light. Beyond that point, detection by ion formation has been 
successfully used. The method succeeds because single ions can be detected with 
higher efficiency than single photons. 

Among the methods that have been used to produce ions from bound states are 
ionization by an electric field, ionization by collision, ionization by collision with 
amplification, and photo-ionization. 

Highly excited atoms are very sensitive to electric fields and are ionized in fields 
of a few Vcm'1: the minimum field required for ionization increases with binding 
energy, and also depends on the angular momentum state. Good discrimination 
between different states is provided by measuring the ion signal as a function of 

field*11*. 
Again, highly excited atoms undergoing collisions at thermal energies are readily 
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ionized. Ion-collecting plates incorporated into a vessel containing an atomic vapour 
provide a simple means of recording the excitation of atoms. Thus, for example, the 
higher members of series spectra can be recorded as ion signals as the vapour is 
irradiated by laser light progressively tuned across the spectral region near the series 
limit. 

A modification of the apparatus allows the ion current to be amplified within the 
vapour cell itself. A hot cathode is introduced into the cell to form a conventional 
diode with a space-charge-limited current of electrons. If, now, ions are formed in a 
low-pressure vapour within the cell, the ions, by interacting with the space charge, 
strongly perturb the electron current, giving a signal which is very much greater than 
the current of ions alone would have been. This technique, though not new to the 
laser era, has been successfully used in a number of studies of series spectra near the 
ionization limit(l2,13). 

Finally, excited atoms are frequently detected through their absorption of light 
whose quantum energy is sufficient to ionize them. Perhaps the most spectacular 
example of this is a recent experiment on positronium, when the IS state, excited 
from the ground state, IS, by 2-photon absorption, was identified by the ionization 
produced when a third photon was absorbed(14). 

6.1 Rydberg atoms in magnetic fields 

The energies of highly excited atoms can generally be expressed by the Rydberg 
formula, E = —R/n*2, where n* increases by integral values as one proceeds up 
the series of terms. Such atoms are commonly called ‘Rydberg atoms’. The behaviour 
of such atoms in magnetic fields has been the subject of an important branch of laser 
spectroscopy, where the method of detection has generally been one of those just 
described. 

Figure 17. Resonances 10 cm-1 above the ionization limit iif Cs subjected to strong 
magoetic fields. (From Gay and Delande, in Laser Spectroscopy V, p. 286.) 
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Figure 18. Resonances below and above the threshold in Sr(circles) and in Ba(crosses- 
peaks and triangles-dips) subjected to strong magnetic fields. (From Fonck, Tracy* 
Wright and Tomkins in Phys. Rev. Lett., 40, 1366.) 

It has been found that the bound states, which, for a free atom, converge to a 
limit at the ionization threshold, break into a regularly-spaced sequence which 
extends from some distance below the threshold to a distance above it which depends 
on the field strength. 

Although the regularities seen in figures 17 and 18 are striking, the complete 
picture is complicated and much effort has been made to attempts at interpretation. 
The binding of an electron to an atom subjected to a magnetic field represents a 
balance between forces of different symmetry: the spherical symmetry of the Coulomb 
force and the helical symmetry of the magnetic field. Thus, when an electron is ener¬ 
getic enough to escape from the atomic core, it may still be constrained in a plane by 
the magnetic field but be free to escape perpendicularly to the field. The periodic 
structure to be seen in the figures represents the energy of modified Landau orbits(15). 

6.2 Stark effect of close-lying levels 

States in the intermediate range of principal quantum number (n ~ 10 to 20) are 
sufficiently close-lying in energy to be brought into interaction with one another 
by the application of electric fields of a few kV cm-1. Kleppner and his colleagues(16) 
displayed beautiful spectra of these interactions in a study of sodium atoms excited 
by a tunable laser and detected by the method of electric field ionization. 

In figure 19 are to be seen their spectra of Na in the neighbourhood of n = 15 
(vertical axis) for values of electric field plotted on the horizontal axis. The maxi- 
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Figure 19. Stark effect in the spectrum of Na in the neighbourhood of n = 15 (ref. 16.) 

mum electric field used was 4 kV cm"1. In fields as low as this the lower level of the 
transition is not greatly affected and the spectra are, effectively, plots of the upper 
levels in the electric field. The levels diverge linearly in low field (since levels of the 
same n having opposite parity lie close together) but begin to interact with levels of 
different n, (16s, for example), as the field is increased. Analysis of the Stark effect 
in these circumstances has called for a great deal of new theoretical work. 

6.3 Super-radiance, millimetre-wave spectroscopy and maser action 

Super-radiance in the optical regime is co-operative spontaneous emission from an 
assembly of atoms interacting with one another through their radiation fields and 
subject to constraints imposed by the time constants which characterise the sample. 
It is a directional emission determined by the shape of the sample. In that the radiat¬ 
ing system consists of many atoms rather than one, the radiation rate is greatly 
increased over the single-atom rate. 

Alkali vapours in which atoms are excited to Rydberg states by short pulses of 
laser light have provided systems in which super-radiance has been explored. A 
particularly interesting aspect of these studies has been to investigate the initiation 
of the super-radiance. The favoured interpretation appears to be that the initiation 
requires some quantum-statistical fluctuation, but that classical radiation theory is 
adequate to describe the subsequent evolution of the fluorescence(17). 

In the laboratory of Haroche and his colleagues experiments on super-radiance 
led into millimeter-wave resonance studies of alkali atoms in excited states. Atoms 
in collimated beams passing through a cavity tuned for millimeter waves were ex¬ 
cited by pulsed laser light to particular states and sampled further along the beam 
by the technique of electric field ionization, whereby it could be ascertained whether 
transitions had been induced by the field in the cavity. Resonance frequencies were 
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determined for a large number of transitions between states of adjacent principal 
quantum number, for n in the region 30-40. Many such intervals were accurately 
measured and formulae have been established which allow these intervals to be used 
as spectroscopic standards in the millimetre-wave region and in the far infra-red. 

Going beyond this, Haroche and his colleagues have studied the behaviour of 
atoms interacting with the thermally excited field in a tuned, microwave cavity 
and have shown that even a few atoms, excited to the upper state of a transition 
between two Rydberg levels, and within a millimeter-wave cavity tuned to the transi¬ 
tion frequency, can constitute a Rydberg atom maser. The fundamental physics 
involved in understanding and interpreting these experiments extends from atomic 
theory, through radiation interactions to the quantum aspects of thermodynamics(18). 

7. Opto-galvanic spectroscopy 

The opto-galvanic effect investigated in the late nineteen thirties and early nineteen 
-forties by Prof. Joshi and his colleagues at the Banaras Hindu University(19), has 
received a new lease of life with the coming of tunable lasers. The effect is this: irra¬ 
diate a gas discharge with light whose frequency matches that of some transition 
in the atoms or ions (or molecules) of the discharge, and the discharge current 
changes. Naturally; because the electrical characteristics of the discharge depend on 
the balance between all the ionizing and radiative processes in the plasma, and if 
you transfer atoms from a particular state to some other state where the cross- 
section for ionization by electron impact (or by some other process) is most probably 
different, then you would expect to find a change in the electrical characteristics. 
Most frequently you do find such a change: the effect is quite sensitive. But the details 
of the phenomenon depend on the particular case, and although the general picture 
is easy to grasp, one would not expect to find any universal connection between the 
intensity of the light and the resulting change in impedance. 

As a spectroscopic method the technique is straightforward*20*: illuminate the dis¬ 
charge with light from a tunable laser and observe changes of current as a function 
of frequency. It is customary to chop the laser beam and to observe the current 
with phase-sensitive detection. The optogalvanic signals can be positive or negative. 
Strong signals are represented by changes of discharge current of about 1 %. 

Among the many recent applications of the optogalvanic method are a number 
that have successfully used the saturated absorption and two-photon techniques 
described in section 3 to obtain Doppler-free spectra. Rather than show examples 
of this kind of spectroscopy we shall illustrate the optogalvanic method by a new 
discovery. 

7.1 Level-crossing effects and multimode resonances in opto-galvanic spectroscopy 

In this section 1 shall describe some very recent work carried out in my laboratory 
by my Australian colleague Dr. P. Hannaford. In one sense it was an experiment 
that failed: we did not discover the effect we were looking for. But on the way we 
found something else which forms the basis for yet another kind of Doppler-free 
spectroscopy, and which may find applications in high-resolution spectroscopy. 
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The original intention was to see whether the optogalvanic signal depended on 
the direction of polarization of light used to irradiate the discharge; that is, on whe¬ 
ther the polarization vector was parallel or perpendicular to the discharge current. 
There is reason to believe that, when the gas pressure is low enough, such effects will 
appear, because atoms excited by polarized light are not spherically symmetrical, 
and the ionization cross-section will surely depend on the alignment of atoms relative 
to the discharge current. 

We applied a magnetic field, variable over a few gauss about zero, in order to be 
able to change the orientation of the atoms. We did observe changes, but they did 
not behave as we expected them to behave and we convinced ourselves that the 
effect we had observed was not what we were looking for. 

Let me now describe more precisely the experimental arrangements. We had chosen 
zirconium atoms as suitable for study partly because about twenty transitions from 
the ground and low-lying states of this element lie within the tuning range of Rhoda- 
mine 6 G, the commonest dye used in tunable lasers, and partly for reasons connected 
with the supposed mechanism of the optogalvanic effect. Zirconium in the form of 
metal formed the electrodes in our gas discharge and was sputtered into the vapour 
phase. The discharge was carried by an inert gas, usually neon at a pressure about 
1 torr. We irradiated the discharge with light from a c-w laser, tuned to resonance 
with some particular transition. We could see the fluorescent light from the track of 
the laser light through the cell. 

With the laser frequency fixed and the light linearly polarized in a known direc¬ 
tion we applied a small magnetic field to the discharge tube, parallel to the laser 
beam. It is important to notice that the electric vector of the light was crossed with 
the magnetic field: the electric dipole transitions allowed by this configuration were 
the cr+ and a~ Zeeman transitions (Am = ± 1). 

The changes of optogalvanic current that were recorded as a function of field are 
to be seen in figure 20. The reduction of current by (typically) 10% of the whole 
optogalvanic signal took place over a range of a few gauss on either side of zero: 
this is the region where Zeeman levels become degenerate. We believe that this de¬ 
generacy is the cause of the effect, as will be explained below. Moreover, it was 
established that the effect required an intensity of laser light sufficient to induce at 
least partial saturation of the transition: it does not occur unless the optogalvanic 
signal is nonlinear in the intensity of the light. 

The width of the magnetic signal is especially to be noted and compared with 
Doppler-broadened Zeeman components of spectral lines—typically, 500 gauss. 
The new effect allows the position of degeneracy of energy levels to be determined 
to much higher accuracy, free of Doppler broadening. 

We were anxious to demonstrate the possibility of using the effect as a spectroscopic 
tool, and did so by carrying out similar experiments on yttrium. This element has 
nuclear spin, and its electronic states have hyperfine structure. For the ground state 
and for a conveniently excited upper state the hyperfine structure is decoupled by 
fields of the order of 150 gauss, and over the range from zero to 150 gauss some of 
the hyperfine levels cross. For many years such ‘level-crossings’ have been determined 
by the techniques of linear fluorescence spectroscopy: the method is well-known as a 
basis for determining the magnitude of hyperfine coupling constants. A condition 
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Figure 20, Magnetic scanning of theoptogalvanic signal in Zr (612-7nm) in the region 
neat B = 0 (ref. 21.) 

operative in the geometrical configuration we were using is that the m-quantum 
numbers of the crossing levels should differ by 2. Here we were able to locate level- 
crossings in yttrium in the lower states as well as in the upper and to determine the 
coupling constants. (The linear fluorescence method locates level-crossings in the 
upper states only.) The lower state hyperfine structure had been accurately measured 
by radio-frequency resonance methods, but the structure of the upper state had 
previously only been roughly estimated. Our determination of the lower state struc¬ 
ture was in agreement with the previous measurements. Our determination of the 
upper state structure furnished a new piece of spectroscopic information and estab¬ 
lished the magnetic opto-galvanic phenomenon as a valid spectroscopic tool. 

To complete the investigation we looked for and discovered resonances, both in 
zirconium as well as in yttrium, in lower states as well as in upper, when the spectral 
interval between neighbouring longitudinal modes of the laser (about 400 MHz) 
exactly matched an interval between Zeeman levels. The resonances disappeared 
when the laser was tuned so that only one longitudinal mode was generated: their 
occurrence depended on the simultaneous emission of several modes. We used these 
resonances to obtain a precise value for the mode spacing of the laser by measuring 
the magnetic field where the resonances occurred in states of zirconium for which 
Lande g-values are accurately known. Knowledge of this frequency then allowed 
us to determine unknown g-values. 
7.1a Interpretation of the phenomenon. Although a complete explanation undoubtedly 
requires a detailed analysis of the interaction between high-intensity laser beams 
and atoms in a gas discharge, nevertheless it is possible to gain some understanding 
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by considering how the population changes induced by the laser depend on the fact 
that some saturation of the transition was taking place. 

Suppose, when the laser is tuned to a transition, the light interacts with a group 
of N atoms, and that the light is strong enough to excite the maximum number, 
approximately 1/2 N, to the excited state. If the levels are non-degenerate (we consider 
two upper levels, as in figure 21), 1/2 N will be excited from one velocity group and 
1/2 N from a different velocity group, since the Doppler-shifted frequency of the light 
must match the transition frequency in the frame of the atom. The total number 
of excited atoms will, therefore, be approximately N when the levels are non-dege¬ 
nerate. But when the levels are degenerate, both transitions are excited by light of 
the same frequency, so that only one velocity group interacts with the laser. The 
number of atoms excited cannot exceed vV/2, so the optogalvanic signal is smaller 
at a position of degeneracy than otherwise. This was the experimental observation, 
and this interpretation is called the ‘population effect’. 

Similarly for the multimode resonances: when the spectral interval between modes 
of the laser exactly matches a Zeeman interval, both modes are in resonance with 
one particular velocity group of atoms, but when the mode interval does not match 
a Zeeman interval the laser interacts with more than one group of atoms. 

But there is a more subtle mechanism that can cause changes of population as 
the magnetic field is varied, a mechanism that invokes changes of alignment as an 

v 

C 

11_i_ 
-► Magnetic field 

Figure 21. Diagram to illustrate reduction of the optogalvanic signal at a position 
of degeneracy. A, B, C are different velocity-groups, each of N atoms, which interact 
with the laser when the Doppler-shifted frequencies, coa, coB, coc are in resonance 
with transition frequencies in the atoms. At the position of degeneracy, only group A 
is excited, while away from the degeneracy groups B and C are excited, leading to a 
larger number of excited atoms (it is supposed that all the transition frequencies lie 
well within the Doppler profile.) 
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intermediate step (the reader will realise that partial saturation implies a multi-step 

interaction). The polarized light undoubtedly generates alignment of the charge 

distribution within the atoms, and this alignment is destroyed at a certain rate under 

the impact of other particles in the discharge. Moreover, the direction of alignment 

rotates if a magnetic field is applied (magnetic precession), and the mean angle of 

rotation depends on the magnetic field and on the mean lifetime of the atoms as 

determined by the collision iate. The atoms continue to interact with the polarized 

light as they rotate, and the probability of excitation depends on the direction of 

their alignment with respect to the polarization vector of the light—hence the num¬ 

ber of atoms excited will depend on the magnetic field and on the mean lifetime 

against collisions. The conclusion is that the optogalvanic signal depends on the 

magnetic field through this mechanism also, and that the widths of those contribu¬ 

tions to the magnetic signals which depend on this effect (called the Zeeman coherence 

effect) should depend inversely on the lifetimes of the atoms in the upper and lower 

states. The width of the ‘population effect’ contribution, on the other hand, depends 

inversely on the coherence time of the interaction between the laser and the electric 

dipole which it induces in the atom—-a time generally substantially shorter than the 

lifetime of the atoms in stationary states. 

Much remains to be done to explain the line-shape in detail and other aspects 

of the effect. In the meantime, its application in spectroscopy must rest on the 

detailed phenomenological studies which have already been made(21). 

8. Conclusion and Acknowledgement 

This review of laser spectroscopy began with an account of some early experiments 

and now well-established techniques and has concluded with a recently-discovered 

and imperfectly understood phenomenon. The new life infused into spectroscopy 

by the invention of dye lasers has led to an explosion of activity, only a fraction of 

which has been touched upon here. Readers interested to discover more might care 

to refer to a series of volumes published by Springer(22), the proceedings of biennial 

conferences in Laser Spectroscopy begun in 1973. The sixth conference took place in 

Interlaken in 1983. 
It is with deep appreciation that I acknowledge the generosity of the Indian 

Academy of Sciences which invited me to India and gave me the opportunity of 

visiting a number of Universities and Institutes where, as Raman Visiting Professor, 

I gave the lectures on which this article is based. 
The following houses have kindly permitted the reproduction of the figures 

indicated: North-Holland and the Italian Physical Society: Figs. 3, 4 and 14; 

Springer: Figs. 10, 11, 12 and 17; Institute of Physics: Figs. 15 and 20; Commission 

des Publications Frangaises de Physique and Editions de Physique: Fig. 16, 

American Institute of Physics: Figs. 18 and 19. 
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1. PRELIMINARIES 

To set up a problem in mechanics one needs to specify: 

(a) the system, as, for example, point particles, specified by 
properties which determine their inertia (mass, spin) and their 
interactions (charge, magnetic moment). These properties are 
supposed to remain constant during the motion that is being 
analysed and the particles are, in that context, elementary 
particles. But for interactions in some other energy range 
one may make a different choice of elementary particle. For 
example, atomic nuclei, of specified spin, are ’elementary par¬ 
ticles' in the context of atomic spectroscopy (energy range eV), 
but in the energy range MeV they are composite particles. 

(b) the geometry, as, for example, position vectors relative to some 
origin in three-dimensional physical space - but, frequently, 
one makes a transformation to a co-ordinate system moving with 
the centre of mass of the ’system'. Four-vectors are used in 
relativistic problems. 

(c) the field of force, commonly specified by a potential function 
of the position vectors. Such functions exist for electro¬ 
magnetic forces, but not for all conceivable types of force. 

(d) the law of motion, as, for example, in classical mechanics, 
Newton’s second law. 

To solve a problem in mechanics one generally needs to integrate 
a differential equation: therefore, initial or boundary conditions 
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need to be specified. For example, to know the position of a par¬ 
ticle as a function of time,after integration of the laws of motion 
in classical dynamics, one needs to know, for some initial time, where 
the particle is and where it is going (ordinary language); i.e. its 
position and velocity - strictly, momentum - (formal language). 

Quantum mechanics admits that the specification of initial con¬ 
ditions required by classical mechanics may not be possible. Its 
fundamental law of motion can be expressed in a form very similar to 
Newton's second law, but it provides relations between average 
values of dynamical variables, not between the actual values of the 
dynamical variables of a system. These averages can be taken over 
the many members of an assembly of systems subject to the same 
preparation, or over the behaviour of one system repeatedly investig¬ 
ated by the same procedures. 

1.1 The Hamiltonian Function (Classical Mechanics) 

The law of motion in classical mechanics may be formulated In a 
variety of ways: one which is well adapted to the motion of inter¬ 
acting particles is based on the hamiItonian function. This is an 
expression for the total energy of the system expressed in particular 
variables, namely, the positions and momenta of the constituent 
particles. One must be careful with 'momenta*': it is not always 
'mx'. There is a formal definition,'^based on the prior specification 
of positional coordinates for each particle (q/) and the total kinetic 

energy of the system, T, in terms of the q. . Then, associate with 

each a quantity 

P• — ^T(q. ,q.....)/ c)q. 11) 
«£* tj 

The p^ are called the moment a conjugate to the q^. These q^ need 

not be Cartesian (rectangular) coordinates. They may, for example, 
be the spherical coordinates (r,0,4>) of each particle. Having 
defined the p^, the velocities may be eliminated from T in favour of 

the p.. A simple example leading to familiar expressions is that of 

a point particle, of mass m, specified by Cartesian coordinates x 
■ J. *2 x i2u - - «.• . m _ n_2 rt y,z. Then T = gm(x^ + y^ + p = mx, etc; T = (p2 + pz + pj)/2m. 

The Hamiltonian function is 

H = T + V 

N 

(sum of kinetic and potential energies) 

M x N M _ im M v , N M \ 
\ JP ^ ^ • * • JP ^ 5 ® V \ * © C 9 ^ « « » « / ^ (2) 

where N ,M. .. label the particles and the. q^, p^ are the coordinates 
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q^ and momenta of the particles N, etc. T will contain also the 

inertial parameters (e.g. mass) and V the interaction parameters 
(e.g. charge). 

Use of the hamiltonian function in classical dynamics lends 
itself to the determination of constants of the motion which, in 
quantum theory, correspond to the quantum numbers that are used to 
label stationary states (see below). The hamiltonian formulation of 
quantum mechanics lends itself to the determination of these quantum 
numbers. 

More complete discussions of the hamiltonian formalism are to 
be found in texts quoted in the References. 

1.2 The Hamiltonian Operator (Quantum Mechanics) 

The hamiltonian operator is a mathematical object used in quantum 
mechanics, constructed with an eye on the hamiltonian function of 
classical mechanics. 

The hamiltonian operator operates in the space of a set of basis 
vectors or basis functions which, together, define a space called 
Hilbert space. It is important not to confuse Hilbert space with 
three-dimensional physical space. 

The basis vectors or basis functions are usually obtained by 
setting up an eigenvalue equation for the hamiltonian operator and 
solving for its eigenvectors or eigenfunctions. SchrBdinger's wave 
equation is an eigenvalue equation based on the hamiltonian operator, 
and the wave-function solutions of SchrBdinger’s equation form a set 
of eigenfunctions on which the hamiltonian operator can operate. 
But for many purposes SchrBdinger’s equation is too elaborate. It 
is an equation for a quantity, which is a function of coordinates 
in three-dimensional physical space, Tj>(r,0,<j>), for example. Now, 
those particular ^ which are eigenfunctions of the hamiltonian 
operator are given labels: for example i[>ais "the eigenfunction 
corresponding to the eigenvalue E^. If one is only interested in 

the eigenvalue, the fact that f is a function of r,0,<J> is irrelevant: 

only the a is relevant. 

Here one sees the advantage of Dirac's notation. He introduced 
the symbol |> and called it a ket. (The symbol <|, called bra, 

bears a relation to j> similar to that between a complex number and 
its conjugate complex number). The kets are commonly thought of as 
vectors in a Hilbert space. The eigenvalue equation 

HIa> = E Ia> (3) 
1 a1 
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(H stands for hamiltonian operator, E for energy), defines a set of 
vectors |a> which are shown in mathematical texts to be orthogonal to 
one another, and to 'span' the whole space in which the operators 
work which represent the variables of a dynamical system. 

To sum up: 

|a> is a vector in Hilbert space. One can apply 
to it the operators of quantum mechanics. 

ip (r,0,4>) is, on the one hand, a function of the space 
variables r,0,4>: on the other, a function to 
which one can apply the operators of quantum 
mechanics. i|^(r ,0 ,<{>) is a component of |a> 

on a set of basis vectors, |r,0,<i>>. 

To form the hamiltonian operator one must know how to form the 
operators corresponding to the positions and momenta of the inter¬ 
acting particles. Quantum mechanics permits a diversity of ways of 
doing this, but, whichever way is chosen, there is a constraint 
operating between the position operators q^ and the conjugate momen¬ 

tum operators p^ of each particle, expressed by 

p. q. 
*1 PL 

q.p. 
11 

= -ifi (U) 

We say ’p^ does not commute with q_^; their commutator is -ift*. 

(Notice that p.q. - q.p. = 0;p.q. - q.p. = 0. These pairs of 
i<3 ji li li 

operators do commute. Here, we are concerned, in the one case, with 
components along different directions for the same particle or, in 
the other, with components along the same direction for different 
particles.) The constraint (U) is the underlying feature of quantum 
mechanics that distinguishes it from classical mechanics. 

There is a tricky point to notice here: to form the hamiltonian 
operator one must work with coordinates based on a rectangular 
Cartesian system. It does not come out correctly if you use curvi¬ 
linear coordinates. 

You may use the rule 

/ x classical variables q. -> q.m. operators, ’multiply by q. 
V a) l i 

classical variables p^ q.m. operators, -ift<)/£q^ 
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or you may use the rule 

(t) 
classical variables q.m. operators, 'multiply by p_^' 

classical variables q^ q.m. operators, ift<>/dp^. 

Both rules satisfy the constraint (U). The first rule will lead 
you to SchrBdinger's equation. This is the route ve shall follow. 

The second rule will lead you to the so-called fp-representation'. 

Whereas the wave functions you obtain from SchrBdinger's equation are 

useful in specifying the distribution of electronic charge in atoms 

over coordinate space, the p-representation is more useful in speci¬ 

fying the distribution in momentum, which finds its application in 

interpreting experiments on Compton scattering, for example. Bearing 

in mind the relation p = 'Rk (k = 2tt/A), you will appreciate that the 

p-representation is the Fourier transform of the q-representation. 

1.3 SchrBdinger's Equation 

So then, for a particle of mass m whose position is specified by 

the Cartesian coordinates x,y,z, the hamiltonian operator is 

H 
n2 (\ 
2ml <)x2 <)y2 cl z2/ 

+ V(x,y,z) 

and the eigenvalue equation 

HiMx,y,z) = Ei|>(x,y,z) 

is SchrBdinger's equation for this particle. 

(5) 

(6) 

2. ATOMS: SYSTEMS OF MANY PARTICLES 

2.1 Internal and External Coordinates 

It is usually convenient to distinguish between the motion of an 

atom as a whole and its internal motion and structure. This is 

convenientl^done in quantum mechanics, as in classical mechanics, by 

introducing^^ which give the positions of the electrons relative to 

the nucleus. We proceed thus: 

Let r, r^ be the position vectors of the nucleus and electrons 

(i) relative to a fixed origin. Let R be the position vector of the 

centre of mass, so that 

(M + Nm)R = Mr + mlr.; and s. = r. - 
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(M: mass of nucleus; m: mass of electron; N electrons) 

Let p. , P be momenta conjugate to s^, R. The kinetic energy written 

in terms of the original coordinates and velocities is 

T = Jmlr2 + ^Mr2 (7) 

and in terms of the transformed coordinates and their conjugate 

momenta is 

m 1 „ 9 1 
T- S ?Bi + m h. 2i-Ej + ITlhtaT ? 

1 

(8) 

with jr = mM/(m + M) (reduced mass). 

Now, the potential energy term for an isolated, atom will involve 

the s., not R. In such circumstances we find that Schr8dinger*s 

equation factorises: 

t(r,r. ) = \KrH(s. ), (9) 
— l "'i. 

where iJj(R) satisfies the equation for a free particle of mass (M + Nm) 

[-h2/2(M + Nm)]v2iJj(R) = E J*(R) ; t|/(r) = e±:L~*~; E_ = *2k2/2(M + Nm)s 

(10) 

and i|/(s.) satisfies the equation we would have set up for an atom at 

rest, save that the kinetic energy operator is now'^£Pi ^^T^j 

instead of ^Ipt. We learn from this: 

(i) The motion of the atom as a whole should not be overlooked. 

It is taken care of by the factor exp(±ik.R). This is an important 

factor in the quantum theory of the Doppler effect. 

(ii) The internal structure can be calculated by using a co¬ 

ordinate system based on the position of the nucleus, provided that 

the electron mass is replaced by the reduced mass. 

(iii) There is an additional term, representing coupling between 

the motions of the electrons, which may have some implications. 

In fact, (ii) and (iii) give rise to displacements of energy 

levels between isotopes of the same element, 'isotope shifts’. 

(ii) is easy to calculate and is called the ’normal’ mass effect. 

(iii) is difficult to calculate and is called the ‘specific’ mass 

effect. 
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2.2 Energy Eigenfunctions as Basis Functions 

The eigenfunctions of SchrBdinger's equation form a set of 

orthogonal, basis functions, and any function of the space coordinates 

can be expressed in terms of this basis set. The quantum-mechanical 

state of the system may correspond to one of the iJj , in which case its 

energy is the corresponding eigenvalue E . Such states are called 

’stationary states' or 'energy eigenstates'. But, in general, the 

state of the system will not correspond to one of the ij> . Suppose 

its state is represented by some function <j). Then, writing 

<J> = la ip 
a a a (ii) 

we speak of the particle as being in a coherent superposition of 

energy eigenstates, with amplitudes a . In this case the energy- 

does not have a definite value, but the weighted average over many 

measurements of its energy in the state represented by 4> is obtained 

by integration over the space variables: 

E 
av 

<}>*H4>dxdydz 

(12) 

This comes from (6) and (1 1) , and uses the property that the ^ are 

orthogonal. <J> is supposed to be normalised, that is 

in | 4> | 2dxdydz =1, (13) 

and similarly for the \Jj . 
a 

2.3 Dirac Notation 

The equations we have just written may be expressed more 

economically using the Dirac notation. Instead of (6) we have 

H|> = E|>, 0*0 

instead of (11), 

> — La a> 
a a 

and instead of (12), 

(15) 

(16) 
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This last equation comes from 

H|a> = E |a> (Eigenvalue equation) 
a 

and <|> = 1, (normality) (IT) 

together with (15). The coefficents a are the components of |> on 

|a>, written <a|>. In Schr8dinger notation, a^ = JJl \p^*<pdxdydz, 

sometimes called the ’overlap' or 'projection' of <}> on \p^. 

3. THE EQUATION OF MOTION: STATIONARY STATES 

3.1 Schr8dinger Picture, Heisenberg Picture, Interaction Picture 

The law of motion in quantum mechanics is usually based on the 

hamiltonian operator, though not necessarily so. 

Thus, the hamiltonian operator appears in two contexts: 

(i) in the formulation of the law of motion, when the evolution 

of a system needs to be determined as a function of time, and 

(ii) as the energy operator, from which the average value of the 

total energy may be determined. 

The quantum-mechanical law of motion is 

ihj^|t> = H 11> (18) 

i-fi^(t) = Ht|>(t), (19) 

where H is the hamiltonian operator. In the Dirac form, t expresses 

the time-dependence of |t>. If we use the expansion (15) » then the 

coefficients a^ are functions of t. This is the Schr8dinger form 

of the equation of motion. We speak of the 'SchrBdinger picture'. 

We use (18) and (15)» and the orthogonality of the basis vectors |a> 

to form and then solve differential equations for the a^(t). 

But there are other procedures. Instead of working with time- 

independent basis vectors |a> we may work with the corresponding 

time-dependent vectors 

|a,t> = |a> exp(-iEat/h) = |a> expt-im^t). (20) 

(We write for E^/h). 
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These vectors are solutions of (18) vith initial condition 
|t = o> = |a>. 

We then write the expansion 

lt> = 5aala>exP^“i(J°at) (21) 

instead of |t> = Zat(t)|a>. equivalent to (15). 

In equation (21) the coeffients a^ are independent of time. This 

is called the Heisenberg picture, and is often used for demonstrating 

the formal similarities "between classical and quantum mechanics. 

It will be realised that the time—dependences1 of the coefficients 
aa(t) in the SchrBdinger picture contain the factors exp(-iu3Qt). 

These factors occur because we are using a basis of stationary states 

that are eigenstates of the hamiltonian operator H. But, in many 
problems, we don't know the eigenstates or the eigenvalues of the 

full hamiltonian, only of part of it. We often proceed then as 

follows: 

Let H = H^ + H7 , and let us suppose that we know the eigenstates 

ja°> and eigenvalues E° of H . As basis states we use 
o o ° 

|a > exp(-ico^t). The solution of the equation of motion under the 

complete hamiltonian H may then be written: 

|t> = la (t) | a°>exp(-ico°t). (22) 
a a a 

In this equation the coefficients a (t) vary with time on account 
a 

of the additional part of the hamiltonian, H7. If this is small in 

relation to , the aa(t) w511 vary only slowly with time compared 

with the fast oscillations represented by exp(-io>°t). This often 

allows useful approximations in solving the differential equations 

for the a (t). We call this the 'interaction picture'. It is 
a 

intermediate between the Schrodinger and Heisenberg pictures. The 

interaction picture is often used in solving problems concerned with 

the interaction between radiation and atoms. 

3.2 Quantum labels for stationary states 

Everyone is familiar with the fact that energy levels are 

labelled with quantum numbers. Some of these numbers (for example. 
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angular momentum quantum numbers) tell us about the dynamical 

’variables’ of the system when it is in the state having that 

particular energy. Others (for example, parity) tell us about 

mathematical properties of the wave function. 

Why should energy levels be labelled with quantum numbers? 

In the case of the dynamical variables, the quantum labels 

represent those quantities which, in the classical sense, are 

constants of the motion. The angular momentum of an isolated system 

is a case in point. For a classical system, the total angular 

momentum of an isolated system is a constant of the motion. 

Correspondingly, it is always possible (in principle) to label an 

atomic energy level with a definite value of a quantum number 

representing total angular momentum (conventionally, J, or F if the 

nuclear spin is non-zero). This can be understood by reference to 

the law of motion of the average value (mean value; expectation 

value) of any operator A: 

i-h|jr <A> = <[A,H]> + ib <H>, (23) 

which may be deduced from equation (18). 

(The notation [a,h] means ’the commutator of A and H', namely AH - hA). 
If A does not depend explicitly on time, the last term is zero. If, 

in addition, A commutes with H (that is, if Ah = hA), then 

— <A> = 0 and <A> is independent of time. It is a constant of the 
dt , 
motion. Thus, those dynamical variables whose corresponding opera¬ 

tors commute with the hamiltonian operator are constants of the motion 

in the sense that the mean of their values, <A>, is a constant. 

Now, if an operator A commutes with H, then the eigenstates of 
H are also eigenstates of A. (Formal proofs are found in texts on 
quantum mechanics.) This means that a stationary state - an energy 

eigenstate - is also an eigenstate of A. States of given energy, 

then, can properly and usefully be labelled with eigenvalues of A. 

We speak of good quantum numbers. 

Further, it is shown in texts on quantum mechanics that, for an 

isolated system, the operator corresponding to the component of total 

angular momentum in a given direction (J ) commutes with H. There- 
z ^ 

fore energy levels can be labelled with eigenvalues of J . 
z 

Similarly for the operator . 

Notice the reservation, for an isolated system. If an atom is 

in an external field the above arguments do not necessarily hold. 
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For example, the 'J' labels which distinguish the energy levels of an 

atomic multiplet are no longer applicable if the atom is in a magnetic 

field strong enough to break down the spin-orbit coupling. 

A 

The proof that J commutes with H depends on showing the close 
z 

A 

connection between and the mathematical operation, 'rotation round 

the z-axis'. One can show that a rotation of coordinates through 

the angle <J> is equivalent to multiplication of the wave function by 

exp(-iJ <j>). This is a piece of mathematical manipulation that 

doesn't alter the physical situation (remember: the system is 

isolated). It is a 'symmetry operation'. So, we have established 

a connection between quantum labels, constants of the motion, and 

symmetry operations. 

Among the symmetry operations of special importance in atomic 

structure theory is the parity operation, symbol P, which is defined 

as changing the sign of the space variables in a function on which 
it operates: 

P<|>(q) = (24) 

For any hamiltonian H which commutes with P, the eigenfunctions 

of H can be labelled additionally with^a symbol indicating the eigen¬ 

value of parity. The eigenvalues of P are ±1, and these are the 

labels often used. Hamiltonian operators for atoms commute with P, 

and atomic energy levels are often given a parity label, but the usual 

convention is the following: 

for parity eigenvalue +1, the parity label is omitted; 

for parity eigenvalue -1, the symbol 0 (superscript 0 for odd) 

is usually written after the other labels. These labels are 

especially important when we consider radiative transitions between 

stationary states. 

4. INTERACTIONS IN FREE ATOMS: CENTRAL FIELD APPROXIMATION 

4.1 Binding to the Nucleus 

The dominant interaction between the particles which constitute 

an atom is the electrostatic attraction between the positively- 

charged nucleus and the negatively-charged electrons. The main 

features of this are exemplified in text books by investigating the 

properties ofaso-called 'hydrogen atom' consisting of an infinitely 

heavy point nucleus carrying a unit charge e, to which is bound an 

object called an 'electron' - a particle specified by its mass m and 

charge -e. (We take e to be a positive quantity - the magnitude of 

\ 
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charge.) Of course, the actual hydrogen atom is more complicated 

than this in that the nucleus has finite mass, spin, magnetic 

moment and extension in space. For deuterium, the nucleus has, 

additionally, an electric quadrupole moment. These physical 

properties are distributed over the nucleus in a way vhich may be 

predictable by models of the nucleus, and which may be, up to a 

point, determined experimentally. Furthermore, the electron itself 

has additional properties: spin and magnetic moment. 

Elementary treatments of the fictitious hydrogen atom are 

generally based on solutions of S.chr8dinger ’ s equation, but this 

equation does not satisfy the special theory of relativity - it is 

not invariant under a Lorentz transformation. The solutions so 

obtained may be patched up to make up for the deficiencies of the 

model and for the deficiences of Schr8dinger’s equation, but a 

more fundamental approach is to use a wave equation which does 

satisfy the requirements of special relativity: Dirac’s equation. 

We shall come back to this, and we shall point out that this also is 

deficient - it requires supplementation by terms deriving from a more 

profound understanding of quantum electrodynamics (QED). This will 

form the subject of another set of lectures. 

To return to our fictitious hydrogen atom in the context of 

Schrbdinger’ s equation: it serves as a useful starting point for 

understanding atomic structure and the labelling of atomic energy 

levels: therefore we recall some of its features. 

b.2 Fictitious Hydrogen Atom 

It is effectively a one-particle problem since the nuclear mass 

is taken to be infinite and the atom to be at rest. There are three 

space coordinates - those of the electron relative to the nucleus, 

r,6,<f>. 

The sole contribution to the potential energy is the electro¬ 

static interaction V = -e2/r; (additionaly 1/Utts^ in S.I.). 

The wave function factorises: R( r) 0( 0) $ (<f>) 

The requirements that the wave function must be single-valued, 

continuous and vanish at infinity determine the acceptable solutions. 

The acceptable solutions for 0 $ are spherical harmonic func¬ 

tions characterised by two integers (commonly called m and £, with 

|m I < o. These functions do not depend on V for the reason that 

V in this problem does not depend on 0 or 4> - not because of the 

particular form of the r-dependence of V. 

£ and m can be given a physical interpretation by using the 

explicit form of the wave functions to verify that they are eigen- 
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functions, not only of the energy operator, hut also of the operators 

representing 'component of angular momentum along the polar axis' 

(£ ) and 'square of total angular momentum (£2). For the function 
Zi 

© £$ these eigenvalues are mfr and £(£ + l)h2. Notice that the 

r,0,<J> dependence, which is required for the operations of differen- 

tation (£ = -ih^/&4>), does not appear in the result!. 
Zj 

The wave equation for R(r) has acceptable solutions only under 

the condition E = -R/n2, where R(Rydberg constant) = mel4/2h2, 

(additional factor(I/^tts^)2 in S.I.). n has allowed values 1,2 . . .«>; 

R(r) is characterized by this intecger n, also by the £ which occur 

in the associated angular factors. 0 < £ ^ (n - l). 

n has the following physical interpretation: the number of 

nodes in the function R is (n-£-l). Therefore n has something 

to do with the shell structure of a many-electron atom. 

Notice that the energy eigenvalues are .exactly those predicted 

by Bohr's theory, although the break with classical mechanics is made 

in an entirely different way in Bohr's theory than in the modern form 

of quantum theory. The explanation for this lies in an appreciation 

of the high symmetries underlying the problem and in the specialised 

form of the Coulomb potential. 

Notice also that the energy eigenvalues depend on n but not on 

£, although the radial eigenfunctions depend also on £. Neither do 

the energy eigenvalues depend on m. The whole set of angular 

functions characterised by all the values of £ and m which go with a „ 

given n (there are n2 such functions) have' the same energy eigenvalue. 

The solutions of the wave equation for the Coulomb potential are 
degenerate in £ and degenerate in m. The m-degeneracy arises because 

of the rotational invariance of the hamiltonian of a free atom. The 

1-degeneracy is a consequence of the special form of the potential. 

^.3 Many-electron Atom: Central Field 

It is common, even in high-brow books on atomic structure, to 

continue the fiction that atomic nuclei and electrons are point 

particles having charge and mass and no other properties (save that 

electrons are deemed to obey Fermi-Dirac statistics). This is not 

unreasonable if one is interested in the gross structure of spectra 

and the classification of states, since electrostatic forces are so 

strong. We shall preserve this fiction for a little longer and 

write a hamiltonian corresponding to a nucleus and N electrons 

interacting under electrostatic forces only. We also preserve the 

fiction that the nucleus is infinitely heavy and that we are dealing 
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with static atoms. There are then 3N coordinates in the hamiltonian 

the space coordinates of the electrons (labelled i,j) relative to the 

nucleus: 

TJ ll 
2m 

Ze2 

h- 

(i, j = 1 -H). (25) 

Schrftdinger’s equation for the system is 

2f- £ 1 - * E 
KJ 1 1 

ib (... r. 6 . (p. .. .) 
r. . [ ill 

Eli) (« «< r. 6. d). • • •) • 
l li 

(26) 

(r. . = r. - r. ) 
ij 3 ~i 

Notice that i|) is a function of the 3N coordinates . . r. 0. d>. 
i li 

Just as, for hydrogen, the number of quantum numbers was the same as 

the number of coordinates, so also, here, the number of quantum 

numbers will be 3N. (it will be useful at a later stage to construct 

other numbers which are combinations of these.) All the acceptable 

solutions of (26) will be functions of these coordinates. The 

different solutions will be distinguished from one another by dif¬ 

ferent combinations of the quantum numbers. Each particular 

solution will be a member of the basis set of functions. Each 

particular solution will be orthogonal to every other in the sense 
f 

J 3N 

ii) (... r.0.<f>. ...H_(... r.0.4>. ...)d 
rcx 111 $ 1 11 

dr. d0. dd>. d .. . 
ill 

= 0, (a 4- 6) 

= 1, (a = 3) 

The condition, ' = 1, (a = 3)’ is easily secured by suitable choices of 

numerical constants multiplying the functions. This is normalisation 

But equation (26) is not factorisable, as is the case for 

hydrogen, because of the non-central terms involving r... These 
J 

terms make up a very large part of the potential energy, and it would 

be quite inappropriate to treat them as perturbations, in the general 

case. But, with some knowledge of electron shell structures (derived 

say, from X-ray spectra), we are aware that the resultant of the 

electrostatic force on any given electron coming from the remaining 

electrons is directed approximately radially: the ’other electrons’ 

may be regarded, in a ’zeroth’ approximation, as constituting 
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spherical shells of charge. So, then, let us represent the terms 

Ze2/r.. hy U(r.) + T Ze2/r.. - U(r. )1 . The term U(r.) is central 
ij i *- ij 1 u 1 

in r_^ and represents a spherical average of Ze2/r... The term in 

square brackets is not central, but it will be very much smaller 
than Ze2/r. .. 

ij 

. . # . <kbeV«- 

If, now, m this zeroth approximation, we neglect the term^in 

square brackets, (26) becomes 

+ U(r.) 0, (27) 

and this is factorisable into 3N functions, each of the form 

Rf 0 The angular functions are spherical harmonics just as in 

the case of H: only the PL functions are different, and so also the 

energy eigenvalues. 

rfTrl Because the angular functions are the same, the quantum numbers/ 

jjhave the same range of values and have the same interpretation. The 

physical meaning of the approximation is that each electron is moving 

in a spherical potential independently of the others, with angular 

momentum specified by the quantum numbers which label its spherical 

harmonic wave function. 

no longer Coulombic, the eigenvalues 

as for hydrogen. Rather, they are 

extent that we can attribute the 

differences from the ground state to 

(as, for example, in term diagrams of 

a correspondence with hydrogen in the 

following way: 

let E be the experimentally-determined energy measured 

from the first ionisation potential. Define n* by 

E = -R/n*2 = -R/(n - e)2. (28) 

Then n* is called the ’effective quantum number’ corresponding to 

the corresponding hydrogenic quantum number n. e is called the 

’quantum defect'. 
• 

Within a series of energy levels (terms), characterised by 

successive values of n, e is approximately constant, but is a function 

of H. e is a weak function of n: thus, one writes e(n,£). 

But because 

of energy are no longer -R/n2, 

functions of n and £. To the 

experimentally observed energy 

the excitation of one electron 

the alkali atoms), we can make 

- ¥ - Utrpl r • 
is 
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While the alkali metals furnish the readiest examples for this 

interpretation of theory, one may also use the model to interpret 

series of terms in the spectra of many-electron atoms. Each term 

in the series is associated with a set of quantum numbers, among 

which the n of one set takes successive integral values - all the 

other numbers remaining unchanged. Formula (28) is again applied. 

The series of terms is called a Rydberg series . 

Notice that, although one commonly speaks of 'one electron being 

excited to successive quantum states', one should strictly think of 

the excitation of the whole atom to a sequence of states in which one 

of the quantum numbers is taking successive integral values. It is 

not correct to associate a particular electron with a particular 

state. The electrons are indistinguishable. 

The indistinguishability of electrons finds expression in the 

way in which one constructs a wave function for the whole atom out of 

the set of one-electron functions which are the solutions of (27). 

We first need to introduce the notion of electron spin and its bearing 

on the statistics. Its bearing on the dynamics will come at a later 

stage. 

U. U Electron Spin and Electron Spin Quantum Numbers 

Admit the evidence which forces the ascription of an additional 

dynamical 'variable' to the electron, spin, and to the proportionality 

between this variable and a magnetic moment. (Evidence: doublet 

structure in alkali spectra, anomalous Zeeman effect, Stem-Gerlach 

experiment). The eigenvalues of the operator s are ±ih, and of the 
operator , — h2. Correspondingly, we need two new eigenfunctions ,- 

~ 4 
call them s+ and s_. With this notation, + and - are 'quantum 

numbers (quantum labels). 

For the electron labelled i in (27), the eigenfunction R. 9.$. 
ill 

needs to be multiplied by a function s^ which is not a function of a 

space variable, but is like a Dirac ket. The Hilbert space spanned 

by the functions R^ now extended by the space spanned by 

s+ and s_. To specify a particular eigenfunction out of the set we 

need, in addition to value of n,£,m, one of the two labels s+ or s_ - 

a set of four quantum numbers. 

U. 5 Pauli's Exclusion Principle: Dirac's principle of Anti-symmetry 

The elementary form of Pauli's principle is familiar: in an 

assembly of electrons, no two may have the same set of quantum numbers. 

But this is to ascribe quantum numbers to electrons, not to states. 
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It is "better to think in terms of the occupation of cells. A ’cell’ 

is labelled by a set of four quantum numbers. The number of elect¬ 

rons which may occupy each cell is either 1 or 0. This is a 

principle additional to the commutation rule pq - qp = -ili, and may 

not be deduced from it. The evidence for it lies everywhere in the 

quantum theory of electrons: in particular, the shell structure of 

atoms, the band structure of solids. 

Embracing Pauli's principle, but going beyond it, is Dirac's 

principle: the total wave function for a system of electrons is 

antisymmetrical (in the sense, changes sign) under the interchange of 
the symbols which label any pair. 

Consider again the solutions of (27)9 extended by the spin 

functions. A solution is the product of all the one-electron 

functions R. ©.$.s.. Such a function we shall call a spin-orbital. 
l ill —^- 

If, for each spin-orbital, we choose a different set of quantum 

numbers, we shall have satisfied Pauli's principle, but not Dirac's. 

U.6 Determinantal Wave Functions 

Consider the function 

ui(1) ui(2) ... ui(N) 
_ i 

U = (H!) 2 u2(1) u2(2) ... u2(H) 

(29) 

where the u are spin-orbitals. The suffixes a stand for a set oi 

quantum numbers. The labels (i), as in u^(i), stand for the co¬ 

ordinates of the electron labelled i. 

Eacn term in the expansion of the determinant is a product of 

spin orbitals and is a solution of (27). So also is the complete 

expansion, being a sum of such terms with alternating coefficients 

±1, and because (27) is a linear differential equation. 

Pauli's principle is satisfied if the label a for each row is 
different, for then, in each term of the expansion, no set of quantum 

labels will occur more than once. If two or more rows carry the 

same quantum label, the determinant will be identically zero. But, 

additionally, Dirac's principle will be satisfied, because inter¬ 

change of any two columns (electron labels) changes the sign of the 

determinant. 

(N!)2 is a normalising factor for U. 
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Wave-functions such as U, therefore, satisfy all the general 

principles of quantum mechanics and form the starting point for 

atomic structure calculations. Let us recapitulate what is needed 

in order to write down, in detail, such an equation as (29). We 

need to specify: 

(i) the number of electrons, N, 

and (ii) N sets of quantum numbers, n,£,m,s. 

These quantum numbers are commonly grouped into sets in which (n,£) 

is common to members of a set. Such a set is called the electron 

configuration. 

For example, neutral sodium atoms have N = 11. The electron 

configuration of the second excited P-state of sodium is 

(ls)2(2s)2(2p)6Up. 

In this notation we are using the convention that s stands for 

£ = 0, p for £ = 1, and so on. The superscript 6 in (2p)6 means 

that 6 electrons have n = 2, £ = 1. The six states (cells) occupied 

by these six electrons differ from one another in the remaining 

numbers, m = 0,±1; s = ±. 

k.7 Self-consistent Wave Functions 

Having established the form of the function, and having 

recognised that only the PL factors in the u(i) need to be determined, 

and that these depend on the potentials U(r^) in (27) , a self- 

consistent method is applied. If a function TJ°(iu) is chosen, the 

fh may be determined, hence the total wave function IJ of (29). From 

this one may calculate a distribution of electron charge, and hence 

a potential U^r^). This will generally differ from U°(r^). 

A correction to U° is applied, and the procedure repeated until U1 

differs from U° only by a tolerable amount. Wave-functions so 
determined are called Hartree-Fock functions. 

In contemporary work a similar procedure is used, based on 

Dirac's relativistic wave equation. One refers to RHF (relativistic 

Hartree-Fock) calculations. 

5. INTERACTIONS IN FREE ATOMS: NEXT APPROXIMATIONS 

5*1 Electrostatic Non-central Forces: Electron Correlation 

The foregoing sections have been written in the context of 
central forces: equation (27), instead of the more complete 
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equation (26). The term Hj 1>2/ 

i>0 

r. . 
ij 

in the 

hamiltonian has "been neglected. Here we consider the implications 

of this term in relation to (a) energy eigenvalues and (h) the 

labelling of energy eignestates. 

As for energy eigenvalues, the totality of the contributions 

arising from the interactions between all the electrons in a closed 

shell (n£) and an external electron is independent of the m and s_^ 

values within the shell: these interactions therefore lead to a 

shift of energy of the whole configuration. It remains to consider 

the effect of Hj for electrons in incompletely closed shells. 

Physically, the electron-electron repulsion constitutes a 

torque on the motion of each electron due to the other. Hence 

the individual orbital angular momenta are perturbed, though the 

total orbital angular momentum remains constant. Mathematically, 

Ee2/r. . commutes with L - I£. , but the £. are correlated. ij — . ~i ~i 
1 

Thus, the total orbital angular momentum provides good quantum 

numbers. The eigenvalues of L2 and L can be used as labels for the 

energy eigenstates and energy levels. Moreover, the total angular 

momentum, J, constituted of electron spin as well as orbital angular 
momentum: 

J = zi. + Es. = L + S, (30) 
-L T -L 

also commutes with the total hamiltonian. So, therefore, does S. 

In this approximation (we have not yet incorporated spin-orbit 

interaction) we use quantum numbers L,M^; SjM^; 

energy levels. The labels L,S,J mean that the states are eigen¬ 

states of L2, etc, with eigenvalues L(L+1 )h2 , etc. The labels ML^ 

etc. means that the states are eigenstates of L etc. with eigen- 
z 

values etc. 

The M-labels are generally not required for isolated atoms, for 

then the energy does not depend on the M. Neither does the energy 

depend on J so long as spin-orbit interactions are excluded. Under 

electrostatic interactions alone, therefore, energy levels are 

distinguished by L and S. We speak of terms as, for example, the 

triplet D term - meaning, L = 2, S = 1. This has a different energy 

from the singlet D term, for which L = 2, S = 0. 

If the interactions are between electrons having the same (n£), 

then the (n£) also remain good quantum numbers, but not the m or the 
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s+. But if the electrons are in different configurations, then the 

(nil) values lose their status as good quantum numbers to the extent 

that the perturbation energy <n£|Hi |ny £/> is, or is not, a signifi¬ 

cant fraction of (E - E , 0, ): (first order perturbation theory). 
nil n £ 

If the perturbation energy is significant we speak of configuration 

mixing. 

5.2 Spin-orbit Interaction: Single Electron 

So far we have taken account only of electrostatic forces between 

atomic nuclei and electrons. In non-relativistic treatments we must 

write in explicitly the magnetic property of electrons, that they 

have a dipole moment proportional to the spin. 

Ve write the operator equation 

where 3 is the Bohr magneton (eh/2m) and g is a numerical factor 
o 

(Lande g-factor) to be determined. (Notice the minus sign. It 

takes care of the negative sign of the charge on the electron. 3 

is a positive quantity. g^ is a positive number. Contrast (31) 

with (Uo), the corresponding equation for nuclei. The convention we 

are using here is not followed by all authors.) 

The first experiments {'ll accuracy) gave g^ = 2. This was 

supported by Dirac’s relativistic wave equation applied to the elec¬ 

tron specified by -e and m only: such a particle must possess also 

spin and magnetic moment , with g^ = 2, exactly. 

Experiments of higher accuracy (Nafe, Nelson, Rabi; Phys. Rev. 

19^7) showed that this relation is not exact. The theory of QED 

provides a theoretical foundation for the difference. The *g- 

factor anomaly’ is an exceedingly important area of current research, 

and will be dealt with in other lectures. 

From a non-relativistic standpoint, the property y^ requires 

additional terms in the hamiltonian, so far neglected. The magnetic 

dipole experiences a magnetic field attributable (in the frame of the 

electron) to the motion ^charged particles round it (nucleus + other 

electrons). The perceived magnetic field acting on the electron 

labelled i is|£(r^)£_^. Sp ^ where £(r^) is a function which may (in 

principle) be ascertained. £ will, of course, contain the value of 

g • 

jU 
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The interaction 

Ho = ££(r.)£..s. 
• i ~ i 

(32) 

summed over all the electrons in a complete shell (nt) is zero. 

For a single electron outside closed shells, as, for example, 

in alkali atoms, H2 represents a perturbation of the orbital angular 

momentum. The field (proportional to £) exerts a torque on the 

electron magnetic moment (proportional to %), and, reciprocally. 

Let us discuss this a little more fully than we did for the electro¬ 

static case. In classical mechanics, analysis of coupled angular 

momenta yields the result that the coupled, system undergoes 

precessional motion round an axis along the vector resultant of the 

anguD ar momenta. In quantum mechanics motion of this kind is seen 

as the time-evolution of a state vector that is a coherent super¬ 

position of eigenstates of the resultant angular momentum. Thus, 

define an operator 

J 
A A. 

£ + s , (33) 

a dynamical variable of the coupled system, to represent the total. 

angular momentum. The eigenstates of the hamiltonian (32) are also 

eigenstates of j and of j , with eigenvalues j(j + 1 )h , m.h. For 
~ z «] 

a single electron j takes the values .... 
2 2 2 

It is easy to work out the eigenvalues of H2 for a single 

electron if we suppose the average value of £(r^), for a specified 

spin-orbital, to have been evaluated. Call it a/h. Then 

H2 = (a/h) £. s = Jg- ^ j2 - £2 - s2j , (3*0 

by use of (33). ^ The eigenstates of H2 bear the labels j,£,s; the 

ah 
eigenvalue is j(0+1)-£(£+!)-s(s+1) For a given orbital £ has 

a specific value, and e(s+l) is 3/^. j may take the values £±§. 

The difference between the two eigenvalues is 

A 
ah 

2 
(£+J)(£+3) 

2 
U-DU+l) ah(£+g). (35) 

The Bohr frequency corresponding to this difference is A. An atom 

which has been prepared in a superposition-state of (£±g) will precess 

at the angular frequency a(£+§). This precession may be detected 

physically in a number of ways - by the generation of an e.m.f. in 
a coil (in principle) or by the observation of modulated, fluorescent 

light (which has been accomplished, in fact). 
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5.3 Spin-orbit Interaction: Many Electrons 

The hamiltonian is now 

Ho = E£(r.)£..s. . 
^ 1 ~i ~i 

(36) 

If we assume that the perturbation due to this interaction is small 
compared to the energy differences between terms (specified by L,S), 
then we can work with the average of H2 for each term (first order 
perturbation theory). We can then show that 

H2 = (A /h)L.S (37) 
IS 

where can be evaluated. The eigenvalues of (37) are 
1 s 

jAfsh[j(J+l) - L(L+l) - 8(8+1)], whence 

A(J,J-1) = Ej - EJ_1 = AfghJ. (38) 

This is known as the interval rule. It implies that the J- 
degeneracy of terms is broken by the spin -orbit interaction according 
to the following diagram. 

L,S </ 

AfsJ 

I 
J-1 

Afs(J-l) 

J-2 
1-urU-2T-^ 

If then, such a structure can be established experimentally, the 
interval rule may be applied to determine J-values. If the interval 
rule is not obeyed, the spin-orbit interaction is not small compared 
to other energy differences. 
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5• ^ Coupling Schemes: ,j — ,j Coupling 

We must consider the possibility that the total spin-orbit 

interaction for a number of valence electrons is greater than the 

electrostatic Hj. interaction. In such cases the LSJ coupling scheme 

is inappropriate. We should first choose labels for the ^ingjLe 

electrons ({,^s_^j^) and evaluate the sum of the corresponding/energies 

&E2 = (39) 

The energy levels are labelled with the set of single-electron 

quantum numbers. J is still a good quantum number, but the levels 
are degenerate in J. 

The average of is now evaluated, and is different for 

different J, though these differences are small compared with the 

differences between the groups which differ in j. This is called 

T j —j * coupling. An example of a level structure is shown below. 
Notice that L and S do not appear in the description of levels. 

P3/ > S1/ 
/ 2 / 2 

The notation 

is £. for 
0 

each electron 

-<L 

spin-orbit 

interaction 

J 
1 

2 

1 

0 

This is a two-electron 
system found in tin. 

The large splitting 

is due to the spin- 

orbit interaction of 

the p-electron 

5. 5 Coupling Schemes: General 

The L,S,J scheme (electrostatic interactions greatest) is named 

after Russell and Saunders, who first explained it. It is very 

commonly used to label energy levels, although it is not always 

justified, and the ascription of values of L and S is, to that extent, 
doubtful. 

The j-j scheme (magnetic interactions greatest) is likewise 
clear-cut only exceptionally. 

Other schemes are used, for example, when the electrostatic 

interactions between the electrons in a partially-filled shell are 

strong (LS coupling between these), but the interaction between these 

and an electron in a different shell is weak. Then an appropriate 

scheme is (LSK)jJ, where K is written for the ’J' of the shell. 

Further breakdown of these coupling schemes occurs when hyper- 
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fine interactions (see later) "become comparable with the interactions 

Hi and H2 of the preceding sections. An example is to be found in 

the spectrum of lithium. 

6. NUCLEAR EFFECTS 

To this point in our discourse the nucleus has been represented 

as a point mass, carrying electric charge. We now address the 

consequences of a more realistic description of nuclei. These 

consequences, in terms of incremental energy, are - apart from some 

exceptional cases - small in relation to the energy intervals we have 

so far considered. To that extent, the quantum numbers already 

allocated remain 'good', but we need to introduce additional quantum 

numbers to describe additional degrees of freedom for a complete 

description of the internal structure of the atom. However, the 

consequences in terms of inertia are not small: the total angular 

momentum, and hence the response to external torques can be grossly 

affected by the inertial properties of nuclei. Lande g-factors (see 

Zeeman effect) can be grossly changed, so also can the geometrical 

factors which govern the interaction with light. Transitions that 

were forbidden can become allowed (weakly). The polarization of 

scattered light can be affected (strongly). 

The additional structure and the small energy increments are 

different for different isotopes of the same element. Hence, the 

spectra of mixtures of isotopes are richer in structure than the 

spectra of single nuclear species. It is customary to treat these 

latter effects under the name 'hyperfine structure' - this will be our 

usage. But some authors include multiple-isotope effects under 

’hyperfine structure'. 

6. 1 Hyperfine Structure 

Nuclei of odd mass number, and some nuclei of even mass number 

(2H is a well-known example) carry spin and magnetic and electric 

multipole moments. Of these, the magnetic dipole moment and the 

electric quacLrupole moment are most important, but higher moments (for 

example, magnetic octupole moment, electric hexadecapole moment) may 

be responsible for small measurable contributions to energy intervals 

in determinations at the highest accuracy. 

6.2 Magnetic Dipole Interaction 

To the extent that this interaction is small compared with nuc¬ 

lear excitation energies (an extremely well-satisfied condition) the 
m A t 

nuclear spin I is a constant of the motion, I is a good quantum 

number, and we write the magnetic moment 

yT = g-u^I, (operator equation). (Ho) 
1 IN ~ 
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nuc^-ear inagneton, eh/2(proton mass), a positive quantity, 

gj is found to be sometimes positive, sometimes negative. 

To the extent that the interaction is small coinpared with the 

separation of electronic states (this condition is not always well- 

satisfied) , J is also a good quantum number. The magnetic field 

acting on the nucleus by virtue of the motion of the electronic 

charge (orbital contribution) and the proximity of the electronic 

magnetic dipoles (spin contribution) is proportional to J: 

B 5* (operator equation) (4l) 

The interaction hamiltonian may be written 

H 
mag 

(A/h)l.J . (42) 

The development follows as for L-S coupling: define 

A A A 

F = l + i. (U3) 

(compare (30) and (33)). Label states with F,Mp. 

The eigenvalues of (42) are 

E = ^ [F(F+1) - J(J+1) - 1(1+1) | (MO 
mag 2 *■ 

One deduces an interval rule 

A(F,F - 1) H Ep - EF_1 = ARF (1*5)* 

similar to (38). A contains g . Notice that this interval rule is 
A A 

simply a consequence of the cosine coupling I.J. 

6.3 Electric Quadrupole Interaction 

If the distribution of electric charge in the nucleus is not 

spherically symmetrical, it may be represented by an expansion in 

spherical harmonics. It is generally argued that the first moment 

(electric dipole) must be zero on the grounds that nuclear states 

must have a definite parity (nuclear hamiltonian invariant under the 

parity operation), but this is a matter for experimental verification. 

It is essentially the same problem as whether magnetic monopoles 

exist. If evidence for the Ia£ier> were to be found, the £orme»*could 

not be ruled out. 

Nuclear electric quadrupole moments do exist 
as the expectation value, Q, of the second moment 

and are defined 
of the charge 
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distribution about the symmetry axis, which is the direction of 3^. 
This charge distribution interacts with the gradient of electric 
field^due to the electron charge distribution which has symmetry 
axis J. The hamiltonian is 

3 

He* = eQ ( 3(1.J)2/ft4 + 2(i.j)/ti2 - l(l+l)J(J+l) 

21(21-1)J(2J-1) 

(1+6) 

and the eigenvalue for the state |IJF> is 

m K(K+1) - 21(1+1 )J(J+1) 

el “ V I(21-1)J(2J-1) 
E 

(Vf) 

where Bh = eQj/^ ^e 

' ^ z‘ 

and K = F(F+l) - J(J+l) - l(l+l) 

Significant points to notice are 

(i) there can be no quadrupole interaction unless both 
I and J are greater than \ ; 

(ii) the formula (46) represents a distortion of the 
interval rule; 

and (iii) Q can be determined from the deviations from the 

interval rule provided it is possible to evaluate 

^2V. 

b 
This is quite a difficult matter 

because, even if the electronic wave functions for 
a spherical nucleus are known, these are distorted by 
the non-spherical nucleus and so depend on Q. 
Corrections for these effects are associated with 
the name of Sternheimer. 

6.4 Parameterisation of Hyperfine Structure 

Although we have set down the physical basis of the incremental 
E (44) and E „ (1*7) in relation to the nuclear properties gT and 

mag e£ I 
Q, it will be appreciated that the quantities immediately deducible 
from spectroscopic measurements are the magnetic dipole A-factor and 
the electric quadrupole B-factor. Our definitions give these in 
units of angular frequency (radians/sec), but they are frequently 
given in other units. A and B may be regarded as parameters in l 
terms of which hyperfine intervals are expressed. If more than 4hree 
intervals are measured, the parameterisation may be inadequate. 
Then one has to consider the possibility that higher moments are in 
question. But it must also be asked whether the structure is being 
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distorted "by the technique of measurement. 

6.5 Isotope Effects - Mass 

Ve have already shown (section 2.1) how the effect of finite 

nuclear mass makes itself felt in atomic spectra by 

(i) a 'normal1 effect - easy to calculate, 

and (ii) a 'specific* effect - difficult to calculate. 

These differences (relative to infinite mass) make themselves felt 

between different isotopes of the same element as a second order 
effect. 

The most important element, in relation to fundamental constants, 

is H. Here, there is no specific effect. Recall that the normal 

effect is the replacement of m by mM/^n + M), where M is the nuclear 

mass. It follows that measurement of the isotope shift between H 

and D is an important source of information on the electron/proton 
and electron/deuteron mass ratios. 

6.6 Isotope Effects - Volume 

The spherically-averaged charge distribution is different for 

different isotopes of the same.element, and the central-field energy 

reflects this distribution. Experimentally-determined differences 

between corresponding lines in the spectra of different isotopes, 

when corrected for mass effects, are interpreted as 'volume' or 

'field' effects. They are a significant source of information on 

nuclear structure. Particularly important information comes from 

muonic atoms, where a negative muon has replaced an electron. The 

muon, being heavier than the electron, penetrates more deeply into- 

the nuclear charge distribution. 

6.7 Isotopic Anomalies in Hyperfine Structure 

For different isotopes it is sometimes possible to measure 

directly the ratio of the g factors (in molecular beam experiments, 

for example) to an accuracy much greater than absolute determination 
of the g . These ratios are sometimes found to differ from the 

ratios of the corresponding A factors, which is at first sight sur¬ 

prising since the factors in A which relate to the magnetic field 

generated by the electron distribution should be the same for dif¬ 

ferent isotopes. The effect was interpreted by A. Bohr and 

V. Weisskopf as a consequence of the distribution of magnetic moment 

over the nuclear volume, a distribution which differs between isotopes. 

Again, this 'hyperfine anomaly' furnishes material for testing 

theories of nuclear structure. 
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The effects ve have mentioned - mass, volume, distribution of 

moments - enter again in QED calculations at the most detailed level 

of comparison between theory and experiment. 

T. ZEEMAN EFFECT 

The effects arising from the application of external fields are 

important, not simply because the measurable energy shifts furnish 

important information about the atoms, but also because the inter¬ 

action with polarized radiation is different for states of different 

m or nu, (eigenstates of J or F ) belonging to a group of states 
tJ r Z Z 

having the same total angular momentum (J or F). Such fields may be 

electric (Stark effect) or magnetic (Zeeman effect). We concentrate 

on the latter. 

The polarization selection rules may, of course, be deduced from 

the fully quantum-mechanical theory of the interaction between 

radiation and matter, but it is helpful to regard them from two other 

points of view: (i) as expressions of the conservation of components 

of angular momentum between radiation and matter (photons have spin l), 

and (ii) as expressions of the underlying classical interactions. We 

elaborate the latter point. 

Distinguish between electric dipole and magnetic dipole inter¬ 

actions (or interactions of higher polarity). As example, we choose 

electric dipole. The oscillating field interacts with the electrons 

as charged particles, and the response is primarily that of the 

orbital motion of the electrons. If there is no electron spin (S = 0; 

singlet states) and no nuclear spin (I = 0), the response of the atom 

is that of classical charged particles under an applied field. Hence, 

the polarization rules of the Zeeman effect may easily be understood: 

for example, the spectral components whose frequency does not change 

are those corresponding to charged particles oscillating parallel to* 

the applied magnetic field. For this component of motion the field 

exerts no torque - hence, no change is found in the frequency of the 

emitted light. If S or I are not zero, the orbital motion 

experiences a torque and electrons which may have been excited to 

oscillate parallel to the applied field will no longer do so: 

fluorescent light will be be depolarized. The rules are: AM = 0 

(called a tt-transition) ; AM = ±1 (called o+-transitions. o+ 

is AM = +1 in absorption). This notation is universal for electric 

dipole transitions, but some authors interchange tt and a for magnetic 
dipole transitions. 

7.1 Energy Eigenvalues 

Magnetic fields remove the degeneracy of the set of nu, belonging 
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to a given F. (We shall continue the discussion in the context of 

Zeeman effect of hyperfine structure.) The energy differences are' 

given by the eigenvalues of the energy operator 

Hz = -y.B, (48) 

where B is the externally-applied magnetic field. £ is the magnetic 

moment operator for the whole atom, and consists of the sum of the 

operators for all the electron orbital and spin components, together 

with that for the nuclear magnetic moment. The extent to which we 

have to take the components separately depends on the eigenvalues 

of (48) in relation to the corresponding binding energies. We shall 

proceeed on the assumption that the eigenvalues are small compared 

with the energy intervals between states of different J: then, the 

constituents of J are not uncoupled, and y^ is represented by y^ + y j* 

By use of (31) (generalised for J) and (4o), the energy operator 

becomes 

Hz = (gjBJ - 6iVnI).B (49) 

which has to be added to the hyperfine operators Hm (equ. 42) and 

H .. (equ. 46). But if we could have made the further assumption 
el 

that the eigenvalues were small compared with the hyperfine intervals 

(E + E _) (equations (44) and (47)), then we could have written 
mag el 

Hz = gyBF.B (50) 

using, for convenience but not from necessity, the Bohr magneton 3. 

It is convenient (but not essential) to choose a^z-axis in the 

direction of jB. Then, in (50) we find the operator F . The most 

convenient set of basis states for the evaluation of (50) is the set 

labelled by fixed values of J,I,F, with values of - to label eigen 

states of F - running from -F to F. The eigenvalues of are then 

clearly, 

E(Mp> = gpBBMjf (51) 

Evaluation of (49) in this representation yields 
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F(F+1) + J(J+1) ~ 1(1+1) 

SJ 2F(F+1) 

F(F+1) ~ J(J+1) + 1(1+1) 

2F(F+1) 
(52) 

Equation (52) simply expresses the fact that, when J and I are 

strongly coupled, the time-averaged magnetic moment of the whole atom 

is the sum of the components of ]ij and y^. in the direction of F. 

Further, "because g and g are of order unity, and because 
<J -L 

(y^/B) = (m/M)~10~3, it is often legitimate to neglect the g^ term 

in (52). Contrast this with 

F = J + I • (53) 
/v ^ 

<J> and <I> have comparable magnitudes. The magnetism of the nucleus 

may often be neglected in considering the interaction of atoms with 

external magnetic fields, but the inertia may not be neglected. 

Equation (51) expresses the weak field Zeeman effect of hyper- 

fine structure. The approximation on which it is based is 

frequently violated in laboratory experiments and the labelling is 

not then useful. We recall the strong field situation - Zeeman 

splittings large compared with hyperfine intervals. In this case we 

have to take together with and H^. The best representation 

t'o choose is that' in which equation (1*9) is diagonal, namely, the 

eigenstates of J and I , labelled by M and M_. The eigenvalues of 
Z Z d 1 

(1*9) are gjBMjt- but the second term is very small and may 

often be neglected. The diagonal elements of H and H _ , however, 
mag el 

are significant, being intermediate in size between gjBMjliand g^.y hV- 

To evaluate them one needs the diagonal elements of 
A /s /A /A A a /*V ,/N 

I.J = I J + IJ + IJ. In this representation only I J has 
-'xxyyzz r z ‘'zz 

diagonal elements. Its eigenvalues are MTM"H. In writing the result 
J- J 

we shall simplify by supposing H to be zero. Then: 

ElMj.Mj) = SjBBMjti + ABMjMj (5>0 

We have neglected the off-diagonal components of 5.J. 

We frequently have to deal with the intermediate case, when the 

Zeeman energies are neither very small nor very large compared with 

the hyperfine intervals. What set of basis states should we use for 

this case? Any set of basis states which spans the Hilbert space 

will serve our purpose. The energy operator must again embrace the 
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hyperfine as well as the Zeeman hamiltonians: 

H, . = H + H _ + H,, 
total mag el Z (55) 

“ the terms on the RHS are spelt out in equations (42), (46) and (49) 

The good quantum numbers are I and J. With each of these is 

associated (21 + l), (2J + l) component states, and this is the 

number of basis states we need for the (F, M^,) as well as for the 

(Mj,Rj.) representation. If we use states the matrix of 

H is diagonal for H and H _ but not for IL. If we use 
total mag el Z 

states the matrix of is diagonal, but not that of or M 

H 
el* 

mag 

For either choice the matrix of contains off-diagonal 

components and to find the energy eigenvalues we must diagonalise 

the matrix. These energy eigenvalues are physically observable 

quantities and are the same, whichever set of states we use. 

The diagonal isation of a square matrix sounds formidable, but 

such a matrix may be factorised by grouping together entries having 

the same value of M^, (if the one representation is used) or M^. + M^. 

(if the other). These numbers, total M, are eigenvalues of the 

operator proportional to the component of total magnetic moment along 

the field. The field exerts no torque on this component, hence it is 
a constant of the motion, and total M is a good quantum number for all 

values of the field. It is a useful label for energy levels plotted 

as a function of the field. A level labelled M = M^, in weak fields 

is labelled with the same value of M = Mj + M-j. in strong fields. 

The number of levels bearing the value M=0(or M=J) is the same as the 

number of different values of F. This is the number of rows and 

columns in the largest matrix that needs to be diagonalised. We 

speak of levels with the same value of M as interacting with one 

another. 

An example of the Zeeman structure of hyperfine levels is given 

in the next section. 

8. HYDROGEN 

The special importance of atomic hydrogen lies in its simplicity, 

as a composite particle: a two-body problem, capable, in classical 

terms, of exact solution. And while this is true in quantum physics, 

up to a point, contemporary experimental physics poses problems for 

the theorist that go beyond that point. Contemporary theoretical 

physics does not go as far as we could wish in predicting the energy- 

level structure of H. 
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The difficulties lie in two categories: problems with funda¬ 

mental theory - quantum electrodynamics, and problems concerning the 

particles - the proton is not a simple, point particle. QED will 

form the subject of other lectures. As to the particles, there are 

other two-body systems, and some of these are simpler: positronium, 

for instance. 

In this lecture we shall not be concerned with difficulties at 

this level. But when we sp8ak of H, it is to be realised that the 

ideas and equations will be applicable, with minor and obvious changes, 

to many other systems, in particular (i) the isotopes of hydrogen, 

(ii) the one-electron ions of the elements, He+, Li++..., (iii) 
positronium, e+-e“, (iv) muonium, y+-e“. The differences, so far as 

they concern us here, lie first in the masses of the particles; these 

are easy to cope with: the reduced mass formulae apply. Secondly, 

differences lie in particle spin and g-factors , so the hyperfine 

structures are different. The common feature of these systems is, 

of course, the Coulomb field, which is the dominant interaction, and 

this we now take into consideration. 

8.1 Consequences of the Coulomb Field 

We recall that Bohr's theory predicts energy levels E^ = -R/n2 

and that SchrBdinger's equation, with the Coulomb potential, yields 

the same result. Corrections can be applied to take account of the 

relativistic variation of electron mass with velocity, and spin-orbit 

interaction. Remarkably, these together yield the same result for 

energy eigenvalues as the Dirac theory, to which we now turn. 

8.2 Dirac Theory : Relativistic Wave Equation 

SchrBdinger's equation is not acceptable in the context of 

special theory (is not invariant in form under the Lorerfz trans¬ 

formation). This is obvious because it relates second-order space 

derivates such as b2/bx2 to the energy, which is represented by the 

first-order time derivative <)/^t. The difficulty is overcome in 

Dirac's wave equation, which is based on the hamiltonian 

H_ = (a.p)c + 3m c2 - eV(r) (56) 
D ~ ~ O 

for a particle of rest mass m , charge -e, in a static potential 

V(r). p is the operator -ib grad.. The three components of a 

and 3 are operators represented by four-by-four matrices. The space 

derivatives in(56) now appear in first order. The kinetic energy 

part of represents the relativistic form of the energy of a free 

particle, (p2c2+ mo2c4)§: the operators a and 3 were invented by 

Dirac to enable the square root to be taken. 
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Since a and 3 are represented by four-by-four matrices, the wave 

functions on which they operate must have four components. 

Analysis of Dirac's equation for charged particles in an electro¬ 

magnetic field shows that such particles must be possessed of two¬ 

valued spin and associated magnetic moment of magnitude qh/2M , 

(charge q, rest mass M ). This applies to protons no less than 

to electrons - but for protons there is additional magnetic moment 

arising from the strong nuclear force. Leaving aside for the moment 

these properties of the hydrogen nucleus, we return to the problem of 

the electron in a central, electrostatic field. 

The quantum numbers for the energy eigenstates are, in addition 

to s (spin), the total angular momentum, j, and an integer, n, which 

has the same significance as in the non-relativistic case. But the 

energy eigenvalues are degenerate in s: they depend only on n and j: 

E 
n,0 

m c‘ 
o 

1 + 
a2Z2 

Jn - (j+i) + [(j + s)2 - a2Z2)p}2 

1 

2 RZ‘ 
me- —o- 

o nz 
1 + 

cx2Z2 

n 
_1_ _ 3_) + 
j+i w ••• 

(57) 

where n = 1,2,3 ...., 

j g •••* (n 2)5 

a = (e2/hc)(Hue )-1 , the fine structure constant, 
o 

R = (me4/2L2)(Une )-2, the Rydberg constant, 
6 o 

and Ze is the charge on the nucleus (e>o). 

m c 
o 

2 

It will be noticed that E 
n,j) 

includes the rest-mass energy. 

In the context of Dirac's theory we can separate an orbital 

quantum number £ as before: £ = (subject to £ < n). 

from m c‘ 
o 

is the Bohr term, 

2 

The dominant term in E ., apart n ,J 
-RZ2/n2. The remaining terms in the expansion are of order a 
(—10“4) for Z = 1, but become appreciable for large Z. These are 

the Sommerfeld-Dirac fine structure terms (Sommerfeld obtained 

equation (57) from the old form of quantum theory, many years earlier 

than Dirac, but Sommerfeld's quantum numbers had different physical 

interpretations.) 
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The fine structure terms embrace both the dependence of mass on 

velocity and the spin-orbit interaction. Further, the multiplet 

structure (set of J within a given L,S) which, in alkali spectra, is 

distinct from the term structure (set of L,S within a given electron 

configuration n^l^) is here interwoven with it. This arises from 

the degeneracy in & which is an accident of the Coulomb potential. 

The figure below shows the energy diagram for the fine structure 

states belonging to n = 2 and n = 3. The set of allowed transitions 

between these states constitutes one of the most studied lines in 

atomic spectra: the first member of the Balmer series, Balmer a, 

656 nm. 
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Notice particularly that all levels save the top one in each 

set are double, corresponding to the two values of £ which belong to 
every j (subject to £ < n). 

8.3 Hyperfine Structure and Zeeman Effect in n = 1 

This hyperfine interval and its structure is of the greatest 

importance in laboratory and astronomical spectroscopy. It forms 

the basis of the hydrogen maser. It forms the famous IU00 MHz 
(21 cm) line of the radio astronomers. 
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We show below the energy eigenvalues for H as a function of 

magnetic field. The comments are to be read in the context of 

sections 6 and 7. 

F = 

F = 

Dependence of energy on x = (gjB - g-j-y^B/KA, where B is the flux 

density of the magnetic field. 

The ground state of H is 12St , with I = 5. Hence there are two 

hyperfine levels, labelled F = 1 and 0. The level F = 1 is three¬ 
fold degenerate in zero magnetic field. 

Notice that: 

- the zero-field interval is FfrA, with F = 1; 

- the magnetic field is conveniently expressed in terms of 
a dimensionless variable x, scaled in relation to dlA; 

- My numbers are used in the weak field; Mj, Rj. numbers in 

the strong field region of the diagram; 

- for any level, the value of M = M^, = Mj + remains 
unchanged as the field varies. 

- the total M numbers ±1 occur once only; the secular 
determinants are one-by-one; the energy is a linear 
function of x; 

- the total M number 0 occurs twice; the secular determinant 
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is two-by-two; the energy is a quadratic function of 

x. 

- the diagram has been drawn for gj > 0. For g^. < 0 the 

levels would have been reflected in the axis of x and the 

sign on all the M-numbers would have been changed. 

- in the high field region of the diagram the ordering of 

the M numbers is inverted between MT = \ and MT = -g. 
J d 

These sections summarise the energy-level structure of hydrogen as 

it "was believed to be (except that some spectroscopists had expressed 

reservations) in the period up to, and immediately following World 

War II. Then came the famous experiment of Lamb and Retherford. 

But that is another story. 

9. INTERACTION WITH RADIATION: TRANSITIONS 

9.1 Preliminaries 

A second great achievement of Dirac was to discover how to apply 

the formal mathematics of quantum theory (non-commuting operators) to 

radiation, and thus to a closed system consisting of atoms + radiation, 

allowing the exchange of energy between the two subsystems. The 

theory is called the quantized field theory . It is enormously 

successful, but it has serious difficulties, some mathematical, such 

as those arising from the infinitely-many degrees of freedom required 

by the field, some conceptual, such as the notion of zero-point 

fluctuations of the field. There is an alternative theory whose 

predictions coincide with those of the quantized field theory in the 

following situations: 

(i) when the radiation field is strong, as is normal in 

radio-frequency spectroscopy and common in laser 

spectroscopy. The mathematical condition is that, 

in the interchange of energy between atom and radiation, 

the change in the number of photons must be small 

compared with n, the number of photons per mode; 

(ii) in absorption processes - even when the energy density 

of the field is small (n << l). 

This alternative theory is the so-called ’semi-classical' theory. 

The field is treated as an ordinary algabraic quantity, not an 

operator, but the atoms are quantized. In this theory special care 

has to be taken to describe the spontaneous emission of radiation, 

but this can be done by appealing to the Einstein equilibrium between 
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atoms and "black-body radiation (A- and B- coefficients). The semi- 

classical theory, with spontaneous emission treated in this way, should 

not be confused with the 'neo-classical theory' developed by E. Jaynes 

and his colleagues. 

10. SEMI-CLASSICAL THEORY 

One writes a hamiltonian for the unperturbed atom, H^, and one 

supposes the energy eigenvalues are known and a suitable labelling has 

been chosen. We shall use the notation | i>, |j>...; E^ = "ban ... . 

If one wants to take account of the fact that excited states have a 

finite lifetime owing to spontaneous emission one can do this by 

adding to the energy E. an imaginary component -Jifir.. This 
0 J 

introduces a damping factor exp(-Jr.t) into the time-dependent wave 

function. The probability of occupation then decays at the rate 

T., corresponding to a mean lifetime t. = 1/T.. 
J <3 <3 

To is added a hamiltonian H^t) representing the interaction 

of the atom with a radiation field. If we are thinking of electric 

dipole transitions we write 

HX(t) = -E(t).P 

and for magnetic dipole transitions 

ir'(t) = -B(t).y = B(t).(yJ). 

(58) 

(59) 

We can use the same formalism for interactions of higher polarity. 

P and y are operators representing electric and magnetic dipole 

moments, respectively. 

The total hamiltonian is H + H (t) , and this is used in the 
o 

equation of motion 

H + HX(t) 
o 

t>. (60) 

We choose a suitable basis for |t> and work according to one of the 

'pictures' outlined in section 3.1. There results a set of 

differential equations for the probability amplitudes a.(t) for the 
J 

occupation of the state |j> under given initial conditions - for 

example, a. = 1, all a. = 0 at t = 0. These equations are of the 
J 

form 
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a. (t) = (-i/fi)l f <j |i>a. (tMt', 
J Uo 1 

(61) 

and can generally not be solved without approximations. But certain 

general points can "be made from (6l). We shall investigate resonance, 

transition matrix elements and rate processes. 

10.1 Resonance 

Suppose we work in the interaction picture. The basis vectors 

then carry the intrinsic time-variation and the matrix element in 

(6l) will contain a factor exp(im-.t). Resonance occurs when this 

factor is obliterated by a Fourier component expf-imt) of H(t), 

namely when 

oj..=a>. - o). = u), (62) 
ij 3 i 

that is to say, when 

E. - E. = bw. (63) 
3 i 

The classical phenomenon of resonance is equivalent to the quantum 

concept of energy balance. 

If the damping factors are written into the basis vectors one 

obtains a resonance denominator for the interaction, 

- w + Ji(l\ + r ^) j. This is an approximate expression based on 

a first-order perturbation solution of the equations. 

10.2 Transition Matrix Elements. Rate Processes 

We have concentrated on the time-dependence of (6l). 

look at the time-independent factors. Write 

Hft) = -(e°.P)|E exp(-imt)do), 
~ ~ l 0) 

— cO 

Now let us 

(64) 

where e is a unit vector in the direction of E(t). 
'V /v 

The occupation probability j a^ | 2 will be proportional to 

| <j|e°.P|i>|2 and to some integral involving |e^|2. Thus, the 

probability of transition will depend on the non-vanishing of the 

transition matrix element, in the shape of its modulus squared. It 

will also depend in some way on the spectral distribution of the 

intensity of the light. If this is known it may be possible to carry 
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out the integration. 

In many cases of interest |E^|2 is approximately constant over 

the resonance region. In this case the integral over frequencies 

leads to the result (in first order of perturbation theory) that 

|a.|2 depends linearly on time and on |e(uk.)|2. Taking the limit 

t -> 0 to secure, the legitimacy of first order perturbation theory, 

we find an expression for the rate of the transition: 

Fji = (2ir/*2)l<ols.°-P|i>l2 IE (L0i j ) I 2* (65) 

This is Fermi's Golden Rule . It is important to notice that the 

transition rate is independent of time. This result is a direct 

consequence of the assumption that the spectral distribution of 

|eJ2 is wide compared with the resonance width of the transition, 

(f. + F.), the broad-band approximation. 

Fermi's Golden Rule is a consequence of linking something with 

sharply defined energy (in this case, our atom, in the transition 

i j) with another system having a continuum of energy states (in 

this case, broad-band light having a wide spread of independent 

Fourier components). One finds the same result in the analysis of 

photoionisation: here, the light can be monochromatic but the atom 

has a continuum of states corresponding to the ejection of an electron 

with kinetic energy of any amount within a wide range. 

When transition rates are independent of time we speak of rate 

processes. The characteristic equation is dN/dt =-rN. A rate pro- 

cess taking place over a finite time leads to exponential charges of 

population: N(t) = N(0)exp - Tt. 

When the transition matrix element is identically zero we say 

that there is a selection rule prohibiting the transition. The most 

important rule for electric dipole transitions arises from the fact 

that the parity of P is odd. In order, therefore, that the matrix 

element should not vanish the states |i> and |j> must have opposite 

parity - Laporte's rule. 

For magnetic dipole transitions the operator e .P above must be 

replaced by e°.J. The parity selection rule is that the states must 

be of the same parity because the parity of J is even. 

10.3 Selection Rules 

Apart from the parity selection rule (preceding paragraph) 

selection rules involving angular momentum quantum numbers exist and 

can be understood in terms of conservation of angular momentum between 
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atoms and light, and coupling schemes. 

Dipole radiation: AJ = 0,±1, but J = 0 + J/= 0 is forbidden; 
(for hyperfine structure, read F for J). 
Zeeman transitions: Am = 0,±1. 

Electric dipole radiation: A£. 
1 

= ±1, A£ 
other 

= 0. 

AS = 0, AL = 0,±1: to the extent that 
Russell-Saunders coupling is valid. 

Electric quadrupole radiation: A£^ = 0,±2, = 0» 

Parity: even to even or odd to odd. 

AJ = 0,±1 ,±2, but J = 0->J/= 0; J = 0 J7 = 1 

and J = 5 -* J/= \ are forbidden. 

Zeeman transitions: Am = 0,±1,±2. 

It is possible for magnetic dipole and electric quadrupole 
transition matrix elements to be non-vanishing between the same pairs 
of states. Interesting interference effects have been observed, for 
example, in the Zeeman components of such transitions. 

10.U Stimulated and Spontaneous Emission. Lifetime. Natural 
Line-width 

The procedure we outlined in section 10.2 is satisfactory for 
calculating absorption rates, which may be written 

r.. 
Ji 

B..p(w..) 
Ji ij 

(66) 

where p is the energy density of unpolarized, isotropic radiation. 
B.. is Einstein's B-coefficient, whose value is 
Ji 

(67) 

The dipole operator P has been replaced by Z -er , where s labels the 
s s 

electrons in a many-electron atom. Moreover, we have summed over the 
Zeeman states m.,m. of the lower and upper levels, supposing them to 

J 
be degenerate. g^ is the multiplicity (2J + 1) of the lower level. 

The line of argument which led us to (67) also provides an 
expression for B. . , the coefficient of stimulated emission from 

J 
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|j> to |i>. Clearly, we have to interchange the labels i and j. 

We obtain the result B.. = gi B.. . 
ij 

6: 
Ji 

(68) 

Einstein’s well-known discussion of equilibrium between atoms and 
back-body radiation gives 

- TT2c3/ftw3 . . 
ij Ji ij 

(69) 

where A., is the rate coefficient for the spontaneous decay of an 
l j — ■ ■ ■ ■ 

atom from |j> to |i>: 

dN./dt = -A. .N. . 
J ij 0 

(70) 

If the atom in state |j> can decay to a number of lower states |i>. 

T. = EA.. 
J i ij 

(71) 

where T. is the decay constant previously used, equal to 1/t., 

t. being the mean lifetime. 
J 

The spectrum of light emitted in the decay from |j> to |i> is 

centred on ok ^ but has a Lorentz distribution represented by the 

function 

T/ \ _ _const_ 
" (to-w. .)2 + (r. ./2)2 

ij ij 

(72) 

where T.. = V. + T.. The full width at half-intensity, called the 
1J. J . 

natural line-width, is T.. (see the figure at the end of section 13). 

These results follow from the Fourier analysis of an exponentially 

decaying oscillation. They represent the squared modulus of the 

expression for resonance denominator given in the text following 

equation (63). 

The broad-band field corresponding to the function E(t) is 

described in quantum field theory as 'zero-point field', whose spectrum 

is that of black-body radiation at absolute zero. 

10.5 Monochromatic Radiation Fields 

Such fields - of which the fields used in radio-frequency 

magnetic resonance experiments are a good example - are to be strongly 

contrasted with broad-band fields, since the atomic response is quite 
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different. Instead of an exponential response ve have a sinusoidal 
response. The ’rate constant' is not a constant, it is a sinusoidal 

function of time. 

We quote the result, calculated by time-dependent methods, for 
the probability P..(T) of finding an atom in state |j> after a lapse 

J ... . | 
of time T, given that it was initially in state |i> and that it is 
irradiated by a field 2B^ coscot = B^(exp - ioot + expioot): (We are 

contemplating a magnetic dipole transition, but the analysis holds 
for all such interactions.) 

P..(T) 
Ji 

2 

sin2ipT, 

where |b..|2 = I < j IH7] i> | 2 , p2 (lx) - GO. . ) 
1J Jl 

with H/= -y•B. 

(73) 

If both states are subject to damping with the same rate cons¬ 
tant T, but the population is being replenished by injection into 

i> at a uniform rate, R, the steady-state population of |j> is 

(iR/r) |bi. |2 

N0 (ix)—ix). . )2 + |b. . | 2 + f2 
ij 

(7*0 

Equation (7*0 describes a Lorentzian resonance curve having a maximum 
at the frequency io = ok ^ . The peak of the resonance is proportional 

to |b. - |2, that is, to B^ - the energy density in the field. The 

width of the curve in the limit of small B* is 2T - representing the 
sum of the widths of the two states. But the width increases as 
B} increases. This is called ’power broadening'. Notice also that 
the process depends on the existence of the matrix element 

<j|y.e°|i>, where e° is a unit vector in the direction of the 
v 1 U/ ^ 1 * r>s 

stimulating field. 

A subtle point to notice in equation (7*0 is that resonance 
occurs for ix) = oo^ , not for ix) = ixk^. The sign is important: 

io.. = -ix).., and ix) must change likewise if the transition j i is to 
ij Ji ° 

be in resonance. Both frequencies are present in cosoot, as exp(±ioot), 
But only the one or the other is needed to drive the transition in 
each direction and the inactive component perturbs the resonance. 
This^inactive component is not present if a rotating magnetic field is 
used/in the conventional magnetic resonance arrangement. The 
perturbation of the resonance caused by use of an oscillating field 
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is called the Bloch-Siegert effect. In the context of precision 
measurements this perturbation may not be ignored. 

11. QUANTIZED FIELD THEORY 

11.1 Formalism 

A field is quantized by first making a Fourier expansion. The 
harmonically oscillating fields which form the orthogonal basis for 
such an expansion are regarded as quantum harmonic oscillators and, 
for each mode of specified polarization and frequency 10, one defines 
a pair of conjugate variables related to the electric and magnetic 
components, and writes an expression for the energy density of the 
field in terms of these variables. One can then define energy eigen¬ 
states labelled by n, where the energy eigenvalues are (n + 2)110). 
The operators associated with field amplitudes do not commute with 
the energy operator, so no definite amplitude may be ascribed to a 
field of given energy. The field operators connect states which 
differ in n by one unit, so one speaks of 'annihilation1 or 'creation' 
operators, meaning the absorption or emission of one photon, energy 
fiu), from the field. 

In interaction with atoms, both factors in the interaction 
operator -E.P are operators: P operates as before on the atomic 
eigenstates and E on the field eigenstates. A time-dependent 
calculation shows how, in an atomic transition |i> -»• |j> the state 
of the field mode labelled u may change from |n> to |n - 1>, 
indicating that energy ha) has passed from the field to the atom. 
go = a). . indicates resonance and the conservation of energy. 

ij 

Some interactions are multi-step, and for such interactions 
energy need not be conserved at each step. For example, one may be 
interested in a transition from |i> to |k> where the matrix element 
<k|p|i> is zero but <j|p|i> and <k|p|j> are non-vanishing. For such 
a transition the field can change in two steps, either the same mode 
or two different modes. Suppose the latter, the modes being labelled 
1,2. Then, energy-hco^ may be absorbed from the field in the first 

transition and in the second, with w 2 = uj. but 101 4 w.., 
lk, 1 j 

m2 4 0).^- This would be called a 'two-photon transition'. Energy 

is conserved overall: so also is angular momentum and parity. 

The double step from |i> to |k> may occur by two different 
routes: i -* j -> k, and i -* j7-* k. Then, interference effects may 

show up. 

Processes such as these are commonly called 'multiphoton 
processes', but they can be analysed also by the semiclassical method. 
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12. PRESSURE BROADENING AND SHIFT OF SPECTRAL LINES 

The interaction of atoms with radiation may be perturbed by the 

proximity of other atoms of the same kind, or of different species, 

or of electrons, or of ions. The perturbation results in a 

broadening of the spectral lines and possibly also a displacement and 

distortion of the line profile. The effects arising from the species 

listed above have different characteristics, and the literature on 

the subject is vast and controversial. Nevertheless, some general 

remarks may be helpful. 

12.1 Impact Approximation 

If the interaction with the perturber is strong and takes place 

in a time short compared with the mean time between such interactions 

(collisions), it is legitimate to take the view that the interaction 

with radiation is abruptly terminated. The Fourier analysis of a 

terminated wave train discloses a spread of frequencies, but the 

spectrum must be averaged over random times between collisions. 

There results a spectral distribution of Lorentz form (equation 72), 

where the width parameter is now 

. = r. . + 2/T . 
iJ ij c (75) 

Tc is the mean time between collisions. We have, further, 

1/T = Nav , (76) 

where N is the number density of perturbers, v is the mean relative 

velocity of the particles, and a the cross-section for the inter¬ 

action. The study of line-broadening is a means of determining 

these cross-sections. 

12.2 Interaction Potentials. Scattering Matrix 

More thorough studies are based on the formulation of an inter¬ 

action potential V(r) between the perturber and the radiating 

system. Since r is a function of time the analysis demands time- 

dependent quantum theory. One calculates the evolution of the 

radiating system under the perturbation. Suppose U(t,t ) is an 

operator (time-displacement operator) which describes the evolution 
the system: 

|t> = u(t,to)|to> (77) 

Then U(®,-°°) describes the whole interaction. This operator is 
called a scattering operator, S, which - if its matrix elements can 
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"be calculated and properly averaged - allows all details of the 
perturbation to be predicted. 

The results are often expressed in the form of a complex energy, 
(d + iVJ) . The spectral line shape corresponding to this would be 

I(w) --- (78) 
(u)-w. .+d)2 + v2 

The equation describes a Lorentz profile, shifted from the resonance 

position a). . by the amount d, and of width (full width at half-height) 
2w. 1J 

13. DOPPLER BROADENING OF SPECTRAL LINES 

Whereas the broadening associated with radiative damping 
(r.., equation (72)) and the broadening arising from interactions 

10 
with other particles (w, equation (78)) is represented by equations in 
which the wave-functions are supposed to represent the perturbed, 
internal, structure of a representative atom - and is, for that reason, 
termed homogeneous broadening - the broadening of spectral lines 
associated with the random motion of different atoms in an assembly, 
Doppler broadening, is termed inhomogeneous broadening. The 
distinction can be maintained insofar as there is negligible overlap 
between the wave functions associated with different nuclei. 

The quantum-mechanical analysis of Doppler broadening must incor¬ 
porate the wave function of the centre-of-mass, exp-ikR, where R =yt, 
but it is common to describe the motion by classical trajectories. 

The outline of the classical analysis is this: the frequency of 
light from an atom moving with velocity v in the line of sight 

z 
(z-direction), as detected by a stationary observer, is shifted by the 
factor (1 + v /c) owing to the Doppler effect in first order. For 

z 
an assembly of radiating atoms in thermal equilibrium (at temperature 
T) there will be a Gaussian distribution of v : 

z 

N(v ) = N$tt 2 
z 

exp 32 = M/2kT . (79) 

Frequencies will be shifted to co/ = + v^/c). Hence 

exp - (w0- o02/A2 , 

with A2 = 2kTw2/Mc2. 
o 

(80) 
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The distribution of intensity in the spectral line will follow 

the Gaussian function of (oj — (/) if the width parameter A>> (homo- 
o 

geneous broadening parameters). But a distribution which folds the 

two distributions can be written and used for all values of the 

parameters 

exp-(co -of)2/A2 

l(u) = const 
o 

(ioV)2 + (y/2)2 
doo (81) 

where y = F.. + 1/T (equation (75)) or 2w(equation (78)). The 
i j c 

right-hand side of equation (8l) is known as the Voigt profile for 

spectral lines. It is a function of u>, symmetrical about u)q, and 

reflects the Lorentzian or Gaussian constituent functions to a greater 

or lesser degree according to the relative magnitudes of y and A. 

The figure on the right, below, contrasts the Lorentz line-shape 

with the Doppler (Gaussian) shape. One the left is a Lorentz profile 

illustrating the parameters of equation (72). 

This discussion by no means exhausts the possibilities for 

describing spectral line shapes, but it covers many situations. It 

will be clear that an analysis of spectral line profiles furnishes 

important information about the environment of radiating atoms. 
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The Ubiquity of Alpha: The Fundamental Atomic Constants* 

G W SERIES 
Raman Visiting Professor, Indian Academy of Sciences, Bangalore 560 080 

Abstract. The fine structure constant, alpha, turns up again and again in connection 
with the determination of the fundamental atomic constants. But its evaluation from 
spectroscopic measurements is inextricably bound up with questions concerning the 
validity of the theory of quantum electrodynamics. Evaluations from independent 
knowledge of other atomic constants turn on measuring, with high precision, a great 
variety of quantities which are combinations of constants, and which invariably 
require reference back to the maintained units of the si system—significantly not the 
same thing as the defined units. Time and again new physics has come from the re¬ 
cognition of small discrepancies. 

Josephson’s discovery of the quantized voltage drop across two superconductors 
brought the physics of condensed matter into the arena of the atomic constants, 
while von Klitzing’s recent discovery of the quantized Hall resistance in semiconduc¬ 
tors has illuminated the picture with a new view of alpha. 

1. Atomic hydrogen and the fine structure constant 

I was first introduced to Bohr’s theory of the hydrogen atom by a fellow-under¬ 
graduate, in my first year at the University—though nowadays, I believe, Bohr’s 
theory is, as often as not, taught in high schools. My imagination was caught by 
this first insight into the long-standing problem of the connection between the struc¬ 
ture of atoms and the spectra of the light they emit, and into this bold and contro¬ 
versial solution of that other problem: the stability of atoms. 

Do you recall the expression for the speed of an electron vx round the proton in 
the orbit n = 1 of Bohr’s theory? It is simply e2\h, or, to be more careful with units, 
(e2/h) (no c2/4tt-) in the Systeme Internationale. (e is the fundamental charge, h is 
Planck’s constant divided by 2tt (the Dirac constant), fi0 is the permeability of 
vacuum defined as 4tt • 10-7 henries per metre, and c is the speed of light in free 
space). It is more interesting to make the expression for vx dimensionless by quoting 
it in relation to the speed of light: 

hlc = (e2lhc) (fxo c2/4tt). (1) 

There we have it, this remarkable dimensionless quantity which is the subject of 
our discourse, universally given the symbol a, and whose numerical value is close 
to 1/137. 

It became possible to make an experimental determination of a a few years later, 
with the development by Sommerfeld of a relativistic version of Bohr’s theory. 

*A lecture first given at the Raman Research Institute, Bangalore, on 3 February 1983. 
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The relativistic energy of the stationary state labelled by the quantum numbers 

(integers) n and k was calculated to be 

The first term inside the bracket, 1, (when multiplied by —R/n2), is the expression 
for the energy derived by Bohr. For a given value of n, the principal quantum num¬ 
ber, the second term gives us a set (k = 1, 2, 3,...(«—1)) of small corrections to the 
energy, the consequences of the relativistic variation of mass with velocity of the 
electron as it moves round the nucleus in one or other of the quantized orbits of 
different ellipticity (different k). Because a is small, this second term is very small, of 
order 10~5. Now, since the frequencies of the lines in the spectrum are given by the 
theory as 

V = (E„t k — En't k')lh, (3) 

a study of the spectrum allows, in principle, an experimental determination of a. 

But a enters only in the ‘fine structure’ of the spectral lines. The gross structure- 
predicted by Bohr’s theory—is interpreted simply by specifying sets of two different 
values, n, n', of the principal quantum number: 

v = (En — En')lh. (3a) 

Thus, the famous Balmer series, for example, has n = 2, n' = 3, 4, 5,.... But with 
the relativistic theory, each single frequency represented by equation (3a) becomes 
a set of frequencies represented by (3), that is to say, each line of the gross structure 
is predicted to be possessed of a fine structure of closely-spaced components. If, 
therefore, these components could be resolved and each associated unambiguously 
with a set of values of the integers «, k, k\ then equations (2) and (3) would 
enable a to be determined. 

Alas, this was not possible at the time when Bohr and Sommerfeld published 
their respective theories, and it has only very recently become possible with the appli¬ 
cation of highly-stabilised, tunable lasers to the study of the hydrogen spectrum. 
The difficulty has always been that the Doppler broadening of spectral lines—espe¬ 
cially serious in the case of hydrogen—has prevented adequate resolution of the fine 
structure. But the spectrum of ionised helium, which is similar to that of hydrogen 
and to which the Bohr/Sommerfeld theory may also be applied, is less subject to 
Doppler broadening, and an experimental value for a was indeed obtained from 
measurements of fine structure in the spectrum of Hef, by Paschen, in 1916. 

A better value was obtained from measurements of x-ray spectra. The x-ray 
spectra of all the elements, it will be recalled, are hydrogen-like because they arise 
from the absence of one electron from otherwise complete shells, whereas the spec¬ 
trum of hydrogen is attributable to the presence of one electron. Just as the hydrogen 
spectrum has fine structure, so also have x-ray spectra. The ^-series of x-ray lines 

616 



The ubiquity of alpha 

are doublets, and the frequency interval within each doublet can be predicted by 
use of equation (3) with a simple modification of equation (2) to take account of 
the shells of electrons surrounding the ‘hole’. This approach gave a more reliable 
experimental value of a even in the early days, and, with refinements, it survived 
into the nineteen-fifties. 

2. a: the coupling constant of the electromagnetic field 

We have seen a, then, as having entered physics with Bohr, but as having established 
itself as an important and universal atomic constant with Sommerfeld. Their theories, 
though milestones in the history of physics, are obsolete today. We shall return to 
the successor theories—Dirac’s theory and quantum electrodynamics, in both of 
which a finds an important place—but we should notice that this remarkable quan¬ 
tity is no longer thought of simply as a feature of relativistic atomic theory, but plays 
a role of greater importance in the overall structure of modern physical theory. It 
is a measure of the strength of the coupling between charged particles and the fields 
which they generate, and with which they interact. Consider the potential energy 
between two particles, distance r apart, each bearing the fundamental charge: 

V(r) - (e2/r) p0 (c2/4n) = K2/r. (4) 

The dimensionless form of the coupling constant, K2, is obtained by dividing it by 
the universal constants h and c to yield 

K2/hc = (e2lhc) (/i0 c2I4v) = a. (5) 

We should notice how this important electromagnetic quantity is built up from 
attributes of matter (e) and of radiation (c) in the context of quantum theory (h). 

In a similar way coupling constants are defined for the other interactions known 
to physics, and, since these are all dimensionless, it is sensible to compare them one 
with another, so that one may say, for example, ‘the hadronic interaction is much 
stronger than the electromagnetic interaction’. 

3. Numerical values of atomic constants 

It is time now to turn our attention to the numerical values of the quantities we have 
been thinking about: e, h, c, a. A set of reliable, experimental determinations of 
these quantities would provide a check of the theories which provide a relationship 
between them. If we are interested in a we are led inevitably into that area of physics 
which deals with the determination of a consistent set of values of the fundamental 
atomic constants. 

Millikan’s oil-drop experiment for the determination of e, Michelson’s rotating 
mirror device for the measurement of c, Millikan’s photoelectric determination of 
e\h—these belong to history. In contemporary science there is a very large body 
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of highly skilled experimental work and extremely sophisticated theory upon which 
the ‘received’ values of the constants depends. The ingredients of this work 
are: 

(i) a set of experiments in which physical quantities can be measured to very 
high accuracy—nowadays, a few parts in 108 is typical; 

(ii) very reliable theories, by which the quantities measured can be related to the 
fundamental constants; and 

(iii) a set of laboratory standards of physical quantities, against which the measure¬ 
ments are to be made. 

The number of high-precision experiments which can be carried out is greater than 
the number of constants to be ascertained, and the sets of self-consistent values of 
constants which are published from time to time represent least-squares evalua¬ 
tions of all the available data, weighted according to estimates of accuracy and 
reliability. Not everything goes smoothly in these evaluations. Discrepancies and 
inconsistencies 'appear, and these signal defects in some theory or unsuspected 
errors in some experiment. These problems and their resolution—we shall see ex¬ 
amples later on—make the study of fundamental constants a fascinating area of 
physics, made up of a great diversity of techniques and skills. 

We shall shortly give examples of the type of experiment which contributes to 
these evaluations, but first there is a very important point to be made in relation to 
point (iii) above—laboratory standards. 

4. Maintained standards and measurements of high precision 

What one aims at in making a physical measurement is to relate it to the base units 
of the si system. But the units as maintained are to be distinguished from the units 
as defined. The objective of standards laboratories is to provide for their clients ins¬ 
truments calibrated to represent the defined units. But in this task they apply the 
instrument to their own maintained version of the physical quantity in question— 
a standard mass, a standard frequency, a standard current, or whatever. And, as 
we shall see, there can be significant uncertainties in the relation between the main¬ 
tained standards and the defined units. Indeed, the ratios (maintained unit/si defined 
unit)—which may differ from 1 by as much as a few parts in 106 for electrical quan¬ 
tities—are among the unknowns, to be determined from the least squares evaluations 
of the best values of fundamental constants. 

Before we move on to consider the accuracy of standards, let us pause to look 
at some physical quantities which, today, can be measured with very high precision. 

5. Defined units and maintained standards 

It is instructive to contemplate the very different accuracy capabilities of the stand¬ 
ards of physical quantities maintained to establish the si system, that is, the accu- 
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racy with which different realisations of the same unit agree with one another: 

time: a few parts in 1013 

length: 109 

mass: 99 107 

electric current • 

• 9 9 
106 

Let us recall the definitions of the units of these quantities and reflect on how they 
are realised in practice. 
(i) Mass: The prototype kilogram is a physical object kept in a cellar under a glass 
cover. It is a shaped mass of a platinum-iridium alloy, exposed to air. Is it stable? 
Does it absorb molecules from the air which surrounds it ? Does it evaporate ? How 
should we know if it did? Though the guardians of the prototype will be able to 
reassure us up to a point on questions such as these, at what point will their reassu¬ 
rance fail to carry conviction as we make ever-more exacting demands on the con¬ 
stancy and reproducibility of our standards? It is recognised by experts that there is a 
pressing need for a new definition of the unit of mass that shall not be so singular 
and open to mischance as that precious, vulnerable piece of metal in the Bureau 
des Poids et Mesures at Sevres. 
(ii) Length: When this lecture was delivered the unit of length adopted by inter¬ 
national agreement, the defined unit, was based on the wavelength of a particular 
orange radiation from krypton atoms, and the realisation of this unit was prescribed 
in terms of the light issuing from a krypton gas discharge lamp of a conventional 
type. The unit as maintained in standards laboratories had the advantage over the 
unit of mass that krypton atoms (of the specified isotope) are the same everywhere 
and available in all countries. It served well for twenty years or so, but it has not 
proved adequate for the demands of metrology and spectroscopy in the era of sta¬ 
bilised lasers. The accuracy capability of a standard based on the wavelength of 
light is limited by the spectral purity of the chosen radiation, and stabilised lasers 
provide radiation of much greater spectral purity than do gas-discharge lamps. 
Measurements of the wavelength of light from such lasers were limited, not by the 
characteristics of the object being measured nor by the technique of measurement, 
but by the ‘bluntness’ of the standard of length itself. This state of affairs was intoler¬ 
able for those concerned with precision measurement, and workers in standards labo¬ 
ratories, having made many determinations, as accurately as possible, of the wave¬ 
lengths of the radiations from selected types of stabilised laser, agreed on values 
for these wavelengths, to be used as working standards for the time being. And, 
further, towards the end of the nineteen seventies it became possible to measure, for 
radiations from one and the same laser (in the near infra-red) both the wavelength, 
against the working standard of length, and the frequency, against the primary 
standard of frequency. The position then was that a value for the speed of light was 
obtained (wavelength multiplied by frequency) whose accuracy was limited by the 
shortcomings of the primary standard of length, but whose precision was much 
higher. Discussions over the next few years in those international committees of 
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experts who determine the basis of our metrology led to the adoption, in October 

1983, of a new definition of the metre: 

‘the metre is the length equal to the distance travelled in free space by light 

during a period of 1/299 792 458 seconds.’ 

The entirely new basis for this definition will be appreciated: it has the effect of 
abolishing an independent standard for length and of fixing exactly the value of 
the speed of light in free space. There will no longer be any sense in doing an experi¬ 
ment to measure the speed of light, but if the objective were to be stated as to make 
a determination of length, then exactly the same experiment might be devised as was 
to have been devised for the speed of light determination. Scales and rulers need not 
be abolished: they will continue to' be used for the purposes for which they were 
made. Comparisons of lengths at Ithe highest levels of precision will continue to be 
made by the interferometric techniques which have served metrology so well in the 
past. But the primary standard for length measurements will be the primary standard 

for time. 
(iii) Time: The second is defined in terms of an atomic standard, as was the krypton- 
based metre, whence the term ‘quantum metrology’. The second is the duration of 
9 192 631 770 periods of the radiation corresponding to the transition between the 
two hyperfine levels in the ground state of the caesium-133 atom. Caesium ‘clocks’ 
are to be found in all standards laboratories. Since the measurement of frequency 
has a higher accuracy capability than any other physical measurement, it is common 
practice to reduce the measurement of physical quantities, where possible, to a 
measurement of frequency. But the present limiting accuracy of a few parts in 1013 
is unlikely to endure for more than another decade or two. Developments in the 
laser spectroscopy of single ions are pointing the way towards the replacement of 
the caesium standard by one several orders of magnitude better in stability and 
reproducibility. But this lies in the future. For the time being we must continue 
to cherish the caesium clock. 
(iv) Electric current: While the krypton-based metre and the caesium-based second 
were defined with an eye to their laboratory realisation, this can hardly be said of 
the ampere: 

‘that constant current which, if maintained in two straight, parallel conductors, 
of infinite length, of negligible circular cross-section, and placed 1 metre apart in 
vacuum, would produce between these conductors a force equal to 2T0-7 
Newton per metre of length.’ 

Infinitely long wires of negligible circular cross-section are encountered less fre¬ 
quently in laboratories than are krypton atoms or caesium atoms. How remote is 
this definition from a laboratory experiment! What elaborate integrations come 
between a current balance and the definition of the unit of current! Nevertheless, 
the current balance, in one form or another, is the traditional method of realising, 
in the laboratory, a current which can be directly related to the si definition. 

The current balance used for many years at the National Physical Laboratory 
(U.K.), illustrated in figure 1, generated, with 1 amp flowing through the coils, a 
force which was balanced by about 4g weight. The mass of the coils themselves, 
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Figure 1. Current balance for the determination of the ampere, used at the National 
Physical Laboratory, Teddington (UK). On the left-hand side the outer coil has been 
removed to show the inner coil. Forces generated on the two sides of the balance 
act additively and are counterbalanced by weights. 

on their formers, was about 10 kg. Consider then the problems of constructing and 
using the balance if one were aiming at an accuracy of 1 in 106 for the determination 
of current: one would require a sensitivity to lO^tg, that is, a relative mass sensitivity 
of 1 in 109. And consider further the effects arising from ohmic heating of the coils 
during the passage of current—thermal expansion, convection currents, and so forth. 
Though the si system embraces electricity by way of the definition of the ampere, 
it is not surprising that the maintained electrical standards are normally quantities 
other than electric current. 
(v) Capacitance and resistance: In the late nineteen fifties a remarkable theorem in 
electrostatics was proved by Lampard (1957) in the Australian Standards Laboratory 
and developed into a standard capacitor by his colleague Thompson (1959). The 
cross-capacitance between a pair of parallel cylinders in proximity to another pair, 
parallel to the first pair, is (107/4tt2c2) ln2 farad per metre (this formula incorporates 
the defined quantity ^ = 4tt10-7 h m_1). For the theorem to hold the cylinders 
need not be of circular cross-section, but in its metrological application they are 
circular. The capacitance is rather small—about 2 pF m-1, but the arrangement has 
served for two decades as a practical standard of capacitance and, by extension 
with use of a.c. bridge networks, of resistance. The values of the maintained stand¬ 
ards of these electrical quantities are simply dependent, then, on the measurement 
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of a length—the displacement of an electrode which shields one cylinder from its 
partner (figure 2). 
(vi) Electric potential: The maintained standard of voltage was, for many years, 
the Weston cadmium-mercury cell, but this suffered from the disadvantage of un¬ 
predictable drifts of the order of a few parts in 106 per year. The situation changed 
with the discovery in the early nineteen sixties of the a.c. Josephson effect. A highly 
reproducible voltage standard is obtained by irradiating a ‘weak’ junction between 
two superconducting wires by e-m waves of some suitable frequency v, usually in 
the GHz range. (A ‘weak’ junction means that a very thin, insulating film separates 
the two conductors). The current-voltage characteristic of such a junction is not 
linear, but shows discrete steps in the voltage whose separation V satisfies the equa¬ 
tion 

2eV = hv. 

This simple relationship has been very thoroughly tested for different pairs of super¬ 
conductors and for different types of junction and has been found to be reliable at 
a level of accuracy limited only by the accuracy of the voltage standards then avail¬ 
able. By using equation (6) as the basis of a maintained standard of voltage—-a 
further extension of quantum metrology—the problem of drifts was avoided. The 
agreed value of the constant relating voltage to frequency is 

2e\h — 483 594 GHz per volt. 

Notwithstanding the advantages secured by reducing the measurement of voltage 
to that of frequency, use of this number leaves open the possibility of a systematic 
difference between the maintained and defined units of voltage in the Systeme Inter¬ 
nationale. 

With resistance referred to a calculable capacitance and voltage to a frequency, 

Figure 2. The Lampard capacitor. 
A pair of the diametrically-opposed cylinders forms the plates of the capacitor. The 
other pair is earthed to the outer shield, as are the two portions of the central guard 
cylinder. Movement of the right-hand portion of the guard cylinder through a dis¬ 
tance measured interferometrically brings about a calculable change of capacitance. 
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the use of the current balance is avoided. But the uncertainties which remain in deter¬ 
mining the value of an electric current at the level of parts in 106 are well illustrated 
by the problem of yp* which, we shall see, will bring us back to the ubiquitous a. 

6. yp and the ampfere 

yp is the symbol used for the gyromagnetic ratio of protons, defined by the relation 

wp — Yp B, (7) 

in which cop is the precessional frequency of protons in a uniform magnetic field of 
induction B. yp enters our discussion because it brings the measurement of electric 
current into relationship with a measurement of frequency by one of the two paths 
linking current with magnetic field. And ‘the problem of yp', which is related to ‘the 
problem of the ampere’, arises because the two paths give significantly different 
values for yp. 

In these experiments it is not free protons that are used but protons bound in 
water molecules enclosed in a spherical container. That the protons are not free 
matters not at all: they act simply as objects whose response to magnetic fields 
is reproducible and accurately measurable. The symbol yp is generally used for 
protons in a sphere of water, while yp is used for free protons. But since free protons 
are of no interest to us here we shall use yp for protons in the water sample. The 
two relationships between current and magnetic field are 

(i) the direct, in which a current is used to generate a magnetic field, as in a 
solenoid: 

B = Af (8) 

where A is a geometrical factor, and 
(ii) the inverse, in which a wire carrying a current in a magnetic field experiences 

a force: 

B = A'jh (9) 

where A depends on the force as well as on the length of the wire. 

Now, suppose we carry out a free precession experiment on our protons and deter¬ 
mine yp from a measurement of the precessional frequency in a field Bt (the suffix / 
is to indicate ‘low’) related to the measured current Im (maintained units) by equation 
(8). Let us admit that Im may not be the true (si defined) current /, but that 

/. = UK. (10) 

It follows that the measured quantity (yp)m>l will be related to the true y„ by 

(rX,> = Kyv. (11) 
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In a second experiment we determine (yp)W)h by measuring its precession frequency 
in a high field, Bh, whose value is determined by measuring the force on a wire carry¬ 
ing the current Im>h (maintained units). Because of the inverse relationship between 
Bh and Im>h in this experiment, we find 

(yP)mih = VpIK. (12) 

‘The problem of yp’ is that the quantities (yp)m,i and (yp)m,h have been found to 
be significantly different. Nevertheless, we may obtain the true value by taking the 
geometric mean of the high-field and low-field determinations: 

Yp = [(yp)m,h (yp)m,l]1/2. (13) 

We also have 

K = [(YpUiKYpUhI112 (14) 

which turns out to be 1 —(6*5 ± 0*5)T0~6, using the best experimental results avail¬ 
able in 1980 (Cohen 1980). This figure is to be compared with the results of a set of 
determinations of K by the current balance method, reported from five different 
standards laboratories between 1958 and 1970, 1—(0-4 ± 3T)*10~6. The discrepancy 
between these two sets of figures is ‘the problem of the ampere’. 

7. yp9 the Josephson effect, and a 

Having seen yp in its relationship with electrical standards we may indeed be sur¬ 
prised to find it playing a role in a set of measurements which yield the fine structure 
constant in a new and important way. We left a in the hands of the spectroscopists, 
refining their measurements of hydrogenic fine structure and calling upon the 
successors of Sommerfeld’s theory, namely, Dirac’s theory and quantum electro¬ 
dynamics to deliver up a value of a. Some detail of this will appear below. Mean¬ 
while, the point has to be taken that reliance on a theory of qed is an essential part of 
spectroscopic determinations if values at the level of parts in 106 are to be achieved. 
But qed itself, like all theories, is open to challenge, and spectroscopic determinations 
which call upon qed for their justification cannot then be invoked in support of its 
validity. 

It was, therefore, of the greatest importance when it was realised that the 
Josephson determinations of 2e/h could be combined with measurements of yp (and 
other reliably-measured constants) to furnish a value for a independent of the theory 

of qed. The significant relationship is: 

„-i r 1 c Mp (2e//i)BIl1;2 

ARco (QBi/Q) /Xg (vp.Obi J 

in which the least accurately known quantity is yp>1. The Rydberg constant, 
Rcx> = (niee*l47rh3c) (^0c2/4tt-)2 has always been one of the most accurately known 
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physical constants (now at the level of parts in 109), and pPl^B—the ratio of proton 
magnetic moment to Bohr magneton (ehl2me) is known to better than 1 in 107. A 
smaller uncertainty attached to c, even before it was given a fixed value. The suffix 
bi on three of the quantities means that the measurements were made against elec¬ 
trical standards maintained at the Bureau International des Poids et Mesures, and 
referred back to a particular year (1969). The factor ClBll£l is the ratio of the main¬ 
tained ohm to the si defined ohm, a quantity reliably known to about 2 parts in 107. 
Finally, it is an important feature of this equation that the uncertainty in the value 
of the maintained ampere cancels out in the last fraction, where the Josephson co¬ 
efficient is divided by yPyt—the low-field measurement. So we arrive at the simplified 
version of equation (15): 

a"1 = C(yPtl)-U\ (15a) 

where C is a constant which does not depend on quantum electrodynamics and 
whose value is known to a degree of accuracy such that the uncertainty deduced for 
a is dominated by the error bars in the experimental determination of yp,h 

Thus, for the first time, was macroscopic physics brought into determinations of 
a, and a value derived from equation (15) that could be compared with spectroscopic 
determinations relying in one way or another on qed. It is time for us now to leturn 
to these determinations, to be reminded of the diversity of avenues to a which hydro¬ 
gen and other simple systems provide. 

8. Return to hydrogen and a, with qed 

The contemporary situation is shown in figure 3. 
On the left of the figure the energy levels of Bohr’s theory will be recognised: 

E = —R/n2; we show the levels for n — 1, 2 and 3. The structure on the right shows 
the principal features predicted by Dirac’s relativistic wave equation, supplemented 
by qed. And for n — 1 the hyperfine structure is shown also: this is not negligible 
for the other levels, and it is taken into account in high precision work, but it is not 
shown in the figure. 

The fine structure intervals have been very fully explored by radio-frequency 
spectroscopy, and it is clear that a value for a can be obtained by equating the experi¬ 
mentally-determined intervals (generally the P3/2—P1/2 interval in n = 2) to a theo¬ 
retical expression involving R as well as a, and subject to uncertainties (represented 
by the question marks) as to the validity of the theory (if that is under scrutiny) 
and as to numerical coefficients in the theoretical expressions. Only the leading terms 
are shown in the figure—the actual expressions are power series in a obtained from 
perturbation expansions in which the coefficients become increasingly difficult to 
calculate as higher terms are taken. 

The gross intervals are scaled by the Rydberg constant, which is determined from 
laser spectroscopic measurements of wavelengths of, for example, the first member of 
Balmer’s series, n — 3 -> 2. When corrected for Dirac and qed displacements of 
the levels the experimental values give the Bohr intervals (5R/36 for n = 3 -> 2), 
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Figure 3. Energy levels of hydrogen (not to scale). 
On the left are the energy levels given by Bohr’s theory. ‘Balmer a and ‘Lyman a 
indicate the transitions for the first members of the well-known series of lines in the 
spectrum of atomic hydrogen. On the right are shown the fine-structure levels for 
n = 2 and 3 and the hyperfine levels for n = 1. The symbols Pln, Sll2... are standard 
spectroscopic notation representing the quantum numbers which label the energy 
levels. Relativistic quantum theory (Dirac theory) supplemented by qed (Lamb shift) 
leads to expressions for the intervals involving R and a as shown. E is an average 
energy appearing in the formula for the Lamb shift. gp and ge, the Lande ^-factors 
of proton and electron, are measurable quantities appearing in the hyperfine formula. 
The question marks represent uncertainties of the qed evaluations, and also, in the 
hyperfine formula, uncertainties concerning the structure of the proton. 

and hence the value of the Rydberg constant. But it is to be realised that this will 
be the value for the particular isotope under investigation, and that a ‘reduced 
mass’ correction needs to be applied before Rao is obtained. 

The evaluations of R and a from gross structure and fine structure measurements 
are thus, in a sense, interwoven. But the determination of R involves the fine struc- 
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ture only as a correction, and the very high accuracy with which R is known is not 
degraded by uncertainties in the fine structure. This accurate value of R, taken into 
the fine structure formulae, allows the determination of a with uncertainties arising 
from the experimental error bars and from the theory, not from the Rydberg 
constant. 

The hyperfine structure in the ground state is another matter. Its experimental 
value—the frequency of oscillation of the hydrogen maser—is probably the most 
accurately-determined interval known to spectroscopy. Its theoretical value in¬ 
volves not only standard hyperfine structure theory (the Fermi formula) with qed 

corrections, but also some assumptions concerning the structure of the proton. 
But with plausible assumptions as to this structure, and with knowledge of R and 
of the Lande g-factor of the proton, a high-precision value of a can be extracted. 

For a long period in the nineteen fifties and early nineteen-sixties the values of 
a determined from the fine and hyperfine structures differed by substantially more 
than the sum of the estimated uncertainties in both. It was a period of anxiety and of 
much soul-searching, and in the opinion of many atomic physicists the mystery at 
the heart of the proton was the strongest candidate for the resolution of the dis¬ 
crepancy. But they were wrong. In 1962 came ‘the Josephson a’, whose value sided 
with the hyperfine a and recoiled from the fine-structure a. With the spotlights on 
the latter there were found, on the experimental side, a small systematic error whose 
elimination pushed the value of a a little way towards the other determinations, 
and a mistake (wrong sign) in the evaluation of a particular term contributing to 
one of the numerical coefficients in the formula. When this was corrected the three 
determinations—Josephson, fine, and hyperfine—were substantially in agreement. 
The history of the fundamental constants is too long, and the discovered errors too 
numerous for practitioners in the field to rest content with agreement at any level 
of accuracy. Comparisons continue to be made, and in the assessment of precision 
measurements with a view to obtaining a consistent set of values for the atomic 
constants, the ‘with qed’ and ‘without qed’ evaluations are still critically compared— 
the latter depending heavily on measurements of yp. 

Hydrogen is not the only simple system to provide values for a. Deuterium, of 
course, provides independent fine-structure values, but the hyperfine structure of 
deuterium has not played such an important role as has that of hydrogen because 
of the more complicated nature of the nucleus. The hyperfine structures of positro- 
nium and of muonium, on the other hand, have been very closely studied. It is argued 
that the positively-charged member of these systems is simpler than the proton, 
which is true, but the experimental difficulties are greater. Fine-structure intervals 
in helium, a two-electron system, have also contributed values for a with the aid 
of very highly-developed theoretical studies. But the most accurate measurements and 
the most highly-developed calculations have been carried out for free electrons. 
The Lande g-factor of free electrons (and of positrons) is not exactly 2 (as the Dirac 
theory predicts) but is greater according to the expression given in table 1. Very 
highly-developed experimental techniques (van Dyck et al 1979; Newman et al 

1980) determine g-2 rather than g itself, and accuracies of a few parts in 108 are 
claimed for this quantity. Calculations to this level of accuracy, based on the theory, 
require the evaluation and summation of a very large number of terms, and 
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Table 1. Physical quantities which can be determined with precision, typically, of a few parts in 108. 

c 
*oo 

1 + me/mp 

1 + melmd 
1 

1 + melma _ 

The speed of light in vacuum. (But see section 5). 
= (mee4/2h2) (^0c2/4tt)2. The Rydberg constant for an infinitely heavy nucleus. 
Determinations of Pare usually made in units of reciprocal length. In this case the 
expression is to be divided by he. Laser spectroscopic experiments have given P^ 
to an accuracy of 1 in 109. 

Electron/nuclear mass ratios obtained from mass spectrometry. 
me — electron mass 
mp — proton mass 
md — deuteron mass 
ma — a-particle mass 

The ratio, proton magnetic moment, pp, to Bohr magneton, nB = ehl2mec. 
The ratio, proton magnetic moment to nuclear magneton, i^N — eh/2mpc. This 
ratio, and the foregoing, are determined as the ratio of two frequencies by magnetic 
resonance experiments. In the case of n„/ h-n the experiment is not at present capable 
of accuracy at the level of parts in 108. It will be noticed that, by combining these 
two ratios, a determination of me/mp may be obtained. 

ge_ The Lande ^-factors of the free electron, the free positron and the free muon. The 
ge+ theory of quantum electrodynamics gives an expression for these ^-factors as a 
gyj, power series in a: 

2[1 + a/2n -f C4 (a/w)2 + C6 (a/77-)3 -f C8 (a/7r)4 -f- ...]. 
Ci and C6 have been calculated reliably, C8 with less certainty. (The values of these 
constants are not the same for the muon as for the electron). 

2e/h A ratio characteristic of the a.c. Josephson effect described in § 5 (vi). 

comparisons of experiment with theory in this area are regarded as tests of the 
theory rather than as determinations of a. 

9. The quantized Hall resistance 

This last chapter in our story brings a contribution from an entirely unexpected 
source: semiconductor physics. In recent years particular attention has been given 
to the flow of electrons in a two-dimensional sheet, as, for example, within the inver¬ 
sion layer between the silicon and silicon dioxide in a metal-oxide-semi-conductor 
(mos) field effect transistor. This is essentially a two-dimensional flow because layers 
of this kind are so thin that movement of electrons out of the layer is energetically 
impossible, the quantized energy eigenvalues for motion in that direction being too 
widely separated. 

The Halheffect on such a junction is investigated (at low temperatures) by apply¬ 
ing a uniform magnetic field normal to the layer, as in figure 4: measurements are 
made of the voltage appearing transversely, as well as parallel, to the flow of cur¬ 
rent in the layer. 

It was found by von Klitzing, Dorda and Pepper (1980) that, for certain regions 
of magnetic field, the longitudinal resistance R\\ drops to zero (figure 5), and that, 
in these regions the transverse resistance RL = VyIIx presents a plateau. The values 
of Rl at these plateaux were soon demonstrated to have the simple form h\eH, where 
i was an integer taking values 1, 2, 3...for the successive values of RL. Measurements 
carried out in different laboratories verified that the phenomenon did not depend 
on the particular sample nor on a particular geometrical configuration, and that the 
values of h/e2 obtained in these experiments—simply a comparison between R± 
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b2 

Figure 4. Notation for the representation of the Hall effect. 

Figure 5. Variation of the transverse (i?x) and parallel (J?,,) resistances with magnetic 
field, for a sample of a gallium-arsenide-aluminium heterostructure at low temperature 
(after von Klitzing 1982). Notice the plateaux in B± at those values of B where 
drops to zero. The plateaux are not evenly spaced in B because the spin magnetic 
moment of the electrons as well as the orbital motion interacts with the field. 

and a ‘maintained’ standard resistor calibrated against a Lampard capacitor— 
agreed with the best values obtained by the methods we have already described. 
But hje2 is essentially the fine structure constant, for the c and p0 which enter into 
its definition are fixed numbers. (Although c was not fixed in 1980, its value was 
known so much more accurately than the other quantities that the uncertainty in 
c was quite irrelevant). So surprising were these results that it was not at first recog¬ 
nised that semiconductor physics might have some contribution to make to the 
study of the fundamental atomic constants. 

The theory of the effect has proved difficult and is still incomplete. And further 
experimental studies have revealed plateaux of R± at non-integral (but still, simple 
fractional) values of i, as, for example, 1/3. This semiconductor work has not yet, 
therefore, been taken into the realm of physical constants with the same confidence 
as has the Josephson effect. But the promise is undoubted, and not only in relation 

629 



(j W Series 

to the value of a. For the reproducibility and universality of the effect establish its 
claim to find a place in standards laboratories in providing a working standard of 
resistance, a new recruit in the field of quantum metrology, in place of standards 
derived from the Lampard capacitor. It would be, indeed, a more attractive standard, 
in that the value of hje2, about 26,000 ohm, is closer to everyday electrical quantities 

than is the picofarad magnitude of the Lampard capacitor. 
Notwithstanding the deep-lying difficulties of the theory I shall risk the charge 

of superficiality by presenting a simple version, referring to figure 4. Let us proceed 
first to calculate RL as in the familiar calculation of the Hall coefficient. 

Ix = (nevx) bd where n is the number of carriers per unit volume and vx is the 
drift velocity in the direction of the applied voltage. 

Vy = (Bevx)l(elb) = Bbvx. 

R± = Vy/Ix = B/ned. (16) 

Now, since we are to consider two-dimensional flow, let us introduce nA = nd, 
the number of carriers per unit area. Then 

Rl = B/nA e. (17) 

This result is general. We need a condition which defines a plateau. We shall suppose 
that the plateaux occur at those values of magnetic field for which the area is exactly 
filled with i — 1, 2, 3...layers of electrons. 

We need, then, to calculate the area occupied by an electron as it undergoes cyclo¬ 
tron motion in the x-y plane. Let us write an equation to represent the quantization 
of this motion: 

ma2o)c — h, (quantization of angular momentum), (18) 

where ojc is the cyclotron frequency, eB/m, in the field B, and a the radius of the 
orbit. From these equations we might deduce that na2 — h\2eB is the area in the x-y 

plane occupied by an electron in a quantized orbit. Actually, this picture gives too 
classical a representation of the electron. A more formal argument based on the 
uncertainty relations for motion in a plane leads to the expression 

2na2 = h/eB (19) 

for the area per electron. 
The same result is obtained from a more quantum-statistical definition of the 

condition for a plateau: that the occurrence of plateaux coincides with the filling 
of the states available to electrons in i = 1, 2, 3...quantized Landau levels. In this 
energy-level picture the distribution of electrons over energy is supposed to condense 
into a function which peaks at the Landau energies (n -f l/2)fto>c, each peak having 
a degeneracy factor per unit area of eB/h, the inverse of equation (19). 

Either interpretation leads to the density 

nA = KeBjh), (20) 
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when the area is saturated, in the one interpretation, or when the states are filled, in 
the other. Combining (20) with (17) we have 

= hle2i, (21) 

the ‘quantized Hall resistance’. 

Among the many interesting features of this expression is the fact that it does not 
depend on the mass of the charged particle: thus, the effect of the lattice, represented 
by the use of effective mass rather than free mass, cancels out. 

We conclude by quoting a value for a-1 given in a recent account of a determina¬ 
tion based on the quantized Hall effect (Tsui et al 1982): 

a'1 = 137.035 968 (23), 

which may be compared with a recent determination based on yp (Williams and 
Olsen 1979): 

a"1 = 137.035 963 (15) 

and with a recent ‘with qed’ result (Cohen 1980): 

a"1 - 137.035 973 (??). 

Many years ago Eddington, in speculations on the nature of the physical universe, 
having appreciated that a dimensionless constant of the electromagnetic field must 
have some very important role to fulfil in fundamental theory, supposed that the 
value of a-1 might be an integer. We can say now, with complete confidence, that, 
whatever the role of a may be (and, indeed, it finds an important place with other 
coupling constants in the grand unified theory) Eddington’s supposition is untenable. 
But that the value of a is small is of the utmost importance to us and to physical 
theory, for if it were not so it would not be possible to entertain a theory of electri¬ 
cally-charged matter without taking fully into account, from the outset, the coupling 
of matter to radiation, and this we know we need not do. 

And so our thought leads us back to Bohr’s theory, and to the iealisation that 
here, in semi-conductor physics, we have a laboratory determination of the speed 
of the electron in Bohr’s first orbit. For did we not write 

vx — e2/h (/x0c2/4t7), equation (1) 
and R± = hle2ii equation (21)? 
So, then vx = (l/Rj) . (ip0c2/2). 

And since /x0 and c are fixed numbers, a measurement of R± leads us directly back 
into the heart of Bphr’s atom; 

Bohr orbits and Landau orbits. 70 years apart; hidden in each we find this re¬ 
markable number, this ubiquitous alpha. Truly, there are more things in h and e, 
Horatio, than are dreamt of in your philosophy! 
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